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IONIZATION  AND  EXCITATION  OF  RADIATION  BY 
ELECTRON  IMPACT  IN   NITROGEN. 

By  Bbrgbn  Davis  and  P.  S.  Goik:hsr. 

THE  purpose  of  the  present  paper  is  to  present  some  of  the  experi- 
mental results  obtained  in  further  experiments  of  the  writers  on 
ionization  and  excitation  of  radiation  by  electron  impact  in  various  gases. 

The  method  of  experimentation  employed  was  in  principle  that  used 
in  connection  with  our  experiments  on  mercury  vapor  and  hydrogen  and 
the  reader  is  referred  to  our  paper  for  a  detailed  description  of  the  same.* 

This  method  is  simply  a  modification  of  that  applied  by  Frank  and 
Hertz  and  others  for  the  determination  of  the  ionizing  potentials  of 
various  gases,  with  the  end  in  view  of  differentiating  between  the  eflfects 
due  to  radiation  from  the  bombarded  atoms  and  those  due  to  ionization. 

This  modified  method  may  be  summarized  by  reference  to  the  sche- 
matic diagram  Fig.  i  as  follows.     Electrons  from  a  source  A  are  accel- 
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Fig.  1. 


erated  by  an  applied  potential  Vi  through  a  gauze  B  into  a  region  BCD^ 
C  being  a  second  gauze  and  D  a  collecting  plate  connected  to  an  elec- 
trometer. Vt  is  a  retarding  field  applied  between  B  and  C,  and  Vt  is  main- 
tained at  a  constant  amount  greater  than  Vi  to  prevent  the  original 
electrons  from  A  reaching  the  plane  of  the  gauze  C.  Vt  is  small  as 
compared  with  Vi  and  Vt  and  determines  the  direction  of  the  field  in  the 
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neighborhood  of  C  and  D.  The  original  electrons  from  A  will  be  capable 
of  making  impacts  with  atoms  or  molecules  in  the  space  between  A  and 
C;  and,  depending  on  the  energy  imparted  to  them  by  Vu  may  result  in 
either  the  production  of  radiation  from  some  of  the  impacted  atoms  or 
ionization  or  both.  If  the  gauze  C  were  not  present  and  D  in  the  place 
of  C  either  of  these  results  might  cause  a  positive  charging  up  of  D  due 
to  the  direction  of  V^;  if  the  cause  were  radiation  alone  it  might  cause  a 
photoelectric  emission  of  electrons  from  D,  and  if  it  were  ionization  alone 
the  positive  ions  formed  would  travel  to  D.  But  with  the  small  control- 
ling field  Vz  present  the  effects  arising  from  these  two  causes  can  be  dif- 
ferentiated, for  if  the  cause  be  radiation  alone  it  would  produce  a  photo 
electric  emission  of  electrons  from  either  C  or  D  dependent  on  the  direc- 
tion of  Vz  and  a  consequent  charging  up  of  D — ^negatively  if  Vz  is  in 
direction  (a),  and  positively  if  in  direction  (6),  if  however  the  cause  be 
ionization  alone  the  positive  ions  formed  in  the  region  BC  will  be  capable 
of  reaching  D  in  either  case — F|  being  small  as  compared  with  Vt.  As 
however  both  of  these  causes  may  occur  simultaneously  we  may  have  a 
combination  of  these  effects.  Consequently  the  method  consists  in 
varying  the  applied  potential  Vi  maintaining  Vt — Vi  at  a  constant  small 
value,  and  obtaining  two  current  curves  as  against  Vi,  One  for  Vt  being 
in  direction  (a);  and  the  other  for  Vz  being  in  the  direction  (6).  The 
shape  of  these  curves  and  position  of  the  intercept  on  the  Vi  axis  indi- 
cates the  energy  required  to  produce  the  different  effects  for  any  given 
gas. 

The  apparatus  and  experimental  details  were  essentially  the  same  as 
those  used  for  mercury  vapor  and  hydrogen.  Certain  improvements  in 
design  of  the  tube  in  which  the  measurements  were  made  are  worthy  of 
note  however.  The  same  platinum  thimble  equipotential  surface  elec- 
tron source  was  used,  but  the  amount  of  metal  in  the  tube  was  reduced 
considerably  by  using  spiral  wire  grids  wound  on  pyrex  glass  supports 
in  place  of  the  gauzes,  with  their  heavy  metal  end  supports.  The  grid  B 
was  of  fine  platinum  wire  about  no.  30  and  about  10  turns  to  the  inch. 
The  grid  C  was  of  nickel  no.  20  and  about  5  turns  to  the  inch.  The 
collecting  electrode  D  was  also  of  nickel  and  supported  on  a  glass  tube 
insulated  by  two  grounding  rings.  All  the  seals  were  of  glass,  thus 
eliminating  the  use  of  cemented  joints.  This  design  made  it  possible 
to  get  rid  of  a  much  larger  portion  of  the  residual  gases  in  the  tube  both 
on  account  of  the  reduction  of  the  amount  of  metal  and  because  the  tube 
could  be  baked  out  as  a  whole  and  the  grids  glowed  by  means  of  current 
furnished  from  the  outside. 

The  nitrogen  used  was  prepared  by  the  usual  chemical  method  and 
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was  purified  by  washing  with  H1SO4  and  NaOH  and  dien  passing  over 
hot  copper.  It  was  collected  over  dbtilled  water  and  before  being  in- 
troduced into  the  measuring  system  was  dried  by  passing  through  a 
phosphorus  pentoxide  tube. 

The  streaming  method  was  employed;  the  pumps  were  kept  running 
and  the  gas  was  allowed  to  pass  through  a  porous  plug  inserted  in  the 
bore  of  a  stopcock.  By  exposing  more  or  less  of  the  surface  of  the  plug 
and  regulating  the  speed  of  the  pump  desirable  pressures  could  be  main- 
tained at  a  constant  value  as  measured  by  a  McLeod  gauge. 

Experimental  ResuUs. — From  a  large  number  of  curves  obtained  under 
varying  conditions  of  pressure  and  intensity  of  electron  emission  from  the 
source,  the  curves  shown  in  Figs.  2-5  were  selected  as  being  typical. 

Fig.  2  shows  that  by  reversing  Vt  which  was  of  the  order  of  2  volts  in 


Fig.  2. 
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Fig.  3. 


all  these  experiments  the  current  curve  could  be  made  to  reverse,  indi- 
cating that  the  effect  is  produced  largely  if  not  entirely  by  radiation  from 
the  bombarded  atoms.  It  is  to  be  noticed  that  the  curves  have  a  hori- 
zontal portion  in  common.  This  is  due  to  a  very  slight  leak  to  the  elec- 
trometer possibly  from  the  glass.  This  could  not  seem  to  be  avoided 
within  sipall  limits  and  was  sometimes  positive  and  sometimes  negative. 
But  the  essential  thing  is  that  the  two  curves  break  away  from  this 
natural  leak  line  at  the  same  point  which  is  about  7.5  volts,  a  result  con- 
sistent with  the  results  obtained  by  one  of  us  and  also  as  found  by  other 
experimenters. 
There  seems  to  be  quite  a  marked  increase  in  this  radiation  at  about 
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9  volte;  the  curves  being  very  steep  after  9  volts.  This  is  better  ^ovn 
in  Fig.  3  where  the  electron  emission  was  much  less  intense,  here  the 
curves  do  not  separate  until  9  volts  bad  been  reached.  The  current 
curve.  Fig.  4,  was  obtained  with  a  very  small  emission  from  the  source 
and  at  low  pressure  a  condition  which  is  most  favorable  for  ionization 
effects  with  this  type  of  apparatus.  This  shows  the  effect  to  be  radiation 
largely  up  to  a  value  of  about  17.5  to  18  volts.  At  this  value  the  curve 
rises  rapidly  in  spite  of  the  opposing  field  Vj  showing  that  ionization  has 
set  in. 

This  then  shows  that  the  ionization  potential  of  nitrogen  is  about  18 
volts  a  value  considerably  higher  than  that  heretofore  supposed.    This 


Fig.  4.  Fig.  5. 

result  however  is  more  in  accord  with  the  work  of  Johnson  on  the  total 
ionization  by  slow  electrons.  His  straight  line  relation  between  total 
ionization  and  volts  points  more  nearly  to  20  than  to  10  volts,  though 
this  method  could  not  be  expected  to  give  an  accurate  value  for  the 
minimum  ionization  potential. 

The  intense  radiation  produced  at  about  9  volts  is  of  interest  in  con- 
nection with  the  work  of  Meyer'  who  found  that  the  wave-length  about 
1300  A"  stimulated  the  fluorescent  band  3064  A"  in  nitr<^n.  The 
value  1300  A"  from  the  quantum  relation  Ve  -  hn  would  correspond  to  a 
voltage  of  the  order  of  9  applied  to  an  electron. 

Fig.  5  shows  the  current  curve  obtained  when  Vi  =»  o.  There  is 
evidently  not  a  complete  neutralization  of  the  radiation  effect  but  the 
ionization  effect  is  shown  to  set  in  strongly  at  about  18  volts. 

■Physical  Rbvibw.  November.  1917. 
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Summary. 

These  experiments  show. 

(a)  Radiation  can  be  stimulated  in  nitrogen  molecules  by  electron 
bombardment  without  any  appreciable  ionization  of  the  same. 

(b)  The  value  7.5  volts  heretofore  accepted  as  the  value  of  the  ionizing 
potential  really  corresponds  to  the  least  energy  an  electron  must  have  in 
order  that  it  may  excite  radiation  by  the  bombarded  molecule. 

(c)  There  is  an  ijadication  of  a  more  intense  type  of  radiation  setting 
in  at  about  9  volts. 

(d)  That  ionization  sets  in  at  about  18  volts. 

These  experiments  were  completed  more  than  a  year  ago,  but  stress  of 
drctunstance  has  dela3red  their  publication  to  the  present  time. 

Ph<bnix  Physical  Laboratory, 
September,  1918. 


kOtAE6  HONDA   AND  JUNZd  OkUBO.  [^S 


ON  A  KINETIC  THEORY  OF  MAGNETISM  IN  GENERAL. 

By  K6tar6  Honda  and  JuNzd  Okubo. 

I.  In  the  last  fifteen  years,  our  knowledge  of  the  nature  of  magnetism 
has  made  a  great  advance.  The  electron  theory  was  first  proposed  by 
J.  J.  Thomson^  and  W.  Voigt*;  but  their  results  were  not  conclusive. 
P.  Langevin'  developed  a  kinetic  theory  of  paramagnetism  as  well 
as  diamagnetism,  and  arrived  at  results  which  agree  in  many  points 
with  the  observed  facts;  but  there  are  many  other  facts  which  cannot  be 
explained  by  his  theory.  Prof.  P.  Weiss  founded  his  well-known  theory 
of  magnetons*  on  the  basis  of  Langevin's  theory  of  paramagnetic  gas; 
but  subsequent  investigations*  showed  that  the  existence  of  the  magneton 
— the  fundamental  unit  of  magnetism — ^is  very  doubtful.  One  of  the 
present  writers*  modified  Langevin's  theory  of  the  paramagnetism  of 
gases  so  as  to  include  the  magnetization  of  liquid  and  solid  states,  and 
made  clear  the  distinction  between  paramagnetic  and  diamagnetic  sub- 
stances. This  theory  explains  the  fact  of  the  dependency  of  diamagnetic 
susceptibility  on  the  temperature,  and  also  its  change  with  the  change  of 
state ;  while  according  to  Langevin's  theory,  such  changes  of  diamagnetism 
are  improbable.  Professor  Weiss,  by  introducing  a  molecular  field  of 
enormously  large  magnitude  (some  lo^  gausses)  into  Langevin's  theory 
of  paramagnetic  gas,  tried  to  explain  the  ferromagnetism;  but  although 
he  succeeded  in  explaining  some  of  the  thermomagnetic  properties  of 
ferromagnetic  substances,  it  is  very  difficult  to  understand  from  his 
theory,  why  magnetization  is  so  easily  induced  by  a  small  external  field 
in  the  presence  of  the  large  molecular  field.  On  several  occasions,  one 
of  the  present  writers^  has  shown  that  the  existence  of  the  molecular 
field  is  very  improbable  and  that  the  thermomagnetic  properties  ac- 
counted for  by  means  of  the  molecular  field  can  be  equally  well  explained 
by  other  theories. 

»  Phil.  Mag.,  6,  1903,  673. 

*  Ann.  der  Phs^s..  9,  1902,  115. 

•  Ann.  de  chem.  et  phy.,  5,  1905,  70. 
^  Arch,  des  Sd.*  31,  1911.  401. 

•  K.  Honda  &  T.  Ishiwara.  Sci.  Rep.,  4,  1915.  215.  K.  Honda  &  H.  Takagi,  Sd.  Rep.,  4, 
Z915,  261;  Sci.  Rep.,  I,  1912,  229. 

*  K.  Honda.  Sci.  Rep..  3.  1914.  I7Z* 

'  K.  Honda,  Sci.  Rep.,  4,  1915,  208.  K.  Honda  &  J.  Okubo,  Sci.  Rep.,  5,  19x6,  207.  K. 
Honda.  Sd.  Rep.,  7,  1918,  53. 
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Various  theories  of  ferromagnetism  have  been  advanced  by  Poisson, 
Weber,  Maxwell  and  Ewing.  Ewlng's  theory  of  molecular  magnetism^ 
explains  the  curve  of  magnetization  and  the  phenomenon  of  h3r8teresis 
quite  satisfactorily;  but  the  qualitative  nature  of  the  theory  is  its  great 
defect.  R.  Gans*  tried  to  treat  Ewing*s  model  of  molecular  magnets 
mathematically;  but  his  theory  differs  essentially  from  that  of  Ewing  in 
assunung  the  distribution  of  the  molecular  magnets  in  the  substance  to 
be  quite  arbitrary,  and  in  fact  the  conclusions  from  his  theory  are  a 
rough  approximation  to  the  observed  facts.  In  the  last  two  years,  we 
have  published  three  papers,*  in  which  Ewing's  theory  of  molecular 
magnetism  is  treated  quantitatively  and  extended  so  as  to  include  the 
theory  of  hysteresis-loss,  as  well  as  the  effect  of  temperature  on  magneti- 
zation. We  have  obtained  the  curve  of  magnetization  possessing  all 
the  characteristics  belonging  to  iron.  Not  only  has  the  well-known 
hysteresis-loop  been  obtained,  but  the  loss  is  expressed  in  terms  of  the 
magnetic  field  and  the  two  constants  characteristic  of  a  substance 
The  effect  of  temperature  on  the  magnetization,  that  is,  the  complicated 
course  of  magnetization-temperature  curves,  is  also  explained  on  the 
basis  of  the  same  theory. 

2.  The  theory  of  magnetism  in  general  may  thus  be  considered  as 
established  in  the  main;  but  there  still  remains  a  great  advance  to  be 
made.  As  to  Langevin's  theories  of  paramagnetic  and  diamagnetic 
substances,  some  modifications  are  necessary  in  order  to  account  for  the 
observed  facts.  For  example,  take  the  case  of  diamagnetic  substances: 
According  to  Langevin,  the  diamagnetic  susceptibility  k  per  unit  of 
volume  of  a  substance  is  given  by 

'2 


I2\m/ 


r\ 


where  p  is  the  density  of  electrons,  elm  the  ratio  of  the  charge  to  its  mass, 
and  r  the  radius  of  the  orbit  of  electrons.  The  susceptibility  x  per  one 
gram  atom  or  molecule  is  given  by 

*  i2D\m)  ^' 

where  W  is  the  atomic  or  molecular  weight  of  the  substance  and  D  its 
density.    Now,  for  the  density  of  electrons,  we  have 

DN 
''  "  iSooIT' 

>  Phil.  Mag.,  (5),  30,  1891,  205;  Magnetic  Induction  in  Iron  and  other  Metals. 
*G<Ht.  Nachr..  1910,  197;  1911,  118.     R.  Gans  &  P.  Hertz,  Zeitach.  fOr  Math.  u.  Phys. 
61,  1913,  13. 

•Sd.  Rep.,  5,  1916.  153;  S,  1916,  325;  6,  1917.  183. 
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provided  each  atom  or  molecule  contains  N  electrons.  Hence  for  dif- 
ferent elements,  we  have 

^  "       12  X  1800  Vw/        • 

where  Z  is  to  be  extended  for  all  electrons.  Here  we  may  take  N  as  the 
atomic  number  of  the  elements.  Thus,  according  to  Langevin,  since 
2r*  is  to  be  considered  as  increasing  with  atomic  weight,  the  diamagnetic 
susceptibility  of  the  elements  must  increase  with  their  atoniic  number. 
But,  actually  this  is  not  the  case;  in  fact,  the  susceptibility  varies  periodi- 
cally with  the  atomic  weight  of  the  elements.  This  discrepancy  is, 
however,  partially  reconciled,  if  we  consider  the  diamagnetism  actually 
observable  to  be  the  differential  effect  of  the  paramagnetic  and  diamag- 
netic phenomena;*  that  is,  denoting  the  susceptibility  observed  by  x, 
and  Langevin 's  paramagnetic  and  diamagnetic  susceptibilities  by  Xp 
and  Xd  respectively,  we  obtain 

ac  =  Xp  +  Xd\ 

hence  though  Xd  increases  proportionally  with  the  atomic  number,  x 
may  change  periodically,  provided  Xp  makes  a  similar  change. 

3.  Next,  consider  the  paramagnetic  theory  of  Langevin.  According 
to  the  kinetic  theory  of  gases,  the  molecules  of  a  gas  are  continuously 
making  translational  and  rotational  motions.  We  suppose  each  molecule 
to  be  a  magnet  composed  of  a  set  of  revolving  electrons.  At  a  given 
instant,  we  may  suppose  the  directions  of  the  axes  of  these  magnetic 
molecules  to  be  uniformly  distributed  in  all  directions,  if  acted  on  by  no 
external  field.  At  the  next  instant,  all  the  magnets  change  the  directions 
of  their  axes;  but  as  a  whole,  these  axes  are  again  equally  distributed  in 
all  directions,  and  so  on.  In  the  case,  when  an  external  field  acts  on  them, 
Langevin  considers  that  the  axes  of  these  molecules  tend  to  direct  them- 
selves toward  the  direction  of  the  field ;  but  the  thermal  impacts  prevent 
this  tendency.  These  two  opposing  effects  make  the  distribution  of 
the  axes  of  the  molecular  magnets  a  little  denser  in  the  direction  of  the 
field  than  in  the  opposite  direction.  The  directions  of  the  magnetic  axes 
are  of  course  changing  from  instant  to  instant,  but  as  a  whole,  the  above 
distribution  may  be  assumed  to  remain  unchanged.  By  following  the 
analogy  of  the  distribution  of  the  density  of  a  gas  under  the  action  of 
gravity,  he  assumed  the  distribution  of  the  axes  of  the  molecular  magnets 
to  be  given  by  Maxwell-Boltzmann's  law.  Resolving  their  magnetic 
moments  in  the  direction  of  the  field,  and  summing  up  these  components, 
he  obtained  the  well-known  expression  for  the  paramagnetic  suscepti- 
bility. 

1  K.  Honda,  Sci.  Rep.,  3,  1914. 171;  J-  Kunz,  Phys.  Rev.,  6. 1915, 113. 
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Now,  since  the  molecules  are  continuously  rotating,  things  are  not  so 
simple  as  Langevin  considers.  Generally  the  axis  of  rotation  of  a  mole- 
cule does  not  coincide  with  its  magnetic  axis;  hence  we  consider  the  mag- 
netic moment  to  be  decomposed  into  two  components  parallel  and  per- 
pendicular to  the  axis  of  rotation.  The  former  component  is  here  termed 
the  axial  component  of  the  moment  and  the  latter  the  transverse  com- 
ponent. When  a  magnetic  field  is  suddenly  applied  to  the  molecule,  in 
virtue  of  the  axial  component  of  the  magnetic  moment,  its  axis  of  rotation 
makes  a  small  gyrostatic  motion,  that  is,  it  makes  procession  and  nutation 
round  the  direction  of  the  field.  This  motion  is  very  little  affected  by 
the  presence  of  the  transverse  component  of  the  moment.  The  amplitude 
of  the  nutational  motion  measured  from  the  direction  of  the  field  extends 
from  an  initial  angle  a  to  an  angle  B  towards  the  field.  This  motion  must 
therefore  make  a  certain  contribution  to  the  increase  of  the  magnetic 
moment  in  the  direction  of  the  field,  while  the  precessional  motion  itself 
does  not  cause  any  change  in  the  magnetic  moment.  If  we  suppose 
that  by  continuous  thermal  impacts  with  other  molecules,  the  nutational 
motion,  whose  frequency  is  much  larger  than  that  of  the  precession, 
rapidly  decreases,  while  the  precessional  velocity  does  not  considerably 
alter,  a  simple  precessional  motion  results  with  an  angle  0,  which  is 
greater  than  the  initiatl  angle  a  and  less  than  the  angle  B,  and  causes  also 
an  increase  of  the  magnetic  moment  in  the  direction  of  the  field.  If  the 
field,  instead  of  being  applied  suddenly,  be  gradually  applied  and  in- 
creased extremely  slowly  to  its  final  value,  the  molecules  will  make  such 
slow  nutational  and  precessional  motions  that  the  first  precessional  motion 
at  the  lower  limit  may  be  considered  as  statical.  This  case  is  analogous  to 
that  of  a  pendulum  acted  on  extremely  slowly  by  the  force  of  gravity,  in 
which  case,  the  pendulum  may  be  assumed  to  remain  at  rest  at  its  lowest 
point.  If,  under  the  action  of  a  magnetic  field,  the  molecules  make  a 
simple  precessional  motion  or  take  definite  orientations,  as  explained 
above,  it  is  evident  that  his  case  is  almost  the  same  as  that  treated  by 
Langevin.  Taking  the  sum  of  the  magnetic  moments  in  the  direction 
of  the  field  due  to  £tll  molecules,  we  obtain  usually  a  very  small  moment, 
that  is,  the  paramagnetic  moment.  By  increasing  the  field,  the  angular 
distance  ct-d  increases  for  all  molecules,  and  therefore  the  paramag- 
netism of  the  gas  increases  with  the  field.  As  will  be  shown  later,  this 
result  almost  coincides  with  that  of  Langevin. 

4.  Consider  next  the  transverse  component  of  the  magnetic  moment. 
This  component  of  magnetism  is  continuously  rotating  with  the  molecule 
in  its  equatorial  plane.  Let  us  at  first  suppose  that  this  plane  coincides 
with  the  plane  of  the  magnetic  field.     Initially  its  angular  velocity  is 
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uniform  for  all  directions  during  a  complete  revolution;  but  if  a  magnetic 
field  acts  on  the  molecule,  the  revolution  is  now  not  uniform.  Toward 
the  direction  of  the  field,  the  motion  is  always  accelerated;  but  in  the 
opposite  direction,  it  is  always  retarded.  Hence,  if  we  wish  to  find  its 
magnetic  effect,  it  is  necessary  to  take  the  time-mean  of  the  magnetic 
moment  during  a  complete  period  of  revolution.  Since  during  a  revolu- 
tion, the  plus  pole  of  the  molecule  is  a  shorter  time  in  the  direction  of  the 
field  than  in  the  opposite  direction,  the  time-mean  of  the  magnetic  mo- 
ment becomes  negative,  that  is,  the  transverse  component  of  the  mag- 
netic moment  of  rotating  a  molecule  produces  a  diamagnetic  effect. 
If  the  equatorial  plane  of  the  molecule  makes  some  angle  with  the  plane 
of  the  field,  it  is  only  necessary  to  resolve  the  above  effect  in  the  plane  of 
the  field.  Hence,  if  there  is  a  number  of  molecules,  the  directions  of  the 
equatorial  planes  of  which  are  uniformly  distributed  between  the  angles 
o  and  T,  we  must  take  the  component  moments  for  these  molecules  in 
the  direction  of  the  field  and  integrate  them;  the  result  is  a  diamagnetism. 
Langevin  did  not  in  the  least  consider  the  effect  corresponding  to  this 
kind  of  diamagnetism.  The  total  magnetic  effect  of  rotating  molecules 
is  then  the  differential  effect  due  to  axial  and  transverse  components  of 
magnetic  moment,  and  therefore  it  may  be  paramagnetic  or  diamagnetic, 
according  as  the  effect  due  to  the  axial  component  is  greater  or  less  than 
that  due  to  the  transverse  component. 

If  the  above  view  be  correct,  Langevin's  theory  of  paramagnetic  gas 
is  not  valid;  and  therefore  the  theory  of  magnetons,  as  well  as  that  of 
molecular  field  put  forward  by  Prof.  Weiss,  which  are  based  on  the  Lange- 
vin theory,  have  no  foundation.  For  this  reason,  the  above  view  of  the 
magnetization  of  a  gas  is  very  important. 

5.  We  shsill  next  consider  the  results  qualitatively  explained  above, 
more  in  detail.    Let  us  suppose  that  the  magnetic  field  is  acting  on  a 
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Fig.  1. 

molecule  of  a  gas  rotating  about  its  magnetic  axis;  then  it  will  make 
precessional  and  nutational  motions  about  the  direction  of  the  field. 
Let  0  be  the  center  of  the  magnetic  molecule,  its  pole-strength  and  pole- 
distance  being  m  and  r  respectively.  Let  a  be  the  initial  angle  of  a 
molecular  magnet,  which  is  acted  on  by  an  external  field  H.    Then  the 
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magnetic  moment  M  is 

M  ■»  mr. 

The  following  notations  are  here  used : 

K  »  moment  of  inertia  about  the  magnetic  axis, 

ci)  s=  angular  velocity  about  the  magnetic  axis» 

• 

^  =«  precessional  velocity, 

■ 

B    —  nutational  velocity. 

From  the  theory  of  the  gyroscope,  we  know  that 
(i)    the  angular  momentum  about  oH  remains  constant, 
(n)  the  sum  of  the  kinetic  and  potential  energies  of  the  gyro-molecule 
is  constant; 
that  is, 

K<a  cos  B  +  Kyff  sin*  B  =  K<a  cos  a, 

\K<^  +  \Kif  sin«  B  +  \K0^  -  JIffl'cos  ^  =  \K<^  -  JIffl'cos  a; 

Hence 

K(a{ccys  a  —  cos  B) 

*  "  X  sin*  B 

and 

Ku^icos  B  -cos  a)«  +  K^  sin*  ^  =  2MHK  (cos  ^  -  cos  a). 
The  limits  of  the  nutational  angle  B  and  ^1  are  given  by 

Cos  B  =  Cos  a. 


I         I        2  I 

Cos  Bi  =  --db\/l  +-cosa+-i, 

a       ^         a  a' 

where 

In  the  last  equation,  cos  B  must  always  be  less  than  i ;  hence  the  plus 
sign  must  be  taken  for  the  double  sign.    We  have  then 

B   ^  a, 

I     I    2        r 

cos^i-  -"  +  \/l  +"«>sa+-i. 
a       ^         a  or 

Hence  the  gyro-molecule  makes  a  nutational  motion  between  a  and  ^1. 

Suppose  at  first  that  the  magnetic  field  is  applied  infinitely  slowly,  or 
that  the  field  is  suddenly  applied,  but  the  nutational  motion  is  assumed 
to  subside  very  rapidly,  the  angle  B  for  the  precessional  motion  being  the 
same  as  in  the  above  case.  This  last  supposition  may  not  be  strictly 
true,  but  as  we  shall  see  later,  if  a  be  very  small,  the  result  does  not 
materially  differ  from  that  of  a  case  free  from  the  above  supposition. 
In  a  case,  where  a  is  small,  the  above  supposition  gives  the  result,  which 
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exactly  coincides  with  that  of  Langevin.  The  magnetic  moment  in  the 
direction  of  the  field  is  then  M  cos  ^i.  The  total  magnetic  moment  per 
one  gram  molecule  is 


<r  = I     cos  ^1  sm  ada  - 

2    Jo 


I     COS  Bi  si] 


where  n  is  the  number  of  molecules  per  one  gram  molecule  of  the  gas« 
Writing  Mn  «  <ro,  we  have 


+^      I 


-I 


<r       I   f'M    /        2  71       il 

"~  =  "  I      1  \/ 1  + ""  cos  a  +-;  —  -•}  sm  ada 

<ro      2  Jo     \^        a  a*      a] 

1  r"*    /     .1.2.        I      a\    I        2  I 

2  J_i    \        a*      a  a     6|  \         a        a* 

Hence  if  a  <  i,  we  have,  taking  the  minus  sign  for  the  square  root  of 


-  =  -,  (i) 

<^o      3 

but  if  a  >  I,  we  get,  taking  the  plus  sign  for  the  square  root, 

<ro  d       2ar 

Since  i2C«*  is  the  rotational  kinetic  energy  of  the  molecule,  a  has  the 
same  meaning  as  that  in  the  Langevin  theory,  that  is, 

MH 

where  r  is  the  gas  constant  referred  to  one  molecule. 
According  to  Langevin, 

—  =  Coth  a  -  - ;  (2) 

if  a  be  smatll,  we  have,  by  expansion, 

—  «  -a  —  — a*  +  •  •  •  (3) 
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which  ahnost  coincides  with  equation  (i).  In  the  following  table,  the 
two  sets  of  values  for  <r/<ro,  as  calculated  from  equations  (i)  and  (2),  are 
given  side  by  side: 


« 

#/«•  (Honda 
Adknbo). 

a 

#/«e  (Honda 
Adknbo). 

#/«•  (Lasftvia). 

0.0 

0.0000 

0.0000 

5.0 

0.8133 

0.8000 

0.5 

0.1667 

0.1640 

6.0 

0.8426 

0.8334 

1.0 

0.3333 

0.3130 

7.0 

0.8638 

0.8571 

2.0 

0.5833 

0.5373 

8.0 

0.8802 

0.8750 

3.0 

0.7037 

0.6717 

9.0 

0.8930 

0.8889 

4.0 

0.7708 

0.7507 

10.0 

0.9033 

0.9000 

From  the  above  table,  we  see  that  for  small  values  of  a,  our  formula 
exactly  coincides  with  that  of  Langevin;  but  for  a  moderate  value  of  a, 
these  two  slightly  deviate  from  each  other.    In  Fig.  2,  these  results 
(curves  i)  are  graphically  given. 
6.  Next,  we  shall  consider  the  case,  when  the  magnetic  field  is  applied 


(Hondo  &Okubo)  ; 


(  Langevin  ) 


impulsively  and  the  consequent  nutational  motion  continues  for  a  long 
time. 
Now,  the  nutational  velocity  is  given  by 

K  sin*  ^  I  37  I  "  ^^^  (cos  ^  ""  cos  a)  (cos  6  —  cos  ^1)  (cos  ^s  —  cos  6). 

Putting 

cos  6  =  cos  $1  cos*  ip  +  cos  a  sin*^ 
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and  changing  the  variable  from  6  to  ^,  we  get 

fd^\*      MH 

\dt  )  ^  ~aK  ^^^  ^1  +  cos  ^t)  (i  -  «*  sin*  ^), 

where 

_      cos  ^i  —  cos  a 

cos  ^1  +  cos  St  * 
Hence 

dt  dip 

P       Vi  —  ic'  sin*  ip  * 
where  

P  =  V Tk  ^^^  ^1  +  cos  ^t). 
Let  us  suppose  that 

and 

at  /  =  o,         ^  =  ^1,        ^  =  o, 
then 

P      Jo    ^1  -jc«sinV" 

where  2r(ic)  is  the  complete  elliptic  integral  of  the  first  kind. 
^  or  ^  at  any  instant  is  given  by 


P      t/o    Vi  -  ic*  sm*  ^ 


F(^ 


/>      Jo    Vi  —  ic*  sin*  ^ 
>,  ic)  is  the  Legendre  elliptic  integral  of  the  first  kind,  that  is, 

<p  =  atn  — 
P 
and 

cos  $  =  cos  ^1  en*-  +  cos  asn^-. 

P  P 

Hence  the  time-mean  of  the  magnetic  moment  is 

I  r^ 

Af«  «  ^  I     Afcos^rf^ 


=  ^  \  cos  ^1  I     cn^-dt  +  cos  a  I     ^^^zdt  \ 

+'=°""{ii[p-^(»"p'  •)]ir- 


No'i'f"'*]  KINETIC  THEORY  OP  MAGNETISM.  1 5 

But  since 

p  X 

•=.  =  K{k)  and  amK  =  - , 


••  M 


cos  ^1  -  cos  g  E{k)       I  „ 

— ^ —  Zw+i?^^"^"'  "^'^^^ 

=  (cos  di  +  COS  ^1)  ^7-T  —  COS  Bt* 

K{k) 


A(ic) 

If  the  axis  of  the  molecular  magnets  are  initially  distributed  uniformly 
in  2ill  directions,  the  resultant  magnetic  moment  in  the  direction  of  the 
field  is 

Since  cos  B\  and  cos  ^s  are  all  functions  of  a,  the  above  integratl  cannot 
be  evaluated  in  a  rationatl  form.  If  a  be  small,  cos  0i,  ic,  JE(ic),  K{k)  can 
be  expanded  in  the  ascending  power  series  of  a  and  then  integrated,  we 
have 

J  =-a  -  0.0334a*  +  •••.  (5) 

In  a  case  when  a  is  very  large,  these  quantities  can  be  expanded  in  an 
ascending  power  series  of  X  =  i/a;  then  we  get 

-  =  0.4818  -  0.6875X  +  0.6476X*  +  •  •  •.  (6) 

This  equation  showd  that  even  in  an  infinitely  large  field,  the  magnetic 
moment  does  not  attain  its  saturation  value;  because  for  H  ==  00 ,  X  »  o. 
Hence 

—  =  0.4818. 

The  reason  for  this  is  evident,  since  according  to  our  first  supposition, 
all  the  molecules  are  making  continuously  nutationatl  oscillations  like 
a  pendulum  about  the  direction  of  the  field. 

By  using  equations  (5)  and  (6)  for  small  and  large  values  of  a,  and  £tlso 
by  mechanical  integration  of  equation  (4)  for  moderate  values  of  a, 
we  calculated  the  values  of  <r/<ro  and  the  result  is  given  in  Fig.  2,  curve  2. 
In  ordinary  cases  actually  realizable,  in  which  a  is  a  very  small  quantity, 
equations  (3)  and  (5)  coincide  with  each  other;  but  as  the  values  of  a 
becomes  large,  the  deviation  between  them  becomes  always  greater. 
To  decide  which  one  of  these  equations  for  a  large  value  of  a  actually 
corresponds  to  the  observed  facts,  requires  a  further  experimental  in- 
vestigation. 
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7.  Next,  we  shall  consider  the  case  of  a  molecule  rotating  about  an 
axis  perpendicular  to  the  magnetic  axis.  If  the  plane  of  rotation  coin- 
cides with  that  of  the  field,  the  time-mean  of  the  magnetic  moment  Mm 
in  the  direction  of  the  field^  is  given  by 

Mm     2  EU)       (    ^ 


M 
where 


If  the  plane  of  rotation  makes  an  angle  9  with  the  direction  of  the  field, 
its  effective  moment  is  Mm  cos  9.  Hence  if  the  distribution  of  the  planes 
of  rotation  for  n  molecules  be  uniform,  the  resultant  moment  in  the 
direction  of  the  field  will  be 


^  Mmn  r 


Mmn 
cos  B  sm  BdB  = 


d"  a      a^ 


or 

c       1/2  E{k)       (    k''         W  .  ^ 

If  a  oric  be  small,  we  have  by  expansion 

..8      8    -••••  W 

This  shows  that  the  molecules  rotating  about  the  axis  perpendicular  to 
the  magnetic  axes  produce  the  diamagnetism.  Since  \K(ifi  in  the  expres- 
sion for  a  is  the  rotational  energy  of  the  molecules,  its  value  is  of  the 
same  order  of  magnitude  as  rT.  Hence  even  in  the  strongest  field  avail- 
able at  the  present  day,  the  value  of  a  is  very  small,  unless  the  tempera- 
ture is  very  low.    Hence  we  may  safely  neglect  a*  in  comparison  with 

a,  and  we  obtain 

<r  Of 

8.  Having  thus  found  the  magnetic  effects  of  the  gas  molecules  for 
the  two  cases  above  mentioned,  we  now  proceed  to  consider  the  case  of 
the  magnetization  of  an  actual  gas.  Since  the  molecules  are  alwa3rs 
rotating  about  axes  whose  directions  are  continuously  changing,  the 
axis  of  rotation  and  the  magnetic  axis  do  not  generally  coincide  with 
each  other.  Now,  at  any  given  instant,  among  n  molecules,  there  is  a 
certain  number  of  molecules 

dn  =  -  sin  (pd^f 

1  K.  Honda  &  J.  Okubo,  Sd.  Rep.,  5,  1916,  328. 
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whose  magnetic  axis  niake  with  the  axis  of  rotation  an  angle  lying  between 
fp  and  (p  +  dip.  Resolving  the  magnetic  moment  of  these  molecules  in 
the  axial  and  transverse  directions,  we  get  M  cos  <p  and  M  sin  ip  for  these 
two  components  respectively.  On  the  one  hand»  these  molecules  have 
then  the  magnetic  moment  M  cos  (p  in  the  direction  of  the  axis  of  rota- 
tion, and  therefore  by  applying  a  magnetizing  field,  their  magnetic 
polarization  is  paramagnetic.  Its  intensity  of  magnetization  d<T  is  ob* 
tained  from  equation  (i),  since  the  quantity  corresponding  to  a  is  very 

small;  that  is, 

.      MH  cos  <p 
""  ^      ^Ka^     =acos^ 

and 

a'      Mna      .     . 
da  ^  M  cos  <pdn  X  —  =  —z~  cos^<p  sm  <pa<p. 

<p  may  take  any  value  between  o  and  x;  hence  integrating  this  expression 
for  ^,  we  get  the  total  effect,  that  is, 

ff      a  C'  a 

—  =»  7  I     cos*  <p  dn  (pd<p  =  - .  (lo) 

<ro     o  Jo  9 

On  the  other  hand,  the  magnetic  effect  due  to  the  transverse  com- 
ponent of  magnetic  moment  for  the  molecules  is  obtained  from  equation 

(9).    Thus, 

,      HM  sin  <p 

*"  '     hKoi'      "''""*' 

and 

a' 
dc  =  —  Af  sin  (pdn  X  -^ 

a 

Mna  ... 

■= —  sirr  <pa<p. 

lo 

Integrating  this  expression  for  <p  between  o  and  x,  we  get  the  total  effect, 

that  is, 

a  a    C  a 

—  = 7  1     sin*  <pd<p  =  —  — .  (ii) 

Hence,  if  the  principal  moments  of  inertia  are  equal  to  each  other,  that 
is,  the  shape  of  the  molecules  is  spherical,  the  resultant  moment  of  n 
molecules  is  the  sum  of  the  expressions  (lo)  and  (i  i).    That  is, 

r  ="  ;  (i  -  i)  =  0.0278a.  (12) 

Thus  the  resultant  is  paramagnetic.  This  differs  quantitatively  from 
the  result  of  Langevin. 
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It  is  commonly  assumed  that  the  molecules  of  a  monoatomic  gas  have 
a  spherical  shape  and  therefore  thermal  impacts  cannot  produce  any 
rotation  of  the  molecules  and  they  have  no  energy  of  rotation.  But 
according  to  a  theory*  proposed  by  one  of  the  present  writers,  the  mole- 
cules of  the  monoatomic  gas  are  also  continuously  rotating  with  great 
velocity,  which  is  acquired  in  a  liquid  state,  but  this  velocity  does  not 
depend  on  the  temperature  of  the  gas.  Hence,  even  for  the  monoatomic 
gas,  the  above  result  is  equally  applicable. 

If  the  form  of  the  molecules  is  a  body  of  revolution  about  the  magnetic 

axis,  we  have 

MHK'  ^  <roHK' 

^  "  iii?w«  ^    q   K 
and 

where  K  and  K'  are  respectively  the  moments  of  inertia  about  the  mag- 
netic axis  and  the  axis  perpendicular  to  it,  and 

* 

is  the  kinetic  energy  of  rotation,  the  equipartition  of  the  rotational 
energy  being  assumed.    Hence, 

The  gas  may  therefore  be  paramagnetic  or  diamagnetic,  according  as 
As  an  example,  take  an  ellipsoidal  molecule,  whose  form  is  defined  by 

ii+^ — ' 

and  whose  major  axis  x  coincides  with  that  of  its  magnetic  axis;  then  we 

have 

M  M 

K^  —  X2B^  and  X'  =  —  (A^  +  B^). 
5  5 

Hence  the  gas  is  paramagnetic  or  diamagnetic  according  as 

4i4»  —  2S*  <  o, 
or 

■jg  5  0.7072, 

or 

eccentricity  <  0.707. 

*K.  Honda.  Sd.  Rep.,  7,  1918. 
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It  is  an  interesting  fact  that  the  sign  of  the  magnetization  of  a  gas  de- 
pends only  on  the  shape  of  the  molecules,  and  not  in  the  least  on  their 
the  magnetic  moment. 

9.  It  is  generally  admitted  that  the  molecular  magnets  consist  of 
certain  sets  of  electrons  rapidly  revolving  about  positive  nuclei,  and  that 
this  revolution  of  electrons  does  not  vary  with  temperature,  its  velocity 
always  remaining  the  same,  even  at  absolute  zero.  This  rotational 
energy  may  be  called  the  zero  point  energy;  we  denote  it  by  ^iJO,  where 
R  is  the  gas  constant  referred  to  one  gram  molecule.  Besides,  at  the 
temperature  T,  we  have  also  the  axial  component  of  rotation  of  the 
molecules  as  a  whole;  its  energy  may  be  given  by  \RT,    We  have  then 

J  Kof  =  \RT  +  \RQ,  =  \R{T  +  0). 
Hence  equation  (13)  becomes 


where 

2(K'        i\ 

p  may  be  positive  or  negative;  or 

^  "  H  "  i?(r  +  0)  •  ^'*^ 

Thus,  the  paramagnetic  or  diamagnetic  susceptibility  is  proportional  to 
the  magnetic  field.    From  the  last  equation,  we  have 

x{T  +  12)  =  ^  =  const. 

If  ^ >o  and  Q  is  very  small  as  compared  with  T,  we  have 

xT  «  const., 

which  is  the  Curie  law  for  paramagnetic  gas.    On  the  other  hand,  if 
p<o  and  Q  is  very  large,  we  have 

X  =  const.. 

Hence  for  a  gas  satisfying  these  conditions,  its  diamagnetic  suscep- 
tibility is  independent  of  temperature. 

Here  the  following  remarks  are  to  be  made.  So  far  we  have  assumed 
the  molecular  magnets  to  be  perfectly  rigid;  but  as  shown  by  Langevin, 
the  motion  of  the  electrons  is  slightly  modified  by  appl3dng  a  strong 
magnetic  field,  and  this  change  also  contributes  to  the  diamagnetism  of 
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the  substance.    Hence  to  equation  (14),  we  must  add  the  diamagnetic 
susceptibility  as  given  by  Langevin,  that  is, 

12  X  1800  \w/ 

As  an  application  of  the  above  theory,  it  is  interesting  to  calculate 
the  magnetic  moment  of  a  hydrogen  atom  or  molecule.  According  to 
Bohr,  the  atom  of  hydrogen  consists  of  an  electron  revolving  about  its 
nucleus.  Since  Bohr's  value  for  the  smallest  radial  distance  of  the 
revolving  electron  seems  to  be  too  small,  we  take  its  next  value  for  r  and 
the  corresponding  angular  velocity,  that  is, 

f  =  2.2  X  lO"*  cm.,        0)  =  0.755  X  10**  per  sec. 

Then  the  magnetic  moment  of  an  atom  is 

M  =  i«^a>  =  2.95  X  lO"" 
and 

<ro  =  1806, 

which  is  a  little  greater  than  half  the  magnetic  moment  of  the  nickel  atom. 
The  zero  point  energy  £©  of  rotation  amounts  to 

£0  =  6.2  X  lo^M 
but  at  27°  C, 

iRT  =  1.24  X  I0^^ 

which  is  only  a  small  fraction  of  the  zero  point  energy.    Hence,  we  have 

-  Ku^  =  £0  +  iRT  =  0.63  X  10". 
2  *  V 

In  the  well  known  Bohr  model  of  a  hydrogen  molecule,  the  two  elec- 
trons are  revolving  about  the  line  joining  two  positive  nuclei.  Here 
the  moment  of  inertia  K  about  the  magnetic  axis  is  very  small  as  com- 
pared with  the  moment  of  inertia  K'  about  an  axis  perpendicular  to  it; 
hence  the  ratio  K'/K  is  very  large  and  therefore  the  susceptibility  of 
hydrogen  must  be  paramagnetic.  This  inference,  however,  contradicts 
the  observed  fact.  In  order  therefore  that  the  hydrc^n  molecule  may 
give  the  observed  diamagnetic  susceptibility,  the  positive  nuclei  must 
approach  very  near  to  each  other. 

Let  us  next  calculate  the  distance  d  between  two  positive  nuclei  of  a 
hydrogen  molecule  composed  of  two  atoms,  the  planes  of  the  electron 
orbits  being  parallel  to  each  other,  under  the  condition  that  the  suscep- 
tibility of  the  gas  may  give  the  value*  actually  observed,  that  is, 

«  =  —  1.89  X  lo*"*. 

1  The  measurement  of  the  ausceptibility  of  different  gases  is  now  being  made  in  this  labora- 
tory by  Mr.  J.  Son6. 
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In  this  case,  Langevin's  diamagnetic  susceptibility  amounts  to 

X  =  —  7.0  X  lO*"*- 
Hence  by  equation  (13),  we  have  the  relation 

or 

^--  +  5.4Xio-*^-i.i7. 

f 

Hence  the  two  positive  nuclei  should  be  only  distant  from  each  other  by 
an  amount  less  than  one  thirteenth  of  the  radius  of  the  electron  orbits. 

10.  The  case  of  solid  substances  will  be  next  considered.  According 
to  the  prevailing  theory  of  the  solid  state,  the  molecules  are  arranged 
according  to  a  certain  space-lattice  and  are  continuously  making  recti- 
linear oscillations,  but  not  any  rotations.  But  as  we  have  already 
remarked,  the  electrons  in  each  atom  are  rapidly  revolving  about  the 
centers  of  mass  of  the  electrons  and  the  positive  nuclei;  its  axis  of 
rotation  coincides  evidently  with  that  of  the  magnetic  moment.  The 
energy  of  this  rotational  motion,  that  is,  the  zero  point  energy,  may 
be  expressed  by  ^elSQ,  where  fi  is  a  constant  and  e  a  small  fraction 
of  unity.  With  the  rise  of  temperatiu^,  the  angular  velocity  of  this 
rotation  may  probably  increase,  because  of  the  axial  rotation  of  the 
molecules  as  a  whole  due  to  thermeil  impacts.  In  a  solid,  this  increase 
of  rotation  is  not  independent  of  the  rectilinear  vibrations  and  therefore 
the  increase  of  energy  is  far  less  than  that  corresponding  to  the  energy 
of  one  independent  freedom,  that  is,  than  iRT;  hence  it  may  be  expressed 
by  §eRr.  For  the  molecules  of  a  solid,  a  simultaneous  rotation  of  the 
molecules  perpendicular  to  the  above  rotation  can  not  possibly  exist.^ 
Hence  assuming  the  molecules  to  form  a  numerous  number  of  minute 
groups,  in  each  of  which  the  axis  of  magnetic  molecules  take  the  same 
direction,  but  the  magnetic  axes  of  these  groups  are  uniformly  distri- 
buted in  all  directions,  the  expression  for  the  susceptibility  of  a  solid 
substance  is  given  by  equation  (i).    Since 

a      a      2       ffoK'H 


(TO      3      3  KRe{T  +  0)  ' 

1  K.  Honda,  Sd.  Rep.,  7,  1918. 
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*  "  H  "  3  KRtiX  +  0)  •  ^^^^ 

.-.    x(r  +  0)  «  -  ^^-  =  const. 

There  is  a  considerable  number  of  paramagnetic  substances,  whose 
susceptibility  satisfies  the  above  relation.  Strictly  speaking,  to  the  above 
value  of  susceptibility,  we  must  also  add  the  small  diamagnetic  suscep- 
tibility given  by  Langevin. 

According  to  the  theory  of  fusion*  proposed  by  one  of  the  present 
writers,  the  rotational  motion  of  the  molecules  during  fusion  begins  \o 
take  place  with  the  energy  corresponding  to  the  degree  of  freedom  at  the 
melting  point,  so  that  the  liquid  molecules  are  making  axial  and  trans- 
verse rotations  like  those  of  a  gas.  Hence  during  fusion,  the  suscep- 
tibility of  a  substance  discontinuously  changes  from  a  value  expressed 
by  equation  (15)  to  that  expressed  by  equation  (14),  and  may  in  some 
cases  change  its  sign.  The  remarkable  fact^  that  during  melting,  the 
susceptibility  of  tin  changes  from  paramagnetic  susceptibility  to  the 
diamagnetic,  is  explained  in  this  way. 

II.  The  case  of  a  ferromagnetic  substance  comes  next  for  our  consid- 
eration. According  to  our  theory  of  magnetism,'  which  explains  the 
observed  fact  in  a  very  satisfactory  manner,  the  molecules  of  a  ferromag- 
netic substance  are  arranged  in  a  definite  space-lattice  and  exert  mutual 
magnetic  action  upon  one  another.  In  the  light  of  the  present  theory, 
this  means  that  the  energy  of  rotation  about  the  magnetic  axis,  that  is 
JJTw*,  is  very  small;  for  in  this  case,  the  gyrostatic  action  of  the  molecules 
is  negligably  small  in  comparison  with  the  mutual  magnetic  action, 
and  the  molecules  are  now  in  equilibrium  under  the  action  of  this  mag- 
netic force,  a  condition  required  in  our  theory. 

Now,  take  equations  (i)  and  (i')  as  our  starting  point;  it  appears  at 
first  sight  that  the  expression 

—  =  -  for  a  <  I, 
0*0      3 


where 


—  =  I +  — ^  for  a  >  I, 


a  = , 

2 


>  K.  Honda,  Sd.  Rep.,  7, 1.  c. 

*  K.  Honda,  Sd.  Rep.,  i,  191 1,  i. 

*  K.  Honda  and  J.  Okubo,  Sd.  Rep.,  5,  U  c. 
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may  be  looked  on  as  the  law  of  magnetization  for  a  ferromagnetic  sub- 
stance, provided  we  consider  <r  to  be  a  function  of  H  and  (n/2)X«*  to  be 
a  very  small  quantity  depending  on  the  temperature  of  the  substance. 
The  form  of  the  aiH  curve  is  the  same  as  curve  i  in  Fig.  2.  The  curve 
possesses  two  characteristic  points  of  the  curve  of  magnetization,  that  is, 
the  proportionality  between  the  initial  magnetization  and  the  field,  and 
the  gradual  approach  of  magnetization  to  saturation;  yet  it  is  only  a 
rough  representation  of  the  fact;  moreover  it  cannot  explain  the  impor- 
tant phenomenon  of  hysteresis.  These  discrepancies  are  the  consequences 
of  the  present  theory,  which  neglects  the  mutual  magnetic  action  and 
takes  only  the  axial  rotation  of  the  molecules  into  account.  As  we  have 
shown  in  our  former  papers,  in  the  case  of  ferromagnetic  substances,  we 
must  consider  the  mutual  magnetic  action  as  the  most  important  factor 
in  determining  the  law  of  magnetization,  and  therefore  equations  (i) 
and  (i'),  which  take  only  the  gyrostatic  action  of  the  axially  rotating 
molecules  into  account,  cannot  be  considered  as  the  true  law  of  magneti- 
zation. 

The  effect  of  temperature  on  magnetization  will  be  next  considered. 
The  temperature  affects  magnetization  in  two  opposite  ways;  the  first 
effect,  which  is  especially  conspicuous  in  weak  fields,  but  which  com- 
pletely vanishes  in  strong  fields,  is  to  increase  the  magnetization,  while 
the  second  is  always  to  decrease  the  magnetization.  In  our  former 
paper,^  these  two  effects  are  explained  on  the  basis  of  small  vibratory 
motions  of  the  molecular  magnets,  about  their  mean  orientations.  That 
the  magnetization  in  weak  fields  is  considerably  increased  by  the  thermal 
vibrations  of  the  molecules,  is  very  satisfactorily  explained;  but  the 
explanation  of  the  second  effect  by  the  same  vibrations  is  met  with  the 
great  difficulty  that  if  the  half-amplitude  of  this  vibration  exceeds  about 
131^,  the  magnetization  in  a  strong  field  is  reversed;  this,  however,  is  an 
abnormal  result,  which  has  never  been  observed. 

In  view  of  the  present  theory,  the  following  explanation  for  the  tem- 
perature-effect in  question  will  be  very  natural  and  agrees  satisfactorily 
with  the  observed  facts:  The  molecules  of  a  ferromagnetic  substance  are 
continually  making  axial  rotations  about  their  magnetic  axis,  and  at  the 
same  time,  small  vibratory  motions  about  the  axes  perpendicular  to  it. 
The  first  motion  explains  the  diminution  of  magnetization,  while  the 
second  motion  explains  its  increase  in  weak  fields,  as  shown  in  our  former 
paper.  At  ordinary  temperature,  the  energy  of  the  axial  rotation  is 
considered  to  be  very  small,  but  as  the  temf)erature  rises,  it  rapidly 
increases,  its  rate  of  increase  becoming  always  greater.    At  the  critical 

>  Sd.  Rep.,  s»  1916,  325. 
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point,  the  energy  is  considered  to  be  greatly  increased,  but  it  has  still  a 
small  fraction  of  the  value  \RT  corresponding  to  one  d^:ree  of  freedom 
at  the  temperature  T.  The  energy-content  of  the  axial  rotation  is  then 
given  by  an  expression  of  the  form 

2  2  ' 

where  m  is  a  function  of  temperature  increasing  rapidly  with  the  latter, 
the  zero  point  energy  being  neglected.    An  expression  m  of  the  form 


tn  = 


where  $  is  the  critical  temperature;  e  and  ei  being  very  small  quantities, 
will  accord  with  the  observed  facts  very  satisfactorily.  The  law  of 
variation  of  magnetization  with  temperature  is  then  given  by  equations 
(I),  (!')  and 

^^  ^KmRT' 
In  order  to  show  that  these  expressions  are  a  good  representation  of  the 


Fig.  3. 

observed  facts,  we  have  calculated  the  constants  entering  into  the  ex- 
pression of  a  for  iron  and  obtained  the  following  results: 

e  «  0431  X  lO-«, 
€i  =  4.96  X  lO-«. 
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The  curve  is  also  given  in  Fig.  3;  we  see  that  it  is  very  similar  to  the 
IiT  curve  in  a  strong  field.  Hence  we  conclude  that  the  effect  of  tem- 
perature, which  diminishes  the  magnetization  for  all  fields,  is  due  to  the 
increase  of  the  axial  rotational  energy  of  the  molecules.  This  inference 
is  also  confirmed  by  the  fact  that  during  heating  or  cooling  through  the 
critical  range  of  magnetic  transformation,  the  heat  is  absorbed  or  evolved, 
that  is,  through  the  same  range,  the  specific  heat  abnormally  changes. 

If  the  above  view  be  correct,  the  rotational  energy  gained  during 
heating  through  the  range  of  magnetic  transformation  up  to  the  critical 
point,  is  equal  to  the  total  heat  absorbed  during  the  transformation. 
If  we  neglect  a  small  rotational  energy  at  room  temperature,  the  total 
energy  q  gained  is  equal  to  (n/2)K(i^.  Hence,  for  one  gram-molecule  df  a 
ferromagnetic  substance,  we  have 

2  KW  KW 

*  "  3  nKW  ^^  "  sKq' 

^^  ZKX' 

This  relation  admits  of  the  calculation  of  the  heat  absorbed  or  evolved 
during  heating  or  cooling,  provided  the  sha()e  of  the  molecules  be  known. 
But  at  present,  we  have  no  data  for  determining  the  ratio  K'lK  for 
ferromagnetic  substances,  and  therefore  the  verification  of  the  above 
relation  is  left  for  a  future  occasion. 

The  following  remark  deserves  also  to  be  made: — ^The  magnetic 
(or  ill)  transformation  of  iron  has  been  the  subject  of  a  long  dispute 
among  metallurgists,  viz.  as  to  the  nature  of  this  transformation.^  The 
present  theory  gives,  however,  an  exact  mechanism  of  this  transforma- 
tion; that  is,  the  At  transformation  is  not  a  change  of  molecular  con- 
figuration or  a  change  in  the  molecules,  as  is  the  case  in  an  allotropic 
change;  but  it  is  the  process  of  acquiring  the  rotational  energy  of  the 
molecules,  whose  amount  is  a  definite  function  of  temperature.  Hence 
the  transformation  cannot  be  considered  as  an  allotropic  change,  as  has 
repeatedly  been  stated  by  one  of  the  present  writers.* 

10.  Lastly  let  us  consider  the  susceptibility  of  a  ferromagnetic  sub- 
stance above  its  critical  point.  In  this  region,  the  kinetic  energy  of 
axial  rotation,  that  is,  (n/2)K<a\  is  very  large  in  comparison  with  that  in 
the  magnetic  region,  but  it  is  still  far  less  than  the  energy  corresponding  to 
one  degree  of  freedom  at  the  temperature  under  consideration,  that  is, 
iRT,  which  value  is  only  attained  by  the  fusion  of  the  substance.  We 
may  express  the  above  fact  by  the  expression 

>  K.  Honda,  Sd.  Rep.,  4,  19x5.  169;  6,  1917.  213. 
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and  therefore  equation  (i)  becomes 


(TO  "  *^  "  KR{T  -  0)  ' 


or 


x{T  -  0) 


RK 


const. 


(16) 


This  is  the  relation,  which  holds  good  approximately  above  the  critical 
point.  This  relation  was  first  obtained  by  Prof.  P.  Weiss  from  his  theory 
of  molecular  field  and  given  in  his  paper  as  a  confirmation  of  his  theory. 
But  as  was  shown  by  one  of  the  present  writers,  it  can  also  be  obtained 
from  another  theory,*  which  has  no  connection  with  the  molecular  field. 
The  above  deduction  of  the  same  relation  affords  also  a  similar  example. 
The  relation  (i6)  may  also  be  written  as 

I{T  -  ft)  =  const.  X  H. 

This  represents  a  hyperbola,  whose  parameter  is  H\  curves  i|  2,  3,  in 
Fig.  4  are  those  corresponding  to  successively  increasing  fields.    Curie, 


0 


■> 

T 


Fig.  4. 


in  his  experimental  research  on  the  susceptibility  of  iron  at  high  tem- 
peratures, first  noticed  this  result  and  remarked  that  the  course  of  the 
curves  resembles  the  ^,  v  curve  of  a  gas  near  its  critical  point.  In  recent 
years,  this  remark  has  attracted  the  attention  of  many  physicists*;  they 
have  attempted  to  explain  the  relation  between  ferromagnetic  and  para- 
magnetic states  by  the  analogy  of  the  relation  of  the  liquid  state  to  the 
gaseous.  But  as  we  have  shown  above,  the  fact  is  a  natural  consequence 
from  the  present  theory,  and  we  think  it  has  not  the  important  signi- 
ficance which  other  physicists  assign  to  it. 

>  P.  Weiss  &  p.  N.  Beck.  Jour,  de  Pfays.,  7,  1908,  349.    Ashworth,  Phil.  Mag.,  27,  1915, 
357;  30.  191S.  711;  33. 1917.  334.    E.  Bruins,  Phil.  Mag..  34.  1917.  38o. 
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ON  THE  THEORY  OF  SUPERPOSED  DIFFRACTION-FRINGES. 

By  Chamdx  Prasad. 

TN  the  Proceedings  of  the  American  Philosophical  Society  for  191 3  (pp. 
-■-  276-282)  C.  F.  Brush^  has  published  various  interesting  observations 
of  diffraction  phenomena  which  he  has  attempted  to  group  tc^ther 
under  a  common  explanation  by  regarding  them  as  "su()erpo8ed  fringes." 
Among  the  effects  observed  by  him  were  those  due  to  the  diffraction  of 
light  by  a  cylindrical  edge  which  have  recently  been  further  investigated 
and  explained  in  an  entirely  different  manner  by  N.  Basu.*  In  the 
present  paper,  I  am  concerned  with  what  were  perhaps  the  most  interest- 
ing and  original  observations  recorded  by  Brush,  that  is,  the  diffraction- 
effects  produced  by  a  row  of  straight 
edges  placed  in  echelon  order.  The 
arrangement  adopted  by  Brush  is 
shown  diagrammatically  in  Fig.  i.  A 
row   of   Gillete   razor-blades   (some-  — v 

tunes  as  many  as  twenty-four)  were  — ^, 

clamped  together,  so  that  their  edges  n 

lay   as   nearly    as    possible    in    one  ^^ 

plane  which  was  placed  very  oblique-  \ 

ly  in  the  path  of  the  train  of  light  \  • 

waves.    The  phenomena  in  the  im- \ 

mediate    neighborhood    of    the    sys- 

tem  were  observed  through  a  micro-  Fig- 1. 

scope.   Brush  noticed  that  the  fringes 

showed  contrasts  between  the  maxima  and  minima  of  illumination 

which  were  much  more  marked  than  in  the  diffraction  fringes  of  the 

Fresnel  type  due  to  a  single  straight  edge,  and  explained  this  as  due  to 

the  superposition  of  the  fringe-systems  produced  by  the  successive  edges. 

I  propose  in  the  present  paper  to  show  how  the  principle  of  superposition 

suggested  by  Brush  may  be  formulated  mathematically  and  its  validity 

tested  in  experiment.    The  value  of  the  principle  is  that  it  simplifies 

the  treatment  of  the  problem  of  diffraction  by  a  succession  of  edges  which 

^  See  also  Science  Abstracts  (i9i3)>  No.  1810. 
*  Phil.  Mag.,  Jan.,  1918,  p.  79. 
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would  otherwise  be  very  laborious.^  Incidentally  I  also  describe  some 
observations  of  my  own  which  appear  to  be  of  interest  from  the  point  of 
view  of  the  general  theory  of  diffraction. 

Sommerfeld  has  shown  in  his  well-known  investigation  on  the  mathe- 
matical theory  of  diffraction*  that  the  diffraction  fringes  due  to  a  semi- 
infinite  screen  may  be  regarded  as  due  to  the  interference  of  a  system 
of  a  series  of  cylindrical  waves  emitted  by  the  edge  of  the  screen  with  the 
incident  plane  waves.  In  the  case  of  a  number  of  semi-inffnite  screens 
placed  parallel  to  each  other  in  echelon  order,  it  would  obviously  not  be 
correct  to  assume  that  in  the  region  to  the  rear  of  the  system,  each  of 
the  edges  emits  cylindrical  waves,  the  amplitude  of  which,  in  any  direction 
is  the  same  as  if  the  other  screens  were  absent.  The  assumption  would 
certainly  be  incorrect  in  respect  of  the  region  lying  on  one  side  of  the 
plane  containing  the  edges  (AB  in  Fig.  i) ;  for,  in  this  region  each  of  the 
screens  would  obviously  intercept  and  cut  off  the  radiations  emitted  by 
the  edges  in  front  of  it.  But  in  the  region  lying  on  the  other  side  {BC 
in  Fig.  i),  an  assumption  of  the  kind  stated  above  would  be  justified  as 
a  first  approximation,  provided  each  edge  in  the  echelon  is  sufficiently  in 
advance  of  the  preceding  edge  in  relation  to  its  distance  from  it.    For, 

the  illumination  in  the  region  at  and 
I  near  each  edge  would  then  be  practi- 

cally the  same  as  that  due  to  the  in- 
cident waves  alone,  and  the  edge  of 


A 


3  

\ 


each  screen  therefore  emits  a  radia- 


tion, the  amplitude  of  which  in  the 
region  considered  is  practically  the 
same  as  in  the  absence  of  the  other 
screens.  By  superposing  the  effects 
M      "     »»  *    of  the  cylindrical  waves  emitted  by 

Fig.  2.  ^^  edges  upon  that  due  to  the  inci- 

dent waves,  a  noathematical   treat- 
ment of  the  phenomena  observed  by  Brush  would  be  possible. 

In  order  to  test  the  preceding  views  and  to  obtain  a  definite  confirma- 
tion, I  have  devised  the  experiment  shown  diagranmxatically  in  Fig.  2 
in  which  the  effects  due  to  the  echelon  of  edges  may  be  examined  sepa- 
rately from  that  due  to  the  incident  waves. 

A  row  of  razor  edges  is  placed  on  an  optical  bench,  the  distances 
between  successive  edges  being  about  lo  cm.  The  edges  are  brought 
carefully  into  parallelism  with  each  other  and  placed  in  echelon  order. 

1  On  this  point,  see  Mascarat*s  Traite  de  Optique.  Vol.  I.,  p.  287. 
*  Math.  Annalen,  Vol.  XLVII.,  1896,  p.  317. 
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The  incident  plane  waves  of  light  are  diffracted  by  the  edges  and  pass 
through  the  lens  L,  the  observations  being  made  in  the  focal  plane. 
The  superfluous  light  was  cut  off  by  the  screen  E.  The  lens  may  be 
dispensed  with,  if  the  fringes  are  examined  at  a  great  distance  behind  the 
system.  Some  interesting  effects  are  then  observed.  First,  we  have  the 
direct  light  which  comes  to  a  focus  at  or  near  the  point  JIf ,  on  either  side 
of  which  we  have  the  diffracted  light  due  to  the  limitation  of  the  aperture 
of  the  lens.  In  the  region  NPQ,  we  have  another  system  of  fringes 
which  are  due  to  the  superposition  of  the  light  diffracted  by  the  series 
of  edges.  These  fringes  appear  only  to  the  right  of  the  plane  containing 
the  edges,  ON  being  the  line  drawn  through  the  center  of  the  lens  parallel 
to  this  plane.  The  center  of  this  system  of  fringes  (as  seen  in  white 
light)  is  at  P  where  MN  =»  NP.  Fig.  ^A  and  Fig.  3B  reproduce  photo- 
graphs of  the  system  of  fringes  observed  with  an  echelon  of  two  edges 
only,  the  second  edge  being  further  in  advance  of  the  first  edge  in  the 
latter  case  than  in  the  former.  It  will  be  seen  that  the  fringe-widths  are 
asymmetrical,  that  is,  the  fringe  width  decreases  continuously  as  we  move 
from  one  side  of  the  system  to  the  other.  The  positions  of  the  fringes 
are  approximately  the  same  as  that  due  to  the  interference  of  two  cylin- 
drical sources  of  light  placed  respectively  at  the  two  diffracting  edges. 
This  is  shown  by  the  following  measurements  of  the  width  of  the  fringes 
on  either  side  of  the  center  P. 


Potitioiii  of  the  Mazlmft  Raad 
on  a  MicroflMter  Seal*. 

FriBM  Widths 
ObMrred. 

VHiin  Wlddis 
CaTcnktod. 

First  Maxima 

3.283 

.125 

.124 

Second  Maxima. . . 

3.158 

.105 

.098 

Third  Maxima.... 

3.053 

.094 

.084 

Fourth  Maxima. . . 

2.959 

.071 

.075 

Fifth  Maxima 

2.888 

.069 

.068 

Sixth  Maxima 

2.819  (the  central  fringe) 

.062 

.063 

Seventh  Maxima. . 

2.757 

.056 

.058 

Eighth  Maxima. . . 

2.701 

.051 

.054 

Ninth  Maxima. . . . 

2.650 

.051 

.052 

Tenth  Maxima. . . . 

2.599 

.045 

.052 

Eleventh  Maxima. 

2.554 

.045 

.052 

Twelfth  Maxima . . 

2.509 

The  figures  in  the  last  column  were  calculated  from  the  formula 

a(cos  0  —  cos  ^)  =  =t  nX, 

where  a  is  the  distance  between  the  two  edges;  6,  ^,  are  the  small  angles 
made  by  the  incident  and  diffracted  rays,  respectively,  with  the  plane 
containing  the  edges. 
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Fig.  3C  reproduces  a  photograph  of  the  fringes  obtained  with  an 
echelon  of  three  edges  and  Fig.  jP  reproduces  one  obtained  with  four 
edges.  It  will  be  seen  that  in  the  former  case,  we  have  one  faint  second- 
ary maxima  between  each  pair  of  primary  maxima,  and  in  the  latter 
case,  we  have  two  secondary  maxima  between  the  principal  maxima. 
In  fact,  the  results  are  somewhat  though  not  completely  analogous  to 
those  due  to  a  diffraction  grating  composed  of  a  small  number  of  elements. 
The  difference  in  this  case  is  that  the  light  is  diffracted  by  simple  edges, 
while  in  an  ordinary  diffraction  grating  we  are  concerned  with  either  a 
corrugated  surface  or  the  strips  of  a  plane  surface.  Photographs  of  the 
diffraction  spectra  formed  by  a  very  obliquely  held  surface  consisting 
of  two  or  three  reflecting  strips  in  a  plane  have  recently  been  published 
by  Mitra,*  who  has  observed  that  the  corresponding  bands  on  either 
side  of  the  pattern  are  of  unequal  brightness,  the  wider  fringes  on  one 
side  being  of  very  feeble  intensity  in  comparison  with  the  narrow  fringes 
on  the  other.  The  photographs  of  the  diffraction  effects  produced  by  a 
row  of  straight  edges  published  in  the  present  paper  (Figs.  3^1  to  D)  do 
not  show  this  effect,  thus  indicating  an  essential  difference  between  the 
two  cases.  In  fact,  in  the  diffraction  spectra  due  to  a  row  of  straight 
edges,  the  broader  fringes  on  one  side  are,  if  anything,  actually  brighter 
than  the  narrow  fringes  on  the  other. 

With  a  view  to  further  study  of  the  effects  noticed  by  Brush  (in  which 
the  radiations  from  the  edges  are  superposed  on  the  transmitted  waves), 
I  have  also  measured  and  photographed  the  diffraction-fringes  of  the 
Fresnel  tjrpe  due  to  two  edges  lying  in  nearly  the  same  line  as  the  direction 
of  propagation  of  the  incident  light.  Four  photographs  are  reproduced 
in  Figs.  3  (£  to  jFO>  the  second  edge  being  in  advance  of  the  first  edge  by 
different  distances  in  the  four  pictures.  The  diffraction-fringes  due  to 
a  single  edge  are  shown  in  Fig.  3/  for  comparison.  Some  of  the  minima 
of  illumination  due  to  the  superposition  of  the  effects  of  the  two  edges 
are  seen  in  the  photographs  to  be  much  darker  than  the  minima  in  the 
fringes  of  the  Fresnel  t3rpe  due  to  a  single  edge.  If  we  assume  as  a  first 
approximation  that  the  effects  due  to  the  two  edges  are  practically 
additive,  the  illumination  at  any  point  in  the  fringe  system  may  be 
calculated  mathematically  as  follows: 

The  problem  of  the  diffraction  of  light  by  a  semi-infinite  screen  has 
been  solved  by  Sommerfeld  whose  solution  of  the  equation 


3^_    J^,^\ 

^  Philosophical  Magazine,  Jan.,  1918,  Plate  V. 
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Superposed  Diffraction  Fringes. 
Fig.  i. 
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This  solution  may  be  simplified  by  expanding  the  integrals  in  a  semi- 
convei^nt  series,  as  shown  by  Sommerfeld.  In  the  region  of  light  where 
T  —  ^'  <  ^  <  T  +  <p\  and  provided  V2jfef  cos  (^  —  <p')/2  >  i,  we  have 
J  =  cos  (kr  cos  if>  "  ip'  +  nt) 

H \J-  cos  I  if  —  n/  +  -  )    j^ — 7 -; 

cos — - —      cos 

2  2 

In  the  case  of  normal  incidence,  ^'  =  t/2,  and  writing  <p'  =  3t/2  —  J, 
where  S  is  small,  we  find  on  reduction  and  simplification 

Vx5       /..  Jte* 


5 


COS (W -«/)+— COS (^W  -  «/  +  ^  +  -j. 


which  gives  the  usual  maxima  and  minima  when 

—  +  -  =  2tiT    or    (2n  +  i)t, 

respectively.  Now,  if  another  edge  were  placed  at  a  distance  a  cm. 
and  projecting  h  cm.  from  the  line  of  the  geometrical  shadow  of  the  first 
edge,  and  its  effect  is  added  to  that  of  the  latter, 

'^       /,  ^  .  *«*  .  ^\ 

5  =  cos  (JW  —  n/) cos  I  W  —  n/  +  — r  +  -  I 

2'KX         \  2a       4/ 


rr-  COS  I  M  —  n/  +  -T^j r  +  -  I  . 

-6)         V  ,        2(d-a)  '^4/ 


2ir(i»: 
This  gives  for  the  intensity  of  illumination  at  any  point 

.     Xi     .     X(d-a)         Vxd       /jfex* 
J  =  I  +  —7-;  +  -rvt iXi cos 


T(«-i)  ^^V2(d-a)  +4/ 


\Md-a) 

+ 


2ir*«(« 


-a)       fe/jc»     a;-y\ 
-6)*^2Vd      d-a)- 


I 
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Of  these  six  terms,  the  second,  third  and  sixth  are  small  compared  with 
the  first,  third  and  fourth  and  may  in  calculating  the  position  of  the 
maxima  and  minima,  be  left  out  of  account. 

To  test  the  results  obtained  from  the  formula,  measurements  have  been 
made  of  the  position  of  the  maxima  and  minima  in  several  cases.  The 
experimental  data  and  the  theoretical  values  are  shown  for  comparison 
in  the  table,  the  latter  being  taken  from  the  illumination  curves  plotted 
from  the  formula.  Fig.  4  shows  three  illumination  curves  and  illustrates 
the  general  effect  of  the  superposition  of  the  fringes  due  to  two  edges. 


/ 


1 


f  M.ill. 


.f  ML  m. 


im.wt. 


Fig.  4. 

Illumination  curves  for  two  edges. 
I.  6.  "B  .000  G.m.  3.  h.  «  .00a  G.m.  3.  h.  «  .0x4  G.m. 
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the  help  and  encouragement  he  gave  me  during  the  course  of  this  investi- 
gation, which  was  carried  on  last  summer  in  the  Laboratory  of  the  Indian 
Association  for  the  Cultivation  of  Science,  Calcutta. 
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PosUions  of  the  maxima  and  minima  of  illumination  {measured  from  the  geometrical  edge  of  the 

shadow  of  the  edge  nearest  the  plane  of  observation, 
1,  d  ^  20  cm.,  a  »  JO  cm,  and  b  »  ,002  cm. 


Bands. 

First  maximnm 

First  minimum 

Second  maximum 

Second  minimum 

Third  maximum 

Third  minimum 

Fourth  minimum 

Fifth  minimum 

Sixth  minimum 

Seventh  minimum 

Eighth  minimum 

2.  d  ^  20  cm. 

First  minimum 

Second  minimum 

Third  minimum 

Fourth  minimum 

Fifth  minimum 

Sixth  minimum 

Seventh  minimum 

3.  d  ™  20  cm. 

First  minimum 

Second  minimum 

Third  minimum 

Fourth  minimum 

Fifth  minimum 


ObMired. 


+.024 
+.040 
+.046 
+.052 
+.058 
+.065 
+.073 
+.083 

+.096 
+.108 


Calcuktod. 


.025 
.040 
.044 
.050 
.058 
.065 
.073 
.083 
.089 
.098 
.105 


a  'm  JO  cm. 


.014  cm. 


+.0378 
+.0526 
+.0617 
+.0712 

+.0892 
+.  102 


.034 
.051 
.060 
.072 
.081 
.088 


a  ^  JO  cm. 


b  >■  ,022  cm. 


.019 
.032 
.042 
.050 
.059 


The  agreement  is  fairly  satisfactory. 

Qubbn's  Collbgb, 
Benarbs,  India, 
March  28.  1918. 
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ON  THE  MECHANICAL  AND   ELECTRODYNAMICAL 
PROPERTIES  OF  THE  ELECTRON. 

By  Mbgh  Nad  SAha. 

THE  object  of  the  present  paper  is  to  extend  Minkowski's  method* 
of  four-dimensional  analysis  to  the  investigation  of  the  mechanical 
and  electrodynamical  problems  connected  with  the  electron.  As  is  well- 
known,  Minkowski's  four-dimensional  analysis  is  based  on  the  principle 
of  relativity,  and  we  have  thereby  to  abandon  two  time-honored  concepts 
of  physics,  i.  e.,  absolute  independence  of  time  and  space,  and  the  con- 
stancy of  mass.  The  correctness  of  these  two  principles  is  no  longer  a 
matter  of  hypothesis,  but  is  founded  on  experiments.  It  is  therefore  to 
be  hoped  that  the  results  of  these  investigations  will  be  helpful  to  us  for 
the  elucidation  of  the  mechanical  and  electrical  problems  connected  with 
the  electron,  though  sometimes  difficulty  may  be  encountered  in  putting 
proper  interpretation  on  these  results. 

The  notation  is  the  same  as  that  adopted  by  Minkowski,  and  for 
the  convenience  of  the  reader,  it  is  explained  at  the  very  outset. 

I. 

(jc,  3^,  2,  /  d:  ict)  denotes  the  space  and  time  codrdinates  of  any  point 
in  the  four-dimensional  world 


/         u^Vui    Ut    Ut     .1 

(ci,  a„,  c,,  c.)  =  ^i  -  -|^-,  7,  7,  *  J 

denotes  the  velocity  four-vector  of  the  point. 

We  put 

ds^  =  -  (djc«  +  dy*  +  d2«  +  dP) 

therefore  we  have 

.  .       fdx    dy    dz    dl\  ,    r~  /  \ 

(«i,  (ot,  «$,  «4)  =  I  ^»  ^»  ^»  ^  )  »  21^^  ^~  (^i»  ^»  «»»  ^0 

^  Minkowski'a  method  of  four-dimensional  analsrsis  is  expounded  in  two  papers:  (i)  Raum 
und  Zeit,  published  in  the  Phys.  Zeits.,  and  (a)  Die  Grundgleichungen  fttr  die  Electro-mag- 
netischen  Vorgftnge  in  bewegten  K0rpem-G6tt.  Nach,  1908.  These  two  papers  have  been 
translated  by  me,  and  are  being  published  by  the  Calcutta  University. 


No^if  "^]  PROPERTIES  OF  THE  ELECTRON.  35 

denote  the  direction  cosines  of  the  four-dimensional  tangent  to  the  path 

of  the  particle,    c  »  velocity  of  light  in  space. 

We  put 

(fujnjn)  ^(Hx,Hy,Hz), 

the  components  of  the  magnetic  field,  and 

(/i4,/i4,/»4)  =  -  i[Ex,  Ey,  Ezl 

the  components  of  the  electric  field.     Minkowski  has  shown  that  / 
constitutes  a  six-vector. 

(ai,  Of,  a,,  aO  =  [F,  G,  H,  /*], 

are  the  components  of  the  potential  four- vector;  (F,  G,  H)  are  the  vector 
potentials  ^  is  the  scalar  potential, 
p  =  electrical  space-density; 

are  the  components  of  the  stream  four- vector  s\ 


Po 


-pyji-i 


is  known  as  the  rest-density  of  electricity. 
The  vector  operator 

^'V^+^d^  +  ^yz  +  Jl)' 
is  known  as  the  lor  and  the  scalar  operator 


is  known  as  the  generalized  D'alembertian. 
The  equations  of  electrodynamics  can  be  written  in  the  forms 

lor/  =  5,  lor/*  =  o, 

/  =  Curl  a;         D*  a  =  —  5,         Da  «  o. 

2.  The  Scalar  and  Vector  Potentials  of  a  Moving  Electron. 

Lienard,^  and  almost  simultaneously  Wiechert^  showed  that  the  scalar 
and  vector  potentials  are  given  by  the  expressions 

*--  . ' .....  (f,c, «)--'<?■ -■.■?;.    (■) 


(■-7) K'-?y 


^  Lienard,  L'edairage  electrique,  x6  (1898),  pp.  5,  53  and  106. 
*  Wiecbert.  Arch.  Ne^l.,  (2).  5  (1900). 
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If  P  be  the  point  at  which  the  potentials  are  calculated  at  the  time 
/  and  M  be  the  position  of  the  electron  at  the  time  h,  where  MP  »  c(f—Ui)t 
the  distance  MP  is  denoted  by  r  and  [u]  denotes  the  velocity  in  the 
position  JIf ,  and  (ur)  its  component  in  the  direction  of  r . 

The  formulae  are  deduced  from  the  theory  of  retarded  potential  and 
do  not  involve  the  principle  of  relativity. 

Several  investigators^  have  shown  that  the  formulae  can  also  be  deduced 
from  the  theory  of  relativity  and  can  be  thrown  into  the  compact  form 

R  being  the  four- vector  joining  the  two  points,  [R'co]  denoting  the 
scalar  product  of  R  and  (o. 

It  is  quite  clear  that  the  forms  (i)  and  (2)  are  quite  equivalent. 

In  a  paper  published  elsewhere,  it  has  been  shown  that  from  Mim- 
kowski's  four-dimensional  analysis  we  obtain 

^  =  -p-  •  (3) 

In  this  formula,  {x,  y,  2,  /)  denote  the  time-space  coordinates  of  the 
electron  (-4),  (oji,  a>i,  ci>8»  ^4)  its  velocity-components,  (x'  y'  z'  V)  denote 
the  space-time  codrdinates  of  the  point  B  at  which  the  potentials  are 
estimated, 

P  denotes  the  four-dimensional  perpendicular  distance  of  B  from  the 
axis  of  motion  of  {A)\    since  the  direction-cosines  of  this  axis  are 

—  i  («i,  0)1,  ci>s,  0)4),  we  have 

p»  =  (jc  -  x'Y  +  Cx  -  yy  +  (« -  t!y  +  (/  -  vy 

+  [(jc  -  jcO«i  +  (y  -  y')iot  +  («  -  5')«,  +  (/  -  n«J* 

=  2?  +  [RiS\\ 

Now  if  we  make  the  assumption  that  the  time  coordinates  are  so 
chosen  that 

2P  =  (jc  -  xy  +  Cy  -  yy  +  (2  -  ^y  +  (/  -  ly  =  o 

c»(/-/0*  =  f«,  (4) 

i.  e., 

c{t  -  /')  =  r, 

the  formula  (3)  becomes  the  same  as  (2)  and  therefore  (i).  Also  the 
assumption  which  we  make  here  about  the  interval  between  the  time- 
codrdinates  is  identical  with  the  premises  of  Lienard  and  Wiechert. 

1  Sommerfeld,  Ober  die  Relativitflts-tbeorie.  Ann.  d.  Physik,  Vols.  33  and  33. 
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I  am  not  quite  certain  whether  this  assumption  (4)  which  is  made  here 
is  at  all  essential.  I  am  inclined  to  think  that  it  is  not  essential,  but 
necessary  only  for  the  interpretation  of  the  result  to  those  three-dimen- 
sional beings  whose  senses  are  not  sharpened  enough  to  enable  them  to 
grasp  a  result  expressed  in  four-dimensional  figures. 


3.  The  Electric  and  Magnetic  Fields  Due  to  a  Moving  Electron. 

If  a  denote  the  potential  four-vector,  the  components  of  the  six-vector 
/  giving  the  electric  and  magnetic  fields  are  given  by 

d     d     d   d 


f  =  Curl  a 


bx'  by'  bt!  b' 


dl      Gf    (It    di 


Thus 


bdt      bdi  € 

/u  =  ^,  -  ^  -  -pk  [«»«»  -  «»«»1.  etc. 


where 


dP 


'"''^diP'        -'      -  dy 


at  '^  F  77; . . .  etc. 


we  can  easily  verify  that  if  we  put  c{t  —  t')  =  r,  we  have 

"'-f.[7('-'')-7<^-'')]. 


where 


f»X» 


tu  X  r]. 


The  electric  forces  are  given  by 


fu  ^  -iEx 


bdi       bdi 
bs?  "W 


/  » 


=  -piM/-/')-«4(* -*')], 


E 


e/S» 


[-t]- 


(5) 


(6) 


and  generally 

These  values  are  widely  different  and  simpler  than  the  values  obtained 
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from  the  older  theories,  for  example,  compare  the  values  given  by 
Crehore.* 

The  discrepancy  is  due  to  the  fact  that  in  these  older  theories,  we  alwa3r8 
assume  that  the  equation 

{x  -  ^0*  +  (y  -  y'Y  +  (« -  ^y  +  {i-  ly  =  o, 

is  an  essential  condition.  But  in  performing  differentiations  with  regard 
to  (x',  y',  z\  V)  we  here  assume  that  they  are  quite  independent  of 
(Xf  y,  z,  l).  I  am  not  quite  definite  as  to  which  of  these  two  stand- 
points is  correct  but  I  am  inclined  to  think  that  my  standpoint  is  more 
in  accordance  with  Minkowski's  ideas  of  time  and  space.  However  it  is 
preferable  to  keep  an  open  mind  on  this  point. 

3.  Maxwell's  Stresses,  Poynting-Vector,  etc. 

Minkowski  has  shown  that  if  we  multiply/  by  its  own  matrix,  we  obtain 
a  matrix 

Sii  —  L*    Su  Sit  Sii 

Sti  Sn  —  i*    Su  Sti 

Sn  Sn  Szz  —  L*    Sn 

Sn  Sn  Sit  Su  —  i' 


// 


where 


Sn  -  h[U  +fu*  +U  -/w*  -/18*  -/lA 
Sn  =  [fizfn  +/14/41], 

L  =  i[M  +V  +/11*  +/14*  +/14*  +/»4^1, 
and  the  matrix 


l_ 

4T 


Sn 

Sv, 

5i, 

Sn 

Sn 

5„ 

= 

S,i 

Sn 

5., 

Y,     Y,     Y. 

^M        ^y         ^B 


denote  the  Maxwellian  stresses,  i(5i4,  Su,  Sti)  denote  the  components  of 
the  Poynting  vector,  and  ^44  is  the  energy  function.    We  have  generally 


X^  ^^[fu'  +fu'  +V  -V  -/ii*  -VI. 


-X'lr  =  —  [/i«/a  +  /i4/4»l, 
4T 


(8) 


etc. 


Now  on  the  standpoint  taken  up  by  me,  it  is  quite  easy  to  calculate 
these  qualities.     It  can  be  shown  that 

X.  =  g;^  [-  P»(l  +  2«i»)  +  ax*],      X,  =  g^  [-  u>ia>tP*  +  aia,],     (9) 


1  Phts.  Rbv..  July,  191 7*  P*  448. 
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The  Poynting-vector 

and  the  energy  function 
where 

and 

4.  The  Law  of  Attraction  between  Two  Moving  Electrons. 

We  can  now  proceed  to  find  out  the  attraction  which  one  moving  elec- 
tron exerts  upon  another  moving  electron. 

According  to  Lorentz's  theorem  the  components  of  the  force  acting 
on  an  electron  {A)  moving  in  any  electromagnetic  field  are 

X  «  f  [0)1/11  +  «a/u  +  «4/u], 

Y  -  «[«i/ii  +  «$/i$  +  «4/i4],  (10) 

Z  =  e[(aifti  +  <i>i/ti  +  «4/«4], 

and  we  can  also  add  the  fourth  or  the  time  component 

L^  --^IXui+Yut  +  Zutl    fi^Ji  -^ 

which  is  proportional  to  the  rate  at  which  work  is  done  by  the  moving 
charge, — ^we  have 

L  =  e[<jjifu  +  0)1/41  +  o>8/4a]. 

In  this  case,  the  field  is  due  to  the  second  electron  (charge  e^  position 
x'  y'  z'  r,  velocity  components  o>i'  o>i'  «$'  o>40- 

According  to  the  last  section,  the  potential  four-vector 

a  =  -jpT  ,    where    P'*  =^  B^  +  [Ru)']K 
We  have  now,  since  /  =  Curl  a. 


+  0)4 


,  r  d  /  o)iO)i'  -|-  0)i0)i'  +  0)30)3'  +  0)40)4'  \ 

"^[ai\ P' ) 


\  dx\P' ) dl\P' )  \ 


-("'&+ *^^+"»l  +  '-*l)(l"')]' 
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Now  putting 

we  find  that 

d^       d  /  d^ 


dx      d5l     dx  I' 

where  d/dx  denotes  differentiation  in  which  x  is  explicitly  involved, 

similarly  with 

_d_        d 

^57 


as  is  easily  seen.    We  have  similarly 
We  have  similarly 

d^      d 

Y    SB  —   --- 

dy     ds 


d^     d  /  d^ 

dl      dsi     dl 
'ds 


(II) 


We  can  say  that  ^  is  the  kinetic-potential  of  the  electron  {A)  in  the 
field  of  the  electron  {B).  Similarly  if  ^'  denote  the  Kinetic-Potential 
of  the  electron  {B)  in  the  field  of  (-4), 

P*  =  2?  -I-  (i?«)«. 

and  we  have  similarly 

d^'       d  I  d^'  \ 

""Am 

Let  us  now  interpret  the  results  in  three  dimensions.    We  have 
where 


f  ,,/        uvcose\      ee'fi'*  (         Ur\     ,      ,    . 


/J 


=  >f-|'      ^'  =  V»->      ^  =  ('-T-)- 
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In  three  dimensions,  the  forces  are  equivalent  to  a  force  of  repulsion 


(uv  cos  ^\ 
' — ^h 


f»X»j8 
in  the  direction  of  the  line  joining  the  two  points,  and  a  force 

f*X»/3c 


ee'p'*  (         Ur\    ,  .    . 


in  the  direction  of  the  velocity  of  the  second  or  the  attracting  point. 

We  thus  perceive  that  the  force  which  comes  out  in  a  very  simple  form 
in  four  dimensions  takes  a  very  complicated  form  in  three  dimensions. 

The  kinetic  potential 

,  /         vt/  cos  ^\ 

This  kinetic  potential  is  practically  coincident  with  the  kinetic  poten- 
tial assumed  by  Clausius  in  order  to  find  out  the  law  of  attraction  between 
two  moving  charges  of  electricity;  Clausius  has  shown  that  this  kinetic 
potential  leads  us  to  the  celebrated  electrodynamic  laws  of  Ampere. 
A  short  r6sum6  of  the  work  done  in  this  connection  is  given  below  for 
the  purpose  of  comparison.  The  problem  was  first  enunciated  by  Gauss 
in  the  year  1835,  and  was  called  by  him  the  fundamental  keystone  of 
electrodynamics.^ 

I.  Gauss  (1835):  The  forces  are  the  derivatives  with  regard  to 
(oc,  y,  z)  of  the  potential  function, 


^       r  \         2cdfi/ 


2.  Weber  (1843)  takes  the  potential  function 


ee' (         I  dt*\ 


Both  of  these  forms  have  been  long  discredited.  Later  writers  have 
pointed  out  that  the  force  cannot  be  simply  the  derivations  with  regard 
to  (jc,  y,  z)  of  some  potential  function,  but  are  the  Lagrangian  derivatives 
of  a  certain  kinetic-potential.  We  give  the  form  of  this  kinetic  potential 
according  to  different  investigators. 

>For  the  literature  on  the  subject,  see  Maxwell,  Electricity  and  Magnetism.  Vol.  2, 
Chap.  XXIII..  and  J.  J.  Thomson,  Application  of  Dynamics  to  Problems  of  Physics  and 
Chemistry,  pp.  35. 
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1.  Clausius  (1881); 

where  v  and  u!  are  the  velocities  of  the  two  electrons,  and  B  is  the  angle 
between  their  lines  of  motion.  In  two  papers  communicated  to  the 
Crelle's  journal/  Clausius  deduces  Ampere's  laws  of  electrodynamical 
action  between  two  currents  from  this  law. 

2.  J.  J.  Thomson 

ee'  (          II  \ 

0  =  —  I  I J  ww'  cos  0  \        (m  =  magnetic  permeability  =  i). 

Crehore*  has  calculated  the  forces  components  according  to  J.  J. 
Thomson's  theory .•    He  finds  that  the  forces  are  equivalent  to 

ee' 
-Fi  =  "^ ,  a  repulsion  along  the  line  joining  the  centers. 

ee' 
Fi  =  y^  uu'  cos  Bf  an  attraction  along  the  same  line. 

ee' 
-F$  =  —  w',  a  force  in  the  direction  opposite  to  the  acceleration  of  the 

second  charge. 

^4  =  ^'^'  tA  ""  ) »  ^  force  in  a  direction  opposite  to  the  velocity  of  the 

second  charge. 

3.  Sommerfeld^  has  also  calculated  the  ponderomotive  forces,  assuming 
that  the  value  of  the  potential  four-vector 

and  using  the  condition 

{x  -  x'Y  +  Cx  -  y'Y  +  (s  -  z'y  +  (/  -  I'Y  =  o 

in  course  of  differentiation.    Their  forms  are  a  bit  too  complicated. 

5.  Equations  of  Motion  of  the  Electron. 

Minkowski^  deduces  the  equations  of  motions  of  a  ponderable  particle 
by  means  of  a  variational  process  in  which  the  function 

fmoc^ds,  where  ds^  =  -  {dx*  +  dy^  +  ds^  +  dP)  =  c^dt^  (  ^  "  ^) 
is  used  instead  of  the  three-dimensional  /  Tdt. 

>  Vols.  8a  and  83. 

*  It  will  be  seen  that  forces  Fu  Ft*  F4  are,  but  for  some  minor  details,  represented  in  our 
formula.    Force  Ft  does  not  occur  at  all. 

*  Phil.  Mag.,  1913. 

*  Ann.  d.  Phys.,  vols.  3a  and  33,  t)ber  die  Relativitftts  theories. 

*  Minkowski,  loc,  cU.    Anhaup,  Mechanics. 
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He  obtains 
cPx 


ds* 


Y, 


m^ 


Z. 


Now  we  have 

X  =  t\(a\JM  +  wa/ii  +  «4/i4l, 

according  to  Lorentz's  theorem.    We  have  also 
d5« 


(i6) 


«i 


=  C«>1T^  [i(«l*  +  «l'  +  «»'  +  «4*)]  +  «1 


r  /  dwi       da>i  \ 


+  «$ 


'• 


=  -  (<«>iOii  +  «aOi$  +  0)4^4),  putting  Qu  =  ^  -  ^ 

Hence  we  have  the  four  equations,  putting  m  ■=  c*mo/f , 

<«>i(/it  +  mQu)  +  «»(/i»  +  M^ia)  +  «4(/i4  +  MO14)  =  o' 
«i(/ii  +  M^ai)  +  «»(/m  +  MQt»)  +  «4(/i4  +  MQt4)  =  O 

«i(/«i  +  mJ^w)  +  ««(/»  +  mQ»)  +  +  «4(/»4  +  MO84)  =  O 

«l(/41  +  MO41)  +  «l(/42  +  M^42)  +  «»(/4»  +  M^4«)  =   O 

Of  these,  only  three  are  independent;  the  fourth  can  be  deduced  from 
the  first  three. 
We  have  now  identically 

/w  +  M^ii  /la  +  mOi»  fu  +  mOi4 

fti  +  M^ai  /j8  +  mQm  /i4  +  MQt4 

/ai  +  mQii    /»  +  M^a  /a4  +  MQa4 

/41  +  MQ41    /4»  +  MQ42  /4»  +  mQ4» 

(/u  +  MQu)(/a4  +  M0a4)  +  (/is  +  M«ta)(/i4  +  ^1^4) 

+  (/ai  +  M0ai)(/J4  +  M«t4)  =  O. 
The  condition  is  evidently  satisfied  if  we  put 

fvi 


O. 


(17) 


(18) 


fu  _  fn  _  fu       fu  _  /«4 

^IS         QtS         ^81  ^14  Q24         ^84 

If  of  these  equations,  any  three  are  satisfied  the  remaining  three  come 
out  automatically  from  the  equations  of  motion.  But  we  cannot  possibly 
be  sure  of  the  authenticity  of  these  relations  unless  it  can  be  deduced 
from  an  independent  source.  For  this  purpose  let  us  take  the  original 
variational  equations. 

Let  (X9  Y,  Z,  L)  represent  the  components  of  the  force  four-vector 
at  any  point,  which  is  subjected  to  a  virtual  displacement  6x,  Sy,  6z,  61. 
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Then 

dW  =  X6x  +  F5y  +  Zdz  +  Lbl, 
i.  «.,  if  we  call 

W^  =  |j,         A^fWds, 

M  =  /STFif^  =  SiXbx  +  F5y  +  Z52  +  LbJ)ds 

=  ef[fu(dy6x  —  5yda)  +  fu(dzSy  —  5aiy)  +  fn(dxdz  —  5x(fa) 

Now  the  function  Jm^Hs  can  also  be  subjected  to  a  variational 

process.    Since 

ds  =  «i(fo  +  (Oiiiy  4-  cust/s  +  a)4<f/, 
we  find 

dfmoc^ds  =  —  nifiC^flQitBSii  +  ikzbSti  +  QziSSti 

+  QiaBSu  +  ^aBSu  +  0,455.4], 
where 

SShk  =  ^*5x*  —  dXkdxk. 
Thus  from  the  variational  equation 

SfmoC^d5  +  f6W,ds  =  0; 

i.  e.f  from  the  principle  of  least  action,  keeping  the  initial  and  final 
points  fixed,  we  obtain  the  original  equation 

/[(/i*  +  m0ii)«5i,  +  ...]  =0. 

The  relations  (18)  thus  seem  to  be  borne  out  by  independent  evidence. 
Difficulty  is  encountered  here  about  the  interpretation  of  the  terms 
(Oil,  Qts,  . . . )  in  three  dimensions  0  is  evidentiy  a  six- vector  being  the 
four-dimensional  curl  of  the  velocity  four-vector.  The  components 
[82$,  Oil,  Qii]  are  evidentiy  connected  with  rotations 

[duz^dut  dui^duz  dttj       dttil 

dy  ~  dz  '  dz  "  dx  *         dx   ~  dy  J 

and  [Qi4,  Qt4,  Qu]  are  connected  with  the  accelerations 

(Px  d^y 

IF  '         IF' 

but  the  exact  interpretation  in  three  dimensions  has  not  yet  been  ob- 
tained.   We  can  style  Q  as  the  acceleration  six-vector. 

On  a  future  occasion,  I  hope  to  communicate  the  result  of  my  investiga- 
tions on  the  orbits  of  the  electron  under  different  conditions. 

In  conclusion,  I  wish  to  express  my  best  thanks  to  my  friend,  Mr.  S.  N. 
Basu,  for  much  help,  and  useful  criticism. 

Untversity  College  of  Science, 
Calcutta,  India. 
May  II,  1918. 
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A    NEW    EXPERIMENTAL    DETERMINATION    OF    THE 

BRIGHTNESS  OF  A  BLACK  BODY,  AND  OF  THE 

MECHANICAL   EQUIVALENT  OF  LIGHT. 

By  Edward  P.  Htdb.  W.  £.  Forsythb  and  F.  B.  Cady. 

Part  I.    Brightness  of  a  Black  Body  as  a  Function  of  its 

Temperature. 

npHE  brightness  or  candlepower  per  cm*  of  a  black  body  at  various 
-'-  temperatures  has  long  been  a  matter  of  interest.  Lummer  and 
Kurlbaum/  in  connection  with  their  work  on  radiation,  determined  the 
relation  between  brightness  and  temperature  for  radiating  platinum 
and  expressed  the  opinion  that  the  exponential  relation  found  would 
hold  at  least  approximately  for  a  black  body.  Subsequently*  Lummer 
and  Pringsheim  determined  the  brightness  of  a  black  body  at  three 
temperatures  (1448°  K.,  1598°  K.  and  1708°  K.)  and  extrapolated  their 
observed  curve  to  give  the  brightness  up  to  2073°  K.,  at  which  tempera- 
ture they  ascribed  the  brightness  of  100  Hefner  candles  per  cm*. 

A  couple  of  years  later  Nemst,'  starting  from  one  of  the  extrapolated 
points  given  by  Lummer  and  Pringsheim,  found  a  brightness  of  91  Hefner 
candles  per  cm*  at  the  temperature  of  melting  platinum  (taken  by  him 
as  2018°  K.),  and  a  brightness  of  12 10  Hefner  candles  per  cm*  at  the 
temperature  of  melting  iridium,  which  latter  he  calculated  to  be  2621°  K. 
Subsequently^  Nernst  undertook  a  new  set  of  measurements  on  the 
brightness  of  a  black  body,  carrying  his  determinations  over  a  range  of 
temperature  extending  from  about  1460^  K.  to  about  2280^  K.  His 
temperature  measurements  of  the  black  body  were  made  with  a  Wanner 
pyrometer,  and  were  based  on  a  temperature  of  1337^  K.  as  the  melting 
point  of  gold,  and  a  value  of  14600  m  deg.  for  the  constant  Ct  in  the 
Planck  equation. 

From  the  observed  data  Nernst  computed  the  values  of  the  constants 
A  and  B  in  the  equation 

logK^  -J.  +  B, 

>  Verb.  d.  Deut.  Phys.  Gesel.,  3,  p.  90,  1900. 
«  Phys.  Zdt.,  3»  P.  97»  ipoi. 
» Ibid.,  4,  p.  733,  1903. 
*  Ibid.,  7,  p.  380,  1906. 
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which  had  •first  been  given  by  Rasch*  and  subsequently  deduced  on  what 
Nemst  considers  more  justifiable  theoretical  grounds  by  Haber*  and 
Lucas*  as  expressing  the  relation  between  brightness,  K,  and  temperature, 
7*.  Nemst  apparently  relies  on  the  values  deduced  from  this  equation 
as  more  accurate  than  the  individual  direct  determinations.  With  the 
use  of  this  equation  he  computes  the  brightness  of  the  black  body  at 
the  temperature  of  melting  platinum,  taken  as  2018®  K.,  to  be  63.4 
Hefner  candles  per  cm',  rather  than  91  as  given  in  his  original  paper. 
He  offers  an  explanation  of  the  cause  of  error  in  the  earlier  work. 

It  should  be  noted  in  passing  that  Rasch's  equation  is  deducible  from 
the  Planck  equation  as  the  variation  in  brightness  in  some  one  wave- 
length, and  so  is  the  theoretical  foundation  for  the  method  of  hetero- 
chromatic  photometry  proposed  some  time  earlier  by  Crova.*  But  it 
has  been  recognized  for  a  long  time  that  Crova's  method  is  only  approxi- 
mate over  more  than  a  small  temperature  interval,  since  the  effective 
wave-length  varies  with  the  temperature.* 

Eisler*  in  1904,  assuming  Planck's  equation  for  the  distribution  of 
energy  in  the  spectrum  of  a  black  body  and  using  Langley's  original 
data  on  visibility  computed  the  relative  brightnesses  of  a  black  body 
at  different  temperatures,  obtaining  a  relation  of  brightness  with  tem- 
perature from  which  he  computed  the  exponent  x  in  the  equation 


where  Hi  and  H2  are  the  relative  brightnesses  at  the  two  respective  tem- 
peratures 7\  and  Tj  taken  close  together.  The  curve  of  x  as  a  function 
of  temperature  passes  fairly  closely  through  the  points  plotted  from  the 
observations  of  Lummer  and  Pringsheim. 

Various  computations^  after  the  method  of  Eisler  have  been  made  in 
recent  years,  using  visibility  data  obtained  in  more  accurate  ways  and 
unquestionably  much  nearer  the  truth  than  the  original  data  of  Langleyt 
but  these  computations  are  founded  on  the  original  experimental  bright- 
ness values  of  Lummer  and  Pringsheim,  and  the  subsequent  values  of 
Nemst,  and  there  is  reason  to  believe  that  these  experimental  values  are 
subject  to  some  error,  and  that,  moreover,  in  each  case  there  is  some 
question  about  the  relative  computed  brightnesses  on  account  either  of 

>  Ann.  d.  Phys.,  14,  p.  193,  1904. 

*  Thermodjrnamik  technisches  Gasreactionen  (Munich),  1905. 

*  Phys.  Zeit.,  6,  p.  19,  1905. 

*  Comptes  Rendus,  93.  p.  51a,  1881. 
»  Phys.  Rsv.,  32,  p.  320,  191 1. 

*  Elek.  Zeit.,  25,  p.  188,  1904. 

'  Elec.  World,  57,  p.  1565,  191 1.    Verb.  d.  Deut.  Phys.  Gessdl.,  17,  p.  219,  1915. 
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the  temperature  scale  or  of  the  visibility  data  assumed.  The  only  recent 
experimental  data  available  are  those  of  Langmuir,^  and  those  of  Ives 
and  Kingsbury.'  The  former  conducted  his  measurements  on  a  tungsten 
filament,  and  his  results  are  subject  to  some  modification  largely  on 
account  of  the  values  assumed  for  the  emissive  power  of  tungsten  which 
more  precise  determinations  have  shown  to  be  in  error.  The  experi- 
mental results  of  Ives  and  Kingsbury*  determined  both  by  the  use  of  a 
black-body  furnace  and  by  the  application  of  the  wedge  method  in 
measuring  black-body  brightness  at  the  melting  points  of  platinum  and 
gold  respectively,  are  not  very  concordant,  and  are  given  but  little 
weight  by  the  authors  themselves. 

It  therefore  seemed  opportune  to  the  authors  to  undertake  a  new 
series  of  experimental  determinations  of  black-body  brightness  as  a 
function  of  temperature,  and  to  compare  these  experimental  results  with 
the  relative  values  computed  on  the  assumption  of  the  most  probable 
visibility  curve  and  of  the  Planck  equation  for  spectral  energy  distribu- 
tion after  the  manner  of  Eisler.  Within  the  past  few  years  much 
progress  has  been  made  in  the  establishment  of  the  high  temperature 
scale,  and  black-body  furnaces  may  now  be  operated  up  to  temperatures 
of  at  least  2600®  K.  under  reasonably  favorable  conditions  for  brightness 
determinations,  and  with  a  considerable  degree  of  confidence  in  the 
precision  of  the  temperature  measurements.  Of  course,  the  temperature 
scale  assumed  plays  an  important  rdle.  This  question  will  be  dealt 
with  in  some  detail  in  a  subsequent  section. 

In  like  manner  much  progress  has  recently  been  made  in  determining 
the  visibility  curve  of  the  average  eye,  but,  in  the  opinion  of  the  authors, 
since  all  the  recent  determinations  had  been  made  by  the  flicker  method, 
there  seemed  a  necessity  for  a  determination  of  visibility  by  the  direct 
comparison  method.  The  findings  of  the  flicker  method  in  the  investiga- 
tions  of  several  observers  were  not  very  concordant,  and  the  method 
itself  was  open  to  question.  The  present  investigation  was  therefore 
interrupted  to  make  a  new  determination  of  the  visibility  curve  by  the 
direct  comparison  method,  as  will  be  discussed  in  a  separate  section. 
Fortunately  uncertainties  in  this  function  produce  only  second  order 
errors  in  the  relative  brightness  curve  of  a  black  body,  and  since  the 
range  of  temperature  that  can  be  employed  is  not  extremely  large  the 
errors  in  the  relative  computed  brightnesses  are  quite  small  if  the  chosen 
visibility  curve  even  roughly  expresses  the  facts.    To  what  extent  these 

>  Phys.  Rbv.,  (a),  7,  p.  322, 1916. 
«Phys.  Rbv.,  (2).  8.  p.  177.  1916. 

*  Since  this  paper  was  written.  Dr.  Ives  has  published  a  note  in  the  Journal  of  the  Franklin 
Institute  (186,  p.  122,  1918),  giving  data  which  seem  to  verify  this  original  value.     . 
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considerations  are  justified  will  become  apparent  in  the  presentation 
and  discussion  of  the  experimental  data. 

The  second  part  of  the  paper  deals  with  the  evaluation  of  the  mechan- 
ical equivalent  of  light  based  upon  the  observed  values  of  black-body 
brightness  and  upon  the  assumption  of  the  constant  <r  (£  =  <r7^)  in 
the  Stefan-Boltzmann  law,  and  of  the  visibility  curve.  In  this  case 
errors  in  the  visibility  curve  enter  as  first  order  effects  and  so  the  precise 
knowledge  of  this  function  becomes  of  much  greater  importance. 

Temperature  Scale, — ^The  relation  between  observed  brightness  and 
temperature  of  a  black  body  obviously  depends  upon  the  chosen  scale  of 
temperature.  It  is  customary,  in  establishing  a  temperature  scale,  to 
assume  certain  fixed  points,  such  as  the  melting  points  of  gold  and 
palladium,  and  to  determine  other  points  of  the  scale  on  the  assumption 
of  some  radiation  law  such  as  the  Stefan-Boltzmann  law  or  the  Planck 
equation.  The  former  of  these  is  accepted  without  reservation,  but  there 
is  some  slight  question  regarding  the  latter,  though  it  is  generally  believed 
to  represent  the  facts  and  is  assumed  as  the  basis  of  optical  pyrometry. 
The  values  of  certain  of  the  constants  entering  into  these  equations  are 
still,  however,  the  subject  of  much  discussion  and  investigation.  This  is 
particularly  true  of  the  constant  d  in  the  Planck  equation 


Ct 


As  already  stated  it  is  customary  to  assume  certain  fixed  points,  such 
as  the  melting-points  of  gold  and  palladium  as  measured  with  the  gas 
thermometer.  The  best  determinations  of  these  values  are  those  of 
Day  and  Sossman,^  but  recent  investigations  would  seem  to  show  that 
the  two  melting-point  temperatures  are  not  consistent  with  the  most 
probable  value  of  Cj  in  the  Planck  equation.*  In  order  to  have  a  definite 
temperature  scale  on  which  to  express  measurements  of  temperature  the 
laboratories  of  the  General  Electric  Company  agreed  upon  the  adoption 
of  the  gold  point  as  given  by  Day  and  Sossman  (1336®  K.),  and  of  the 
value  14350  y,  deg.  for  the  constant  C%.  On  this  scale  the  temperature 
of  melting  palladium  must  be  changed  from  1823®  K.,  the  value  found  by 
Day  and  Sossman,  to  1828®  K.  if  the  earlier  measurements  of  the  present 
authors'  are  correct,  since  it  was  found  that  the  value  of  Day  and  Sossman 
was  confirmed  only  upon  the  assumption  of  the  value  of  14460  y.  deg.  for 
Cj,  if  the  gold  point  was  accepted  as  1336®  K. 

1  Am.  Jour,  of  Sd.,  (4),  ap,  p.  93,  1910. 
'  Gen.  Elec.  Rev.,  20,  p.  819,  191 7. 
*  Astrophys.  Jour.,  42,  p.  300.  1915. 
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Visibility  Data, — ^As  stated  in  an  earlier  paragraph,  there  was  much 
doubt  in  the  minds  of  the  authors  regarding  the  acceptability  of  the 
various  visibility  data  available  when  the  present  investigation  was 
begun.  This  doubt  arose  partly  from  the  inconsistency  of  the  various 
published  results  but  more  largely  from  an  inherent  skepticism  regarding 
the  applicability  of  visibility  data  obtained  with  the  flicker  photometer  to 
practical  problems  in  heterochromatic  photometry  in  which  the  method 
of  direct  comparison  was  employed,  as  in  the  present  investigation. 

It  is  true  that  only  gross  differences  in  the  visibility  curve  can  produce 
appreciable  errors  in  the  computed  relative  brightnesses  of  a  black  body 
at  two  temperatures  differing  by  only  a  few  hundred  degrees,  but  un- 
certainties in  the  visibility  curve  produce  first-order  effects  in  the  evalua- 
tion of  the  mechanical  equivalent  of  light.  And  when  the  authors  found 
that  even  the  second-order  errors  in  the  computed  relative  brightnesses 
of  a  black  body  on  the  assumption  of  the  most  recently  published  visi- 
bility data*  with  the  flicker  photometer,  as  compared  with  the  experi- 
mental values  found  using  the  direct-comparison  method  of  photometry, 
were  larger  than  might  readily  be  justified  on  the  ground  of  experimental 
error,  it  was  decided  to  delay  the  publication  of  the  present  investigation 
until  a  new  determination  of  the  visibility  of  radiation,  using  the  direct- 
comparison  method,  might  be  made.  The  results  of  this  investigation, 
together  with  a  more  complete  discussion  of  the  question,  have  already 
been  published.* 

The  visibility  data  obtained  in  that  investigation  will  be  used  in 
computing  the  relative  brightnesses  of  a  black  body  at  different  tempera- 
tures, for  comparison  with  the  values  experimentally  observed,  and  in 
evaluating  the  mechanical  equivalent  of  light.  For  the  extreme  red  end 
of  the  spectrum  not  included  in  the  investigation  referred  to,  use  will 
be  made  of  the  visibility  data  obtained  by  two  of  the  present  authors  in 
an  earlier  study*  of  visibility  in  this  region;  and  for  the  extreme  blue  end 
the  data  of  Hartman^  obtained  also  in  this  laboratory  will  be  employed. 
The  complete  visibility  curve  used  is  that  reconmiended  in  appendix  II. 
of  the  recent  paper  to  which  reference  has  just  been  made. 

Apparatus  and  Method, — ^The  measurements  of  the  brightness  of  a 
black  body  at  various  temperatures  were  carried  out  with  two  electrically 
heated  black-body  furnaces.  Most  of  the  measurements  were  made 
with  a  specially  designed  water-cooled  carbon-tube  furnace,  the  remaining 
ones  being  made  with  a  platinum-wound  porcelain  furnace  provided  with 

1  Bui.  Bur.  of  Stds.,  14.  p.  167*  1917. 
*A8trophy8.  Jour.,  48,  Sept.,  1918. 

*  Ibid..  42,  p.  aSs,  1915. 

*  Ibid.,  47.  p.  83,  1918. 
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a  Lummer-Kurlbaum  black-body  tube.  The  set-up,  with  the  carbon 
furnace,^  is  shown  in  Fig.  i,  in  which  F  is  the  carbon  furnace  supplied 
with  a  limiting  diaphragm.  Three  different  sizes  were  used  with  aper- 
tures varying  from  4  to  5  mm.  in  diameter.  For  details  of  construction 
and  operation  of  this  furnace  the  reader  is  referred  to  a  previous  paper 
by  the  authors  on  "  Color  Temperature  Scales  for  Tungsten  and  Carbon."  * 
P  is  a  Lummer-Brodhun  contrast  photometer  of  special  design,  in  which 
the  contrast  is  only  about  3.5  per  cent,  on  the  average  and  is  graduated 
in  either  direction  from  the  center — the  two  features  conducing  to  higher 
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Fig.  1. 
Diagrammatic  Sketch  of  Apparatus. 

sensibility.  L  is  the  comparison  lamp, — at  low  temperatures  a  carbon 
lamp  and  at  the  higher  temperatures  a  vacuum  tungsten  lamp.  A 
series  of  black  velvet  screens  D  with  suitable  openings  shut  off  stray  light 
from  the  photometer. 

The  brightness  measurements  of  the  black  body  were  always  carried 
out  with  the  comparison  lamp  at  an  approximate  color  match,  except 
beyond  2400®  above  which  temperature  it  was  considered  unsafe  to 
operate  the  comparison  lamp.  The  calibration  of  the  comparison  lamp 
at  the  various  voltages,  involving  the  difficulties  of  heterochromatic 
photometry,  was  made  subsequently.  In  order  to  avoid  the  possible 
errors  arising  from  individual  idiosyncrasies  of  vision,  the  candlepower 
scale  chosen  was  that  given  for  a  tungsten  lamp  by  Middlekauff  and 
Skogland.'  The  procedure  of  calibration  consisted  in  transferring  the 
photometer  and  comparison  lamp  to  a  standard  photometer  bench,  and 
substituting  a  tungsten  vacuum  lamp  for  the  black  body.  The  com- 
parison lamp  was  then  brought  successively  to  the  various  voltages 
used  against  the  black  body  and  readings  were  made  against  the  tungsten 
lamp.  In  cases  of  large  color  difference  blue  screens  calibrated  at  the 
Bureau  of  Standards  were  used.    The  relative  candlepowers  of  the 

^  Not  as  much  weight  is  attached  to  the  results  obtained  with  the  platinum-wound  furnace 
because  of  the  photometric  difficulties  at  the  low  temperatures  and  with  the  necessarily  small 
limiting  diaphragm  which  the  dimensions  of  the  furnace  demanded. 

*  Phys.  Rbv..  (a),  10,  p.  395,  1917. 

*  Bui.  Bur.  of  Stds.,  11,  p.  483,  191 5. 
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standard  tungsten  lamp  were  computed  from  the  data  of  Middlekauff 
and  Skogland,  and  hence  the  candlepowers  of  the  comparison  lamp,  and 
so  the  brightnesses  of  the  black  body  were  obtained  on  this  same  scale. 
The  justification  of  the  Middlekauff  and  Skogland  candlepower  scale 
as  representative  of  the  average  eye  may  be  arrived  at  through  the  inter- 
comparison  of  the  visibility  curves  of  several  members  of  this  group  with 
the  average  of  the  125  observers  employed  in  the  investigation  of  Coblentz 
on  the  visibility  of  radiation.  Such  a  comparison  indicates  that  the  mean 
of  the  eight  observers  employed  by  Middlekauff  and  Skogland  is  not 
markedly  different  from  the  mean  of  the  125  observers  used  by  Coblentz. 
Other  lines  of  reasoning  would  indicate  that  the  scale  of  Middlekauff 
and  Skogland  is  not  far  from  correct,  as  representing  an  average  eye, 
but  that  if  any  change  were  made  it  would  be  in  the  direction  of  raising 
the  upper  region  of  the  candlepower  curve  slightly  with  respect  to  the 
curve  for  the  lower*  temperatures.  This  change  would  be  less  than  one 
per  cent,  and  so,  in  the  absence  of  more  definite  information,  the  Middle- 
kauff-Skogland  scale  has  been  adopted  in  the  present  investigation. 
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•  Values  obtained  by  computation. 
O  Observed  values  using  carbon-tube  furnace. 

X  Observed  values  using  platinum-wound  furnace. 
D  Values  given  by  Nemst. 

Fig.  2. 
Brightness  of  a  Black  Body  at  Various  Temperatures. 
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Experimental  Results. — ^The  results  on  black-body  brightness  expressed 
in  candles  per  cm*  as  a  function  of  the  temperature  in  degrees  K.  are 
given  in  a  logarithmic  form  in  Fig.  2,  and  the  corresponding  numerical 
results,  taken  from  the  curve  are  given  for  every  50®  in  Table  I.  The 
circles  on  the  plat  are  the  observed  points  obtained  with  the  carbon-tube 
furnace,  and  the  ^'s  are  the  observed  points  using  the  platinum-wound 

Table  I. 

Brighiness  of  a  Black  Body  at  Various  Temperaiures. 


Teiiip«ntiire. 

Brightaew  Candlet  per 
Square  Centimeter. 

Temperature. 

Square  Centimeter. 

1700*K. 

5.0. 

2200*  K. 

137.. 

1750 

7.64 

2250 

177. 

1800 

11.3 

2300 

226. 

1850 

16.3 

2350 

284. 

1900 

23.1 

2400 

354. 

1950 

32.2 

2450 

438. 

2000 

44., 

2500 

537. 

2050 

60.0 

2550 

651. 

2100 

80.1 

2600 

785. 

2150 

105.7 

2650 

939. 

furnace.    The  curve  is  drawn  according  to  a  least-square  solution  applied 
to  the  46  observed  points  and  assuming  the  cubic  equation, 

u  ^  a  +  bt  +  cP  +  dfi, 

where  u  =  log  candles  per  cm*, 
^  =  log  r  -  3.2, 
T  =  temperature  in  degrees.  K. 
The  values  of  the  constants  were  found  to  be  as  follows: 


a  =    0.2626, 


c  =  -  12.38, 


b  =  I4.959»  d  =  -    1. 13. 

The  46  points  are  so  distributed  with  respect  to  the  least  square  curve 
that  23  points  lie  on  one  side  and  23  on  the  other,  the  maximum  devia- 
tion of  any  point,  as  seen  from  the  curve,  being  about  8  per  cent.  The 
two  points  furthest  from  the  curve  by  Chauvenet's  criterion  could  be 
discarded.  Thirty  points  lie  within  2.5  per  cent,  of  the  curve,  the  average 
deviation  of  all  points  being  about  2.4  per  cent.  The  upper  one  of  the 
three  points  obtained  by  Lummer  and  Pringsheim  is  within  about 
3.5  per  cent  of  the  curve  (the  other  two  points  are  at  lower  temperatures 
than  any  included  in  our  observations)  and  the  later  observations  of 
Nemst,  reduced  to  the  present  temperature  scale,  are  indicated  by  D  's. 

The  dots  are  the  points  computed  on  the  basis  of  the  authors'  recently 
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published  data  on  the  visibility  of  radiation,  as  discussed  above.  These 
computed  brightnesses  are,  of  course,  only  relative,  but  the  value  at 
2077**  K.,  which  is  in  the  neighborhood  of  the  color  temperature  of  the 
4-wpc  carbon  standard  lamp,  was  taken  from  the  least  square  solution^ 
and  the  other  points  were  plotted  in  terms  of  that.  It  is  seen  that  the 
computed  points  lie  on  the  observed  curve  within  an  error  of  less  than 
I  per  cent,  except  at  the  extreme  ends  of  the  temperature  range.  This 
is  better  than  might  be  expected  owing  to  the  inherent  difficulties  in  the 
present  experiment.  Points  computed  from  Coblentz's  visibility  data 
show  a  consistent  difference  from  the  observed  curve,  though  the  differ- 
ence is  nowhere  large. 

The  accuracy  indicated  in  the  brightness  measurements  suggests  the 
advisability  of  adopting  tentatively  the  value  70.1  candles  per  cm*  as 
the  brightness  of  a  black  body  at  the  temperature  2077^  K.  and  as  a 
value  for  a  primary  standard  of  light.  The  temperature  chosen  is 
approximately  the  color  temperature  of  the  standard  4-wpc  carbon  lamps.* 

Part  II.    The  Mechanical  Equivalent  of  Light. 

This  term  has  come  to  be  used  to  mean  the  watts  per  lumen  of  the 
monochromatic  light  of  greatest  visibility,  corresponding,  in  the  recent 
experiments  of  the  authors,  to  a  wave-length  X  =  0.556  m«  It  is  a 
physical  constant  of  theoretical  interest,  and  also  serves  as  a  means  of 
expressing  the  absolute  efficiency  of  illuminants.  It  depends  on  the 
brightness  of  a  black  body,  or  other  source  with  known  emissive  power, 
on  the  temperature  scale  chosen,  also  on  the  constant  <r  in  the  Stefan- 
Boltzmann  law  (£  «  <r7^),  and  finally  on  the  curve  of  relative  visibility 
of  radiation, — i.  «.,  provided  it  is  evaluated  in  the  way  to  be  followed 
in  this  paper.  It  may  be  determined  directly  by  measuring  the  radiant 
flux  and  the  luminous  flux  from  some  monochromatic  source  in  a  wave- 
length at  or  near  that  of  maximum  visibility.  Determinations  have 
been  carried  out  by  this  method,*  but  in  the  opinion  of  the  authors  the 
experimental  difficulties  are  too  great  to  justify  much  confidence  in 
the  results. 

In  the  present  investigation  the  mechanical  equivalent  M,  following 
the  usual  procedure,  has  been  evaluated  in  the  following  way.  Let 
Bo  s  normal  brightness  of  the  black  body  at  any  temperature  T  ex- 
pressed in  candles  per  cm*. 

^  The  data  given  above  are  somewhat  different  from  thoee  published  in  the  advance  note 
in  the  Journal  of  the  Franklin  Institute  (Jour,  of  Franklin  Inst..  z8i.  p.  420,  1916.)  These 
differences  are  due  to  the  assumption  of  a  different  temperature  scale  and  to  the  addition  of 
several  new  observed  points  which  produced  a  small  change  in  the  curve,  particularly  at  the 
higher  temperatures. 

«  Phys.  Rev..  (2).  5,  p.  269,  191 5. 
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E, - 

Then 

(I) 
or 

(2) 


the  radiant  flux  per  cm*  per  unit  wave-length  at  the  wave-length  X. 
the  relative  visibility  of  radiation  in  any  wave-length  X  in  terms 
of  the  maximum  visibility  taken  equal  to  unity. 


-Tm^^^'^^^ 


M 


=— r 


E,V,dK. 


In  the  present  investigation  the  visibility  function  is  assumed  as  extend- 
ing from  0.40  M  in  the  blue  to  0.76  /t  in  the  red,  the  values  assigned  in 
the  two  extreme  ends  of  the  spectrum  being  taken  from  the  previously 
published  data  of  two  of  the  present  authors^  in  the  red,  and  of  Hartman' 
in  the  blue.'  Beyond  the  chosen  limits  the  added  luminosity  area  would 
be  entirely  negligible. 

The  method  employed  in  evaluating  the  integral  in  equation  (i)  was 
that  of  sununating  the  product  Ex  Fa  AX  for  steps  AX  =  o.oi  Mi  and 
correcting  for  the  errors  of  summation  by  the  one  third  rule.  The  value 
of  El  and  therefore  that  of  M  depends  upon  the  constant  Ci  in  Planck's 
equation,  or  its  equivalent  <r  in  the  Stefan-Boltzmann  equation,  since 
these  two  constants  are  definitely  related  if  Ci  is  known.  The  latter  is 
taken  as  14350  m  deg.,  as  discussed  in  the  first  part  of  the  paper,  and  for 


<r  the  value  5.7  X  io~" 


watts 


,  as  found  by  Coblentz,  has  been  as- 


cm*  deg* 

sumed  as  the  most  probable  value.    On  the  basis  of  these  values,  Ci 
comes  out  as  3.72  X  lO"^*  watts  cm*. 

Table  II. 

Mechanical  E^uhaUiU  M  for  Various  Temperaiures, 


Tcmporatim. 

Toinpcnitim. 

if  in  Watts  per  Lumen. 

1700\K. 

0.001478 

2200*  K. 

.00149« 

1800 

.00149i 

2300 

.00149, 

1900 

.001498 

2400 

.00149r 

2000 

.001498 

2500 

.OOI5O1 

2100 

.00149, 

2600 

.OOI5I1 

Average 

0.001496 

1  Loc.  cU, 

*  Loc.  cit. 

•  The  complete  visibility  curve  used  is  given  in  Appendix  IL  of  the  paper  by  the  present 
authors  on  "The  Visibility  of  Radiation/'  Astrophys.  Jour.,  Sept.,  1918. 
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Table  III. 


KeconuDMided  Values  of 

Conftaiita 

IiiTeitiflft- 
ton. 

the  Medumicsl  Bqnhra- 

lont  of  Light  in  Watts 

perLttmen. 

Visibility 
Data. 

Watts,^     M 
Ct  in  tt  Deg. 

Method. 

P.G. 

0.00120:i:0.0CX)05 

Nutting 

<r-5.7 

Measurements   of   total   ra- 

Nutting 

X10-" 
(Presum- 
ably) 

diant  flux  and  total  luminous 
flux  from  acetylene.  Cob- 
lentz' energy  curve  for  acety- 
lene used. 

H.E. 

0.00160:1:0.00003 

<r-5.7 

(1)  Measurement  of  total  ra- 

Ives 

Ivesft 
Kings- 
bury 
Curve 
from 

equation 

X10-" 

diant  flux  and  total  luminous 
flux  from  a  monochromatic 
source. 

(2)  Measurement  of  radiant 
flux  through  luminosity  filter 
and  integral  luminous  flux 
direct  from  the  source. 

Secondary  value 

Ives& 

<r-5.7 

(3)  Measurement  of  bright- 

0.00154 

Kings- 

xio-w 

ness   of   a   platinum-wedge 

bury 

C- 14350 

black  body  at  the  melting 
point  of  platinum  taken  as 
2037**  K. 

W.W. 

0.00162:^0.00005 

Coblentz 

C,  =  14350 

Several  methods  using  obser- 

Coblentz 

and 

Melting 

vations     by    himself    and 

Emer- 

points as 

others. 

Note:   If  in  method 

son 

given  by 

(1)  Computation  using  pre- 

(1) the  final  data  of 

Day  and 

liminary  data  on  brightness 

Hyde,  Forsythe  and 

Sossman 

of  a  black  body  by  Hyde, 

Cady  were  used,  the 

Forsythe  and  Cady. 

value  derived  by  this 

(2)   Direct  measurement  on 

method    would    be 

monochromatic  radiation,by 

increased     by     ap- 

Coblentz, Ives  and  Kings- 

proximately IJ  per 

bury. 

cent. 

(3)  Measurements  on  incan- 
descent lamps  by  Coblentz 
and  Emerson. 

Hyde, 

0.00150:^0.00005 

Hyde, 

<r-5.7 

Direct  measurement  of  bright- 

For- 

For- 

X10-" 

ness  of  carbon  and  platinum 

sythe 

sythe 

Cf- 14350 

tube  black  bodies. 

and 

and 

Melting 

Cady 

Cady 

point  of 
gold 
1336*  K. 

Substituting  in  equation  (5)  the  brightness  of  the  black  body  at  any 
temperature,  as  given  in  the  first  part  of  this  paper,  a  value  of  the 
mechanical  equivalent  M  for  any  temperature  is  found.  If  the  observed 
and  computed  curves  of  black-body  brightness  are  the  same  throughout, 
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then  the  value  of  M  would  be  found  to  be  the  same  for  all  temperatures, 
as  might  be  expected.  The  differences  between  the  two  curves  as 
presented  in  the  first  part  of  this  paper  are  so  small  that  the  values 
for  M  computed  for  every  loo^,  as  given  in  Table  II.,  are  sensibly  con- 
stant, except  at  the  extreme  ends  of  the  curve,  the  total  range  being  only 
2.2  per  cent.,  and  the  range  from  1800®  to  2400^  K.  being  only  0.5  per  cent. 
The  average  value  from  the  present  experiments  is  given  in  Table  III., 
in  comparison  with  the  published  values  of  other  observers.  In  each 
case  so  far  as  is  possible  from  the  published  reports,  the  method  used, 
the  visibility  curve  employed  (if  any)  and  the  temperature  scale  involved 
are  given. 

Summary. 

1 .  A  new  set  of  experimentally  determined  values  of  the  brightness  of 
a  black  body  from  1700^  to  2600®  K.  are  given  on  the  assumption  of  a 
temperature  scale  based  upon  Planck's  equation  taking  the  gold  point 
as  1336®  K.  and  the  constant  Cj  as  14350  fi  deg. 

2.  These  values,  as  plotted  in  a  curve  obtained  by  a  least-square 
solution,  are  compared  with  the  relative  computed  values  on  the  assump- 
tion of  the  visibility  curve  recently  published  by  the  authors. 

3.  A  value  of  70.2  candles  per  cm*  as  the  brightness  of  a  black  body  at 
a  temperature  of  2077**  K.  (color  match  with  4-wpc  standard  carbon 
lamps)  is  proposed  tentatively  as  an  absolute  standard  of  light. 

4.  The  mechanical  equivalent  of  light  for  the  wave-length  of  maximum 
visibility  (X  =  0.566  /*)  is  computed  to  be  0.00150  =h  0.00005  watts  per 
lumen. 

Appendix  I. 

It  is  frequently  desired  to  know  the  rate  of  change  of  candlepower  or 
of  brightness  of  a  black  body  at  any  temperature  with  a  change  in  tem- 
perature or  a  change  in  watts.  Since  the  data  presented  in  the  body 
of  this  paper  are  somewhat  different  from  other  published  data  it  seems 
advisable  to  compute  these  coefficients  and  at  the  same  time  to  evaluate 
the  Crova  wave-length^  at  different  points  on  the  brightness-temperatiure 
scale. 

Differentiating  equation  (i)  for  the  brightness  of  a  black  body  with 
reference  to  temperature,  the  following  final  equation  is  obtained : 


(3) 


dB,  T      C,X   l^-^^^ 


dT  Bo      T    C 

I     E,V,dK 
Jo 

*  Loc.  cil. 
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If  now  the  summation  method  employed  in  the  body  of  the  paper  in 
computing  the  mechanical  equivalent  of  light  be  used  the  integral  in 
the  denominator  is  at  once  obtained;  and  if  the  respective  terms  at  any 
temperature  are  multiplied  by  the  reciprocals  of  the  wave-length  and 
the  summation  made,  the  numerator  is  also  obtained.  The  ratio  of 
these  two  integrals  at  any  temperature,  multiplied  by  Ct/T  gives  the 
desired  percentage  change  in  brightness  corresponding  to  a  change  of 
I  per  cent,  in  temperature.    These  results  are  shown  in  Fig.  3.    Since 

b     a 
3.50  14 

3.2s  13 
3.00  12 

2.7s  II 

2.5     10 

9 
1700®  1900  2100  2300  2500 

Temperature  in  ®  K. 

Fig.  3. 

P^oentage  Changes  in  Brightness  of  a  Black  Body  at  Various  Temperatures  for  (a) 
one  per  cent,  change  in  temperature  and  for  {b)  one  per  cent,  change  in  watts. 

E  =  cT^  expresses  the  relation  between  temperature  and  total  watts 
radiated  it  follows  that  if  the  ordinates  of  the  curve  are  divided  by  4  the 
resultant  curve  will  show  the  percentage  change  of  brightness  correspond- 
ing to  a  change  of  i  per  cent,  in  total  watts  radiated. 

Moreover  it  follows  from  equation  (3)  that  if  Xo  is  the  wave-length 
such  that  at  some  temperature  the  ratio  of  the  two  int^;rals  in  equation 
(3)  is  i/Xo,  then  at  that  temperature 


\ 

f— 

t 

• 

N 

■ 

'*^ 

X. 

"^ 

^ 

^ 

V. 

"^ 

■^ 

^ 

:;^ 

(4) 


dBt  T 


C, 


dT  Bq      'KqT^ 


or,  the  percentage  change  in  brightness  corresponding  to  a  change  of 
I  per  cent,  in  temperature  is  equal  to  dfkoT. 
But  it  follows  immediately  from  Wien's  equation  that 


(5) 


dE 


KT 


T^      Ct 
dT     E„T~>^T' 


or,  the  percentage  change  in  watts  radiated  by  a  black  body  at  any  wave- 
length  X  and  at  any  temperature  T,  corresponding  to  a  change  of  i  per 
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cent,  in  temperature  is  CtfKT.  Hence  if  the  particular  value  X©  be  taken 
for  X,  then  from  equations  (4)  and  (5)  it  follows  that  the  percentage 
change  in  brightness  at  any  temperature,  and  the  percentage  change 
in  watts  emitted  at  that  temperature  in  the  wave-length  X©,  corresponding 
to  a  change  of  i  per  cent,  in  temperature,  will  be  the  same.  By  definition, 
therefore,  Xo  is  the  Crova  wave-length  for  that  temperature,  and  hence 
is  readily  evaluated  since  the  two  integrals  in  equation  (3)  are  now  known. 
The  values  of  the  Crova  wave-length  thus  obtained  are  given  in  Fig.  4. 
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Fig.  4. 

Crova  Wave-length  at  Various  Temperatures  for  Black  Body  Radiation. 


It  will  be  seen  by  comparison  with  the  data  published  by  Kingsbury* 

and  by  Coblentz*  that  the  authors'  values  for  the  Crova  wave-length 

are  somewhat  smaller.    This  difference  is  for  the  most  part  due  to  the 

difference  in  visibility  curves  since  those  obtained  by  the  flicker  method 

show  larger  values  in  the  longer  wave-lengths  of  the  visible  spectrum. 

Nela  Research  Laboratory, 

National  Lamp  Works  of  General  Electric  Co.. 
Nela  Park,  Cleveland.  Ohio. 
September,  1918. 

»  Phys.  Rev..  (2),  7,  p.  167,  1916. 
*  Bui.  Bur.  of  Stds..  14.  p.  355*  Z9i8. 
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IONIZATION    AND    RESONANCE    POTENTIALS   FOR 

ELECTRONS    IN    VAPORS    OF   ARSENIC, 

RUBIDIUM,  AND  CESIUM. 

By  Paul  D.  Foots,  O.  Rognlvt  and  F.  L.  Moblbb. 

WHEN  electrons  are  accelerated  in  a  metallic  vapor,  at  least  two 
types  of  inelastic  impact  between  an  electron  and  atom  occur. 
The  first  of  these  results  in  an  orbital  shift  of  the  electrons  bound  in  the 
atom  and  the  second  in  the  complete  removal  of  an  electron  or  ionization 
of  the  atom.    The  potential  differences  through  which  an  electron  must 
fall  to  obtain  sufficient  velocity  or  kinetic  enei^  for  these  two  types  of 
collision  are  known  as  the  resonance  and 
the  ionization  potentials  for  the  particular 
metal    in   question.     The    resonance    and 
ionization  potentials  of  a  series  of  metals 
have  been  determined  in  this  laboratory.' 
The   present  paper   is  a  report  upon  the 
work  with  arsenic,  rubidium  and  caesium. 
The  arrangemen  t  of  apparatus  for  arsenic 
is  shown  in  Fig.  l.     Arsenic  was  vaporized 
at  the  bottom  of  the  pyrex  glass  tube  and 
the  vapor,  after  passing  through  the  super- 
heated ionization  chamber,  condensed   in 
the  upper  half  of  the  tube.    The  ionization 
chamber  was  supported  entirely  by  steel 
rods  running  from  the  top  of  the  tube.    The 
source  of  electrons  was  a  hot  tungsten  wire 


cathode.  A,  of  low  resistance,  coated  with 


Fig.  1. 


lime.      Surrounding    the    cathode   was  a       Diagram  of  appamtui  nsed  for 
cylinder  of  iron  net,  B,  and  outside  and  ancmc. 

coaxial  with  this  a  cylinder  of  sheet  iron,  C.  The  apparatus  was  evacu- 
ated by  means  of  a  Langmuir  and  Stimson  condensation  pump  to  a  gas 
pressure  of  about  5.  io~*  cm.  Hg  as  registered  by  a  McLeod  gage.  Suffi- 
cient vapor  was  obtained  by  heating  the  arsenic  to  about  400  to  500°  C. 

>  Na,  Tate  and  Foote,  J.  Wash.  Acad.  Sd.,  7,  p.  517,  igi?.  Cd,  Tate  and  Foote,  Bur. 
Studarda  Sd.  Paper  No.  317.  Na,  Cd.  K,  Zn.  Tate  and  Foote,  PbU.  Mag.,  36.  p.  64;  1918. 
Mg,  Tl,  Foote  and  Mohler,  Phil.  Mag.  (In  pren). 
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A  trap  containing  cadmium-tin  alloy  chips  immersed  in  liquid  air  was 
used  between  the  pumps  and  the  ionization  tube  in  order  to  preclude 
the  possibility  of  the  presence  of  mercury  in  the  ionization  chamber. 


Fig.  2. 

Ionization  tube  used  for  rubidium  and  caesium. 

The  experimental  procedure  consisted  in  applying  a  constant  retarding 
potential  of  0.8  to  1.5  volts  between  the  net  and  the  outside  cylinder 
and  measuring  both  the  total  current  from  the  hot  wire,  and  that  portion 
of  the  current  which  reached  the  outside  cylinder  against  the  retarding 

field,  as  functions  of  a  variable 
accelerating  potential  applied 
between  the  hot  wire  and  net. 
The  apparatus  used  for  rubidium 
and  caesium  is  illustrated  by  Fig. 
2 .  This  was  constructed  of  soda 
glass,  as  it  was  found  that  the 
heated  vapors  of  these  metals  do 
not  noticeably  attack  soda  glass 
while  the  reaction  with  lead  glass 
is  very  pronounced.  The  net 
and  cylinder  were  of  nickel,  and 
a  platinum  hot  wire  coated  with 
lime  served  as  the  cathode.  A 
retarding  potential  of  about  0.5 
volt  was  applied  between  the  net 
and  cylinder.  Metallic  rubidium 
from  Kahlbaum  was  used  and 
several  grams  of  caesium  were  ob- 
tained by  heating  metallic  cal- 
cium and  Kahlbaum  caesium 
chloride  to  about  400^  C.  at  a 
very  low  pressure.  The  metal 
was  distilled  into  a  small  test- 


Accelcratliig  IbtentUI   Volts 

Fig.  3. 
Total  and  partial  current  curves  for  arsenic. 


tube,  covered  with  a  drop  of  benzol,  and  inserted  into  the  pump  intake, 
after  which  the  apparatus  was  sealed  and  evacuated.  The  metal  was  then 
redistilled  into  the  ionization  chamber.     During  the  observations  the 
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entire  ionization  tube  was  uniformly  heated  to  about  150®  C,  and  the 
metal  gradually  distilled  out,  condensing  in  the  exhaust  tube.  When 
necessary  the  metal  was  redistilled  back  into  the  ionization  tube. 

Table  I. 

loniMoUon  and  Resonance  Potentials  for  EUdrons  in  Arsenic  Vapor,  [Curves  i  to  12; 
Caimium-iin  alloy  trap  and  liquid-^tir  trap  between  pnmp  and  ioniaation  tube  for  several  hours 
before  and  during  the  time  of  observation.  Curves  21  to  24a:  All  apparatus  reconstructed  and 
both  traps  used  continuously  from  the  time  the  apparatus  was  assembled,] 
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Fig.  3  represents  some  of  the  data  obtained  for  arsenic.  A  complete 
analysis  of  these  and  other  curves  is  given  in  Table  I.  The  partial- 
current  curves  show  pronounced  changes  in  curvature  at  successive 
points  a,  b,  c,  which  differ  in  potential  by  a  constant  amount.  This 
constant  difference  gives  the  resonance  potential  directly,  eliminating  any 
consideration  of  initial  velocities.  The  total-current  curves  show  a 
rapid  increase  in  slope  at  a  point  for  which  the  potential,  corrected  for 
the  initial  velocity  (potential)  of  the  electrons  as  obtained  from  the 
partial-current  curves,  gives  the  ionization  potential.  The  initial  poten- 
tial is  the  difference  between  the  resonance  potential  and  the  applied 
potential  corresponding  to  the  first  point  of  resonance.  A  detailed  dis- 
cussion of  this  method  for  determining  the  ionization  potential  has  been 
given  elsewhere.*  Curve  14,  Fig.  3,  is  of  interest  as  an  example  of  a 
discontinuous  total-current  curve.  On  increasing  the  accelerating  poten- 
tial the  total  current  increases  gradually  up  to  about  13  volts.  At  this 
point  the  current  increases  discontinuously  and  upon  decreasing  the 

1  Mean  ionization  potential  «  11.5  volts. 

*  Mean  resonance  potential  »  4.7  volts. 

*  Tate  and  Foote,  J.  Wash.  Acad.  Sd.,  7*  P-  S^o,  1917. 
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accelerating  potential  the  current  decreases  discontinuously  at  about 
12  volts.  Similar  curves  have  been  obtained  for  mercury,  sodium  and 
rubidium.  Curves  of  this  type  may  be  secured  when  the  vapor  density 
and  the  electronic  current  are  high.  In  the  present  instance  a  measure- 
ment of  the  initial  velocity  of  the  electrons  was  not  made  but,  in  general, 
these  discontinuous  curves  afford  as  accurate  a  determination  of  the 
ionization  potential  as  those  obtained  with  a  smaller  vapor  density  and 
initial  velocity.  The  discontinuous  change  occurs  considerably  above 
the  ionization  potential  and  is  probably  due  to  a  potential  redistribution 
in  the  ionization  chamber.  As  the  potential  is  gradually  increased  the 
most  intense  part  of  the  discharge,  at  least  for  rubidium,  sodium,  etc., 
for  which  metals  the  glow  discharge  is  visible,  moves  suddenly  at  the 
point  of  discontinuity  from  the  hot  wire  to  the  net. 

The  final  results  with  arsenic  gave  4.7  volts  for  the  resonance  potential 
and  1 1 .5  volts  for  the  ionization  potential.  These  values  are  quite  similar 
to  the  corresponding  voltages  for  mercury,  namely,  4.9  volts  and  10.3 
volts,  and  for  this  reason  it  was  at  first  suspected  that  mercury  from  the 
pumps  and  gage  was  present  in  the  ionization  chamber.  Although 
both  liquid  air  and  cadmium-tin  alloy  were  used  as  a  mercury  trap  in 
the  first  series  of  experiments  here  described  (curves  i  to  12)  the  appa- 
ratus was  entirely  reconstructed  with  every  precaution  again  being  taken 
to  avoid  contamination  by  mercury.  The  results  of  this  second  series 
of  experiments  (curves  21  to  24a)  confirmed  those  of  the  first  series. 
In  work  at  this  laboratory  with  eleven  different  metals  no  trace  of  mercury 
has  ever  been  observed,  when  the  metals  are  volatilizing  rapidly,  in  the 
characteristic  ionization  and  resonance  curves,  although  heretofore  we 
have  never  used  either  cadmium-tin  or  liquid-air  traps.  In  the  case  of 
the  gases  and  non-metallic  vapors,  however,  considerable  precaution 
must  be  taken  to  avoid  the  presence  of  mercury.  It  was  therefore 
thought  possible  that  contamination  by  mercury  might  still  be  present 
and  show  up  prominently  in  the  somewhat  non-metallic  arsenic  vapor. 
The  following  experiment  was  accordingly  performed. 

It  was  noted  that,  contrary  to  our  experience  with  other  metals,  no 
glow  discharge  could  be  detected  in  arsenic  at  the  ionization  point. 
A  special  discharge  tube  was  constructed  for  observing  the  arsenic  arc 
more  carefully.  A  steel  disk  anode  and  a  tungsten  hot-wire  cathode 
were  mounted  about  i  cm.  apart  in  a  glass  tube  lined  with  iron  net  in 
electrical  contact  with  the  hot  wire.  The  tube  was  mounted  in  a  special 
electric  furnace  having  a  small  side  opening  through  which  the  arc 
could  be  viewed.  Above  the  distillation  point  of  arsenic  the  electron 
current  indicated  marked  ionization  as  before  at  the  ionization  potential 
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of  1 1 .5  volts.  With  a  current  of  30  milliamperes  no  arc  or  glow  discharge 
whatever  was  visible.  A  few  drops  of  mercury  were  then  placed  in  the 
ionization  tube.  A  visible  arc  was  obtained  with  a  current  of  0.02 
milliampere,  and  with  a  current  of  20  milliamperes  the  arc  was  very 
intense.  Thus  the  fact  that  a  current  of  0.02  milliampere  is  sufficient 
to  show  the  presence  of  mercury  as  an  impurity  of  arsenic,  and  that  a 
current  of  30  milliamperes  in  supposedly  pure  arsenic  vapor  does  not 
show  a  trace  of  any  glow  whatever,  must  be  taken  as  a  proof  of  the 
purity  of  the  vapor.  It  is  of  further  interest  to  note  that  when  arsenic 
is  heated  with  a  small  amount  of  mercury  the  ionization  due  to  the 
mercury  will  appear  200**  C.  below  the  point  where  arsenic  vaporizes 
sufficiently  to  show  ionization,  and  after  prolonged  heating  at  500°  C. 
the  mercury  is  driven  out  of  the  tube  so  that  finally  the  ionization  of 
arsenic  alone  is  observed  and  the  glow  discharge  disappears. 

It  has  been  shown  in  the  earlier  papers  referred  to  that  for  many 
metals  the  ionization  and  resonance  potentials  are  determined  by  the 
quantum  relation  hv  =  eV  where  h  is  Planck's  constant  of  action,  e  the 
electronic  charge,  V  the  resonance  or  ionization  potential,  and  v  a  fre- 
quency determinable  from  spectroscopic  data.  The  value  assigned  to  v 
appears  to  depend  upon  the  column  of  the  periodic  table  to  which  the 
particular  metal  under  consideration  belongs.  Thus,  for  Group  I.  of 
the  periodic  table,  v  is  the  frequency  of  the  first  line  of  the  principal 
doublet  series  for  resonance  potential  and  the  convergence  of  this  series 
for  ionization  potential.  For  Group  II.  the  resonance  potential  is  deter- 
mined by  the  first  line  of  the  combination  series  of  single  lines  1.5  S-fttpt, 
and  the  ionization  potential  is  determined  by  the  convergence  of  this 
series.  Arsenic  is  the  first  metal  in  Group  V.  so  far  investigated.  The 
quantum  relation  may  be  written  X  =  12334/ F  on  substituting  the 
proper  values  for  h  and  e,  where  X  is  the  wave-length  in  Angstrom  units 
corresponding  to  the  potential  V  expressed  in  volts.  Thus,  the  resonance 
potential  of  4.7  volts  and  the  ionization  potential  of  11. 5  volts  correspond 
to  the  wave-lengths  X  =  2620  A.  and  X  =  1070  A.,  respectively.  No 
series  having  its  first  line  at  X  =  2620  A.  or  its  convergence  at  X  =  1070  A. 
is  known  for  arsenic.  In  fact,  all  the  series  relations  so  far  observed  in 
arsenic  have  been  quite  unsatisfactory,  which  is  true  also  of  the  other 
metals  in  this  family.  Accordingly,  the  present  work  very  likely  indi- 
cates an  undiscovered  series  in  arsenic  having  its  first  term  (or  terms  if  a 
doublet  series)  near  X  =  2620  A.  and  converging  near  X  =  1070  A.,  but 
as  to  the  character  of  the  series  nothing  can  be  inferred. 

Fig.  4  represents  the  partial-current  curves  and  Fig.  5  the  total-current 
curves  obtained  with  rubidium.    As  seen  from  Table  II.,  the  mean 
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value  of  the  resonance  potential  is  1.6  volts.  This  value  and  the  first 
point  of  resonance  collision,  a,  permit  the  determination  of  the  initial 
velocities  or  equivalent  potentials  shown  in  colunm  9.  The  total- 
current  curves  i,  6,  11,  12  were  taken  under  the  same  experimental 
conditions  as  the  partial-current  curves  3,  4,  5,  so  that  the  initial  poten- 
tial, Fo,  to  be  added  to  the  observed  applied  potential  at  ionization  to 
give  the  ionization  potential,  is  1.2  volts.  Curve  12  corresponds  to 
curve  7  with  an  initial  potential  of  1.4  volts,  the  cathode  being  operated 
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Fig.  4. 
Partial-current  curves  for  rubidium. 

at  a  higher  temperature  when  these  two  curves  were  obtained.  In  the 
case  of  rubidium  and  caesium  the  total  current  did  not  show  saturation 
below  the  ionization  potential,  so  that  the  point  at  which  ionization 
begins  is  not  indicated  by  as  sharp  a  break  as  would  otherwise  occur. 
The  following  method  for  determining  the  break  point  proved  quite 
satisfactory. 

Langmuir^  has  derived  an  equation  showing  the  relation  between 
the  thermionic  current  and  voltage  for  the  case  of  a  hot  wire  surrounded 
by  a  cylindrical  anode.     If  account  is  taken  of  the  initial  velocity  of  the 

»  Phys.  Rev..  2.  p.  457,  1913. 
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electrons,  an  additional  constant  appears  in  the  equation  derived  by 
Langmuir.  The  kinetic  energy  of  an  electron  at  a  dbtance  r  from  the 
hotwire  is: 


(I) 


Hmv*  ~  {V  +  Vo)e, 


where  Vo  is  the  initial  potential  and  V  =•  f(r)  is  the  applied  accelerating 
potential.  Defining  «  as  the  thermionic  current  per  unit  length  of  the 
hot  wire,  one  obtains  directly  from  Poisson's  equation : 


(2) 


d»7  .  dV 
'1^  + 


iV      .    j 
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e(V+  Vo)' 
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Fig.  5. 
Total-current  curves  for  rubidium. 


the  solution  of  which  may  be  represented  by  the  following  relation  where 
il  is  a  constant  for  any  definite  configuration  of  the  ionization  chamber 
and  temperature  of  the  hot  wire. 


(3) 


*  =  il(F+  Fo)»'^ 


Hence,  the  relation  between  i  and  (F'+  Fo)*'*  is  linear  for  the  purely 
thermionic  current  below  its  saturation  value.  When  ionization  begins 
the  current  increases  more  rapidly  so  that  the  ionization  potential  is 
given  by  the  value  of  (F  +  Fo)  at  the  point  where  the  curve  i  plotted 
against  ( F  +  Fo)*'*  deviates  from  a  straight  line.     Fig.  5  represents  the 


66 


PAUL  D.  POOTE.  0.  ROGNLEY  AND  P.  L.  MOHLBR. 


li 


total-current  curves  for  rubidium  plotted  in  this  manner.  The  values 
of  the  applied  potential  were  corrected  by  adding  the  initial  potential 
Vo  as  given  in  Table  II.  The  linear  relation  is  well  satisfied  except 
possibly  at  the  lowest  potentials.    The  agreement  is  even  better  than 

Table  II. 

Ionization  and  Rtsonance  Potentials  for  Electrons  in  Rnbidium  Vapor, 
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might  be  expected  from  a  more  careful  consideration  of  the  applicability 
of  equation  (3).  Strictly  considered,  this  equation  should  not  hold 
exactly  for  two  reasons:  (i)  Because  of  inelastic  collision  of  some  of  the 

electrons  at  the  resonance  potential,  and 
(2)  because  of  the  potential  drop  along  the 
hot  wire.  Thus,  equation  (3)  states  that 
when  F  «  o,  *  =»  -4  7o''*,  but,  although  F« 
is  comparable  with  F,  the  observed  current 
is  practically  zero  when  the  applied  field  is 
zero.  The  reason  for  this  is  that  the  elec- 
trons with  no  accelerating  field  between  the 
hot  wire  and  net  fall  along  the  hot  wire 
from  points  of  lower  to  higher  potential  or 
along  one  of  the  leading-in  wires.  A 
measurable  current  is  observed  only  when 
the  applied  potential  is  comparable  with 
the  electrostatic  field  along  the  wire.  This  fact  accounts  in  part  for  the 
high  initial  velocities  observed.  Also  it  may  be  noted  that  our  method 
of  selecting  the  point  of  resonance  gives  greatest  weight  to  the  electrons 

>  Resonance  potential  »  z.6  volts. 
*  Ionization  potential  »  4.1  volts. 
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Fig.  6. 

'  *  Discontinuous ' '  total-current 

curve  for  rubidium. 
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of  highest  speed.  A  point  of  further  interest  is  that  practically  the 
same  values  for  the  initial  velocity  are  obtained  when  the  partial-current 
curves  are  plotted  directly  and  when  they  are  plotted  on  the  rectified 
codrdinate  system  used  for  the  total-current  curves. 

The  mean  value  of  the  ionization  potential  of  rubidium  obtained  from 
the  curves  shown  in  Fig.  5  is  4.1  volts.  Fig.  6  illustrates  a  type  of  dis- 
continuous total-current  curve  obtained  when  the  density  of  the  rubidium 
vapor  is  high. 

Table  III. 

lonUation  and  Resonance  Potentials  for  Electrons  in  Cctsium  Vapor. 
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3 

0.60 
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1.50 

0.88 
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.50 
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1.50 

.98 

8 

.55 

2.00 

1.45 

.93 

10 
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2.00 

1.45 

.93 

11 

.55 

2.00 

1.45 

.93 

12 

.40 

1.90 

1.50 

1.08 

14 

.40 

1.90 

1.50 

1.08 

Mean 

1.48 

1.0 

(K+i.o)l. 

PotantiaL> 

1 

8.5 

4.2 

4 

7.7 

3.9 

6 

7.6 

3.9 

9 

7.1 

3.7 

13 

7.4 

3.8 

Fig.  7  shows  the  partial-current  curves  and  Fig.  8  the  total-current 
curves  for  caesium  vapor.  The  method  of  determining  the  ionization 
and  resonance  potentials  was  that  described  above  for  rubidium.  The 
final  values,  summarized  in  Table  III.,  are  1.48  volts  for  the  resonance 
potential  and  3.9  volts  for  the  ionization  potential. 

From  the  behavior  of  sodium  and  potassium  one  would  expect  the 
resonance  and  ionization  potentials  of  rubidium  and  caesium  to  be  deter- 
mined by  the  relation  V  =  12334/X  where  X  is  the  first  line  and  con- 
vergence wave-length,  respectively,  of  the  principal  series  of  doublets 
for  each  metal.  The  following  table,  to  which  for  completeness  have 
been  added  the  data  on  the  other  alkali  metals,  confirms  this  fact. 

1  Resonance  potential  »  z.48  volts. 
*  Ionization  potential  «  3.9  volts. 
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Table  IV. 

Resonance  and  loniaation  Potentials  for  the  Alkali  Mietals, 


A  (A). 

ReMoanoe  Potentlftl  Volts. 
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8943.46* 
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Fig.  7. 
Partial-current  curves  for  caesium. 
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*  Tate  and  Foote,  Phil.  Mag.,  36,  p.  75,  1918. 

*  Wood  and  Fortrat,  Astrophys.  Jour.,  43,  p.  73,  19x6. 
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The  first  pair  of  doublets  in  the  principal  series  of  both  rubidium  and 
caesium  is  rather  widely  separated.  In  the  case  of  caesium  the  separation 
is  equivalent  to  about  0.07  volt.  If  resonance  collision  occurs  at  both 
1.379  ^^^  I '447  volts,  corresponding  to  each  member  of  the  caesium 
doublet,  the  partial-current  curves  should  show  two  sets  of  "maxima 
di£Fering  by  0.07  volt  at  the  first  point  of  resonance,  by  0.14  volt  at  the 
second  point  of  resonance,  etc.     None  of  the  curves  of  Fig.  7  show  double 


Fig.  8. 
Total-current  curves  for  caesium. 


maxima  and  for  curve  15,  observations  were  made  at  every  0.02  volt. 
It  is  possible  that  the  presence  of  double  maxima  could  not  be  detected 
on  account  of  the  initial  velocity  distribution  from  the  hot  wire.  How- 
ever, it  has  been  found  by  Foote  and  Mohler^  that  in  the  case  of  thallium 
the  shorter  wave-length  member  of  the  first  doublet  of  the  principal 
series  appears  to  determine  the  resonance  potential.  Hence  it  seems 
quite  likely  that  the  proper  theoretical  values  for  the  resonance  poten- 
tials of  rubidium  and  caesium  are  1.581  and  1.447  volts,  respectively. 
This  possibility  sug^;ests  an  analogy  to  the  general  behavior  of  the  K 

1  Pbys.  Rbv.,  iz,  p.  487, 1918. 
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series  in  the  X-ray  spectrum  of  metab  as  has  been  pointed  out  by  Foote 
and  Mohler.^  The  present  work  indicates  that  the  ''single  line"  spectra 
of  rubidium  and  caesium  are  the  doublets  X  «  7949  and  7803  A.  and 
X  =  8950  and  8528  A.,  respectively.  At  the  ionization  potential  the 
principal  series,  the  first  subordinate  series,  and  the  second  subordinate 
series  appear.  The  following  doublets  were  observed  visually  in  the 
case  of  csesium  when  the  accelerating  potential  was  equal  to  the  ionization 
potential:  Principal  series,  fn  ==  3;  first  subordinate  series,  fn  »  5,  6,  7, 
8,  9,  10;  second  subordinate  series,  tn  »  4.5. 

SUBCMARY. 

Two  types  of  inelastic  collision  between  the  electron  and  atom  occur  in 
.vapors  of  arsenic,  rubidium  and  caesium.  The  potential  differences 
through  which  an  electron  must  fall  to  attain  sufficient  energy  or  velocity 
to  produce  these  collisions  are  known  as  the  resonance  and  ionization 
potentials  for  the  particular  metal  in  question.  For  rubidium  and 
caesium  the  resonance  potential  is  determined  by  the  quantum  relation 
hv  =  eF  where  v  denotes  the  frequency  corresponding  to  the  first  doublet 
of  the  principal  series.  A  similar  relation  holds  for  the  ionization  poten- 
tial where  v  denotes  the  convergence  frequency  of  the  principal  series. 
Experimentally  determined  values  of  the  resonance  and  ionization  poten- 
tials for  rubidium  were  1.6  volts  and  4.1  volts,  respectively;  for  caesium, 
1.48  voltd  and  3.9  volts,  respectively;  for  arsenic,  4.7  volts  and  11.5 
volts,  respectively.  By  applying  the  quantum  relation  to  the  results 
obtained  with  arsenic  we  are  able  to  predict  the  presence  of  an  undis- 
covered spectral  series  in  arsenic  having  its  first  term  (or  terms  if  a 
doublet  series)  near  X  =  2620  A.  and  converging  near  X  =  1070  A.  A 
Wehnelt  tube  discharge  in  arsenic  possesses  no  luminosity  indicating 
that  the  important  series  lines  He  in  the  ultra-violet.  At  the  ionization 
potential  of  rubidium  and  caesium  the  principal,  first,  and  second  sub- 
ordinate series  appear.  No  ionization  whatever  could  be  detected  at 
the  resonance  potentials  of  rubidium,  caesium,  and  arsenic. 

Bureau  of  Standards, 
Washington,  D.  C, 
August  x6,  19 1 8. 

1  J.  Wash.  Acad.  Sd.,  Sept.  19,  19x8. 
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ENERGY  OF  THE  CHARACTERISTIC  X-RAY  EMISSION 
FROM   MOLYBDENUM  AND  PALLADIUM  AS  A 
FUNCTION  OF  APPLIED  VOLTAGE. 

By  Benjamin  Allbn  Wootbn. 

Introduction, 

O INCE  the  introduction  of  the  X-ray  spectrometer  by  W.  H.  and  W. 
*^  L.  Bragg  as  an  instrument  for  studjdng  the  various  properties  of  X-ra- 
diation,  much  work  has  been  done.  Most  of  this  work  concerns  itself  with 
the  general  radiation  and  there  is  relatively  little  published  matter  on 
the  intensity  of  the  characteristic  rays.  In  a  recently  published  article^ 
D.  L.  Webster  finds  that  the  rays  of  the  K  series  of  rhodium  are  produced 
only  at  voltages  above  that  required  by  the  Planck  quantum  hypothesis 
to  excite  general  radiation  of  a  frequency  slightly  greater  than  that  of 
the  7  line.  He  finds  that  above  that  potential  all  K  lines  increase  in  the 
same  ratio  for  a  given  increase  in  potential.  The  rates  of  increase  of 
intensity  are  continuously  accelerated. 

The  following  work  was  undertaken  with  a  view  of  studying  the  rela- 
tion between  the  energy  of  the  lines  of  the  K  series  of  molybdenum  and 
palladium  and  the  voltage  producing  them.  The  spectrometer  that  was 
used  was  similar  in  general  to  the  one  used  by  Dr.  Clayton  T.  Ulrey*  in 
his  work  on  the  general  radiation.  Voltages  were  measured  by  means  of 
an  electrostatic  voltmeter  and  energy  was  supplied  for  the  X-ray  tubes 
by  a  Kenotron  rectifying  set.  During  the  progress  of  the  work  points 
concerning  the  probability  of  new  lines,  absorption  coefficients,  etc.,  pre- 
sented themselves.    They  were  dealt  with  and  will  be  discussed. 

Description  of  Apparatus. 

Current  at  125  volts  and  500  cycles  was  taken  from  a  motor  generator 
set  and  was  stepped  up  by  a  three-kilowatt  oil-immersed  transformer. 
The  high  voltage  alternating  current  from  the  transformer  was  rectified 
by  means  of  two  General  Electric  Kenotrons  and  an  oil-immersed  glass- 
plate  condenser.  The  energy  supplied  to  the  X-ray  tube  was  taken  from 
this  condenser.    Under  normal  conditions  the  voltage  generated  by  the 

» D.  L.  Webster,  Phys.  Rev.,  June,  1916,  pp.  599-613. 
•  C.  T.  Ulrey,  Phys.  Rev.,  May,  1918. 
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set  was  constant  to  one  and  one  half  per  cent.  The  voltage  was  measured 
by  an  electrostatic  voltmeter  that  was  built  in  the  laboratory.  It  con- 
sisted of  a  pair  of  fixed  spheres  and  a  pair  of  movable  ones  hung  on  a 
steel  strip  suspension  and  pivoted  at  the  bottom  on  a  needle.  The  four 
spheres  were  charged  to  the  same  potential,  and  the  force  of  repulsion 
between  the  fixed  and  movable  ones  caused  the  instrument  to  show  a 
deflection. 

The  voltmeter  was  calibrated  by  means  of  a  standard  spark  gap.  This 
gap  consisted  of  12.5  cm.  balls.  The  relation  between  sparking  distance 
and  voltage  was  obtained  from  published  tables.  The  calibration  curve 
of  the  voltmeter  was  very  regular,  almost  approaching  a  straight  line 
at  high  voltages.    The  voltmeter  kept  its  adjustment  perfectly. 

Currents  to  the  X-ray  tube  were  measured  on  a  Weston  direct  current 
milliammeter  in  all  the  work  except  that  on  absorption.  In  that  part 
of  the  work  the  currents  were  read  on  a  Leeds  and  Northrup  portable 
galvanometer  properly  shunted.  An  accident  to  the  milliammeter  made 
this  change  necessary. 

The  X-ray  tube  that  was  used  in  the  work  on  molybdenum  was  one 
that  was  kindly  supplied  by  Dr.  W.  D.  Coolidge,  of  the  General  Electric 
Company.  The  Palladium  tube  was  built  up  in  the  laboratory.  The 
cathode  was  of  the  Coolidge  type  and  it  was  also  furnished  by  Dr.  Cool- 
idge. The  anode  consisted  of  a  cylinder  of  iron  with  a  small  piece  of 
palladium  set  in  it.  The  target  face  was  inclined  at  an  angle  of  26  de- 
grees with  the  plane  perpendicular  to  the  elements  of  the  cylinder.  The 
tube  was  evacuated  by  means  of  a  diffusion  pump  of  the  Langmuir  type, 
the  mercury  trap  of  which  was  cooled  with  a  mixture  of  carbon  dioxide 
snow  and  ether.  This  pump  was  in  series  with  a  Gaede  rotary  pump 
and  a  piston  pump.  The  tube  was  baked  at  300**  Centigrade  while  the 
preliminary  evacuation  was  in  progress  and  the  target  was  heated  to  dull 
redness  from  time  to  time  by  discharges  at  25  kilo-volts.  It  was  found 
necessary  to  keep  the  pump  in  operation  whenever  observations  were 
being  made. 

The  spectrometer  was  peculiar  only  in  the  fact  that  the  ionization 
chamber  was  very  long.  Its  length  was  128  cm.,  and  complete  absorp- 
tion through  a  long  range  of  wave-lengths  was  possible  with  its  use.  This 
chamber  contained  the  saturated  vapor  of  methyl  iodide.  Methyl 
iodide  was  used  because  it  does  not  show  abnormal  absorption  at  any 
point  throughout  the  range  of  wave-lengths  investigated.^  The  chamber 
and  electrometer  were  freed  of  water  vapor  by  the  use  of  phosphorous 
anhydride.    The  gold-leaf  electrometer  was  attached  directly  to  the  end 

1  "X-rays/*  G.  W.  C.  Kaye.  p.  147. 
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of  the  ionization  chamber,  and  the  image  of  the  leaf  was  projected  on  a 
ground  glass  screen  with  a  scale  marked  on  it.  This  screen  was  securely 
fastened  to  the  ionization  chamber.  The  leaf  was  charged  negatively 
to  400  volts  by  means  of  a  small  dynamotor.  The  X-ray  tube  was  sur- 
rounded by  a  heavy  lead  screen  and  a  beam  was  taken  oflf  at  about  26 
degrees  from  the  face  of  the  target,  this  beam  coming  as  nearly  as  possible 
from  the  center  of  the  focal  spot.  After  passing  through  an  aperture  in 
the  screen  this  beam  was  passed  through  an  adjustable  slit,  the  jaws  of 
which  were  of  lead,  and  then  reflected  by  the  crystal.  All  circuits  to  the 
tubes,  voltmeter,  etc.,  carrying  high  potential  current  returned  through 
ground.  The  Coolidge  cathodes  were  heated  by  current  from  a  small 
storage  battery. 

The  crystal  used  was  of  Montana  caldte  and  was  kindly  lent  to  us  by 
Professor  A.  J.  Moses,  of  the  Department  of  Mineralogy.  Photographs 
of  the  back  slit  taken  with  the  reflected  beam  showed  remarkably  clear 
and  perfect  lines,  and  it  was  not  possible  to  detect  any  irregularities  in 
them. 

The  natural  leak  of  the  electrometer  when  properly  connected  to  the 
ionization  chamber  was  such  as  to  cause  the  leaf  to  move  across  the 
interval  of  the  scale  that  was  used  in  taking  readings  in  about  625  seconds. 
This  of  course  varied,  but  it  was  usually  more  than  600  seconds.  The 
readings  of  X-ray  intensity  were  taken  in  the  usual  way  by  allowing  the 
reflected  beam  to  pass  into  the  chamber  through  an  adjustable  slit,  and 
noting  with  a  stop  watch  the  time  taken  for  the  leaf  to  pass  across  a 
fixed  part  of  the  scale.  The  same  scale  interval  was  used  in  all  the  read- 
ings taken.  The  time  taken  for  a  reading  varied  from  less  than  one  second 
to  550  seconds.  The  projected  image  of  the  leaf  on  the  ground  glass 
screen  was  clear  and  sharp  and  readings  could  be  repeated  with  an  ac- 
curacy of  one  per  cent. 

Results. 

The  apparatus  was  adjusted  and  lined  up  so  that  a  beam  of  X-rays 
from  the  back  slit  would  pass  over  the  center  of  the  spectrometer  circle. 
The  position  of  the  ionization  chamber,  when  this  beam  was  entering 
its  slit  was  read  on  the  circle  and  taken  as  its  position  for  direct  rays. 

The  crystal  was  then  put  in  place  and  adjusted  so  that  its  reflecting 
face  was  as  nearly  as  possible  parallel  to  the  beam  of  direct  rays  and  over 
the  axis  of  the  spectrometer.  The  crystal  was  moved  in  steps  of  6  and 
the  ionization  chamber  in  steps  of  2  ^  until  strong  reflection  was  observed. 
The  crystal  was  then  held  stationary  while  the  chamber  was  moved  in 
small  steps  across  the  reflected  beam.    From  the  readings  of  intensity 
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obtained  for  each  step  and  the  position  of  the  chamber  at  each  step  a 
curve  showing  a  sharp  peak  at  the  position  of  the  chamber  for  maximum 
intensity  was  plotted.  The  position  of  the  chamber  corresponding  to 
this  peak  was  taken  as  its  position  when  the  reflected  beam  was  passing 
correctly  through  its  slit. 

In  obtaining  the  values  of  intensity  from  the  readings  of  the  rate  of 
fall  of  the  leaf,  this  rate  was  first  corrected  for  natural  leak  and  then  re- 
duced to  what  it  would  have  been  for  a  current  of  one  milli-ampere  in  the 
tube. 

As  the  nature  of  the  work  undertaken  was  not  such  as  to  demand 
extreme  accuracy  in  wave-length  measurements,  the  angular  readings 
were  not  corrected  for  depth  of  penetration  of  the  beam  into  the  crystal. 
The  natural  leak  was  always  taken  when  the  apparatus  was  in  operation 
with  the  chamber  well  out  of  line.  The  walls  of  the  ionization  chamber 
were  thick  enough  to  shield  out  all  the  secondary  radiation  at  the  highest 
voltages  that  were  used  in  this  work,  and  no  correction  for  it  was  neces- 
sary. 

Voltage  Intensity  Curves. 

After  properly  lining  up  the  apparatus  data  was  taken  on  intensity  for 
different  wave-lengths  at  constant  voltages  up  to  and  including  50  KV. 
The  readings  were  taken  at  intervals  of  three  minutes  of  arc  and  the 
intensities  were  corrected  for  natural  leak  and  reduced  to  values  for  unit 
current.  Curves  were  taken  for  different  voltages  and  their  general 
shapes  noted  for  both  molybdenum  and  palladium.  Fig.  i  is  such  a 
curve  taken  for  palladium  and  it  is  shown  as  being  typical  of  the  ones 
obtained.  These  curves  were  taken  in  order  to  locate  the  more  prominent 
lines  in  the  K  series  and  to  show  the  general  nature  of  the  spectra  of  the 
metals. 

In  order  to  study  the  intensity  of  the  characteristic  radiation  it  was 
necessary  to  subtract  the  intensity  of  the  general  radiation  of  the  same 
wave-length  as  a  given  line  from  the  intensity  of  the  line  as  measured  by 
the  spectrometer.  With  a  number  of  the  constant  voltage,  intensity 
and  wave-length  curves  at  hand,  a  point  in  the  general  radiation  on  each 
side  of  a  line  (a  or  /9)  was  taken.  These  points  were  chosen  so  that  a 
straight  line  through  them  would  pass  through  the  line  at  the  same  place 
that  a  continuation  of  the  curve  of  general  radiation  would  cut  it.  It 
was  found  necessary  to  take  a  great  many  curves  in  order  to  choose  these 
points  correctly. 

Having  chosen  these  points  for  the  a  and  jS  line  of  each  of  the  metals, 
data  was  taken  in  the  following  manner:   The  spectrometer  was  set  for 
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the  wave-length  of  one  of  the  chosen  points,  care  being  taken  to  have  the 
setting  correct.  In  order  to  make  certain  of  this,  the  crystal  was  set  on 
the  proper  reading  as  determined  from  the  wave-length  intensity  curves 
and  the  ionization  chamber  moved  past  the  reflected  beam  in  steps  as 
described  above.  The  results  of  reflected  intensity  were  plotted  against 
angular  displacement  of  the  chamber  and  the  chamber  was  set  at  the 
reading  corresponding  to  the  peak  of  this  intensity  curve.     In  all  settings 
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made  in  this  part  of  the  work  this  procedure  was  gone  through.  The 
voltage  on  the  tube  was  increased  in  steps  to  50  KV.,  and  with  each  change 
of  potential  the  current  through  the  tube  was  adjusted  so  as  to  keep  the 
energy  supplied  to  the  tube  constant.  Determinations  were  made  of 
intensity  of  reflection  for  each  value  of  voltage  and  all  intensities  were 
reduced  to  unit  current  conditions.  The  spectrometer  was  then  set  for 
the  wave-length  of  the  other  point  and  similar  readings  taken  for  it, 
giving  the  same  values  to  potential  and  current  that  were  used  before, 
for  each  step.  Then  the  spectrometer  was  set  for  the  line  under  con- 
sideration and  values  for  its  intensity  for  the  voltages  and  currents  that 


76 


BENJAMIN  ALLEN  WOOTEN, 


were  used  in  the  determinations  on  the  two  wave-lengths  in  the  general 
radiation  were  obtained.  This  data  was  determined  for  each  line  tiiat 
was  studied. 
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Fig.  2. 

The  three  intensities  for  any  potential,  determined  in  this  way  give 
three  points  which  determine  a  triangle  with  its  acute  angle  very  small. 
The  distance  between  the  vertex  of  this  acute  angle  and  the  base  line, 
as  measured  along  the  bisector  of  the  angle,  gives  the  intensity  of  the 
radiation  of  the  line  corrected  for  the  general  radiation  of  the  same  wave- 
length. The  shape  of  the  triangle  thus  formed  is  such  as  to  make  the 
length  of  this  bisector  sensibly  equal  to  the  length  of  either  one  of  its 
sides  except  for  low  voltages. 

It  was  found  that  the  a  and  P  lines  for  each  metal  appeared  together 
at  a  certain  minimum  voltage.  In  the  case  of  molybdenum  this  voltage 
was  found  to  be  19.2  KV.  and  for  palladium  it  was  24  KV.  Below  these 
potentials  the  wave-length  curves  were  smooth  and  they  intersected  the 
wave-length  axis  at  points  corresponding  to  longer  wave-lengths  than 
the  wave-length  of  the  fi  line.     It  was  shown  by  Duane  and  Hunt^  that 

1  Duane  and  Hunt,  American  Physical  Society  Proc.,  April,  191 5,  Phys.  Rbv.,  August, 
1915. 
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this  point  of  intersection  of  the  curve  with  the  wave-length  axis  repre-* 
sented  the  minimum  wave-length  that  the  potential  at  which  the  curve 
was  taken  could  give  by  the  quantum  relation.  This  was  found  to  be 
true  for  these  curves. 

Curves  were  plotted  between  the  kilo-volts  squared  to  the  tube  and 
the  intensity  obtained  as  above  of  the  lines  for  each  metal.  These 
curves  are  shown  in  Figs.  2  and  3  for  molybdenum  and  palladium  re- 


t9A 

^ 

llJ 

a 

_L 

iMf 

t 

T 

J 

r~- 

/ 

too 

J 

1 

■w 

ir 

D 

\a 

f 

• 

R 

d 

W 

J 

Ui 

w* 

1C) 

•£A 

15- 

/c 

a 

WE 

? 

m 

f 

80 

J 

/ 

J 

( 

(/) 

w/ 

/ 

/ 

f 

46 

1 

^v 

J 

r 

/ 

i 

r 

/I 

t0 

J 

fO 

"" 

< 

^jL 

r 

g 

J 

r 

>^ 

g 

^ 

/ 

f 

^ 

^ 

<< 

•— - 

^ 

p^ 

^ 

w 

^ 

r>? 

i^S 

W 

; 

m 

)0 

iS 

00 

zc 

d6 

Z5i 

)0 

Fig.  3. 


spectively.  It  will  be  noticed  that  the  two  sets  of  curves,  each  set  con- 
sisting of  a  curve  for  the  a  and  one  for  the  fi  line  of  a  metal,  are  of  the 
same  general  shape  and  character.  In  each  set  the  a  and  fi  curves  rise 
from  a  common  point  on  the  voltage  squared  axis  corresponding  to  the 
square  of  the  lowest  potential  that  will  excite  the  line  or  the  series,  and 
quickly  become  straight  lines.  The  intensity  of  the  radiation  in  the  a 
and  fi  lines  for  the  two  metals  thus  appears  to  vary  as  the  square  of  the 
voltage  applied  for  voltages  not  too  near  the  critical  voltage;  and  the 
ratio  of  the  intensity  of  the  a  to  the  intensity  of  the  fi  line  in  each  case 
quickly  becomes  constant  for  voltage  variations. 

Below  is  a  table  (Table  I.)  of  the  results  of  various  measurements 
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taken  in  determining  these  curves,  together  with  other  data  concerning 
them. 

Table  I. 


Molybdeiivm. 

PitUadiiim. 

Atomic  number 

42 
.716 
.641 
19.2 

625 

3.99 

5.55 

46 

Wave-lenirth  of  a  line  (cm.  X  ID*) 

.589 

Wave-lenflth  of  B  line  (cm.  X  10») 

.522 

Minimum  potential  to  produce  K  series,  in  kilo- volts 

Point  of  intersection  of  straight  line  parts  of  curves 

with  (voltaee)*  axis,  (kilo-volts)* 

24.0 
930 

Ratio  of  intensity  of  a  to  /9  line  as  measured  from 
data 

5.28 

Ratio  of  intensity  oiatofi  line  corrected  for  absorp- 
tion in  glass 

6.25 

Absorption  Coefficients. 

A  theoretical  explanation  of  these  voltage  intensity  curves  has  been 
developed  by  Professor  Bergen  Davis*  so  it  was  decided  to  correct  the 
curves  for  absorption  in  the  glass  of  the  X-ray  tubes  and  to  compare  the 
experimentally  determined  results  with  the  curves  obtained  from  his 
equation.  An  investigation  of  the  absorption  coefficients  of  the  a  and  fi 
Unes  of  molybdenum  and  palladium  in  glass  and  in  molybdenum  and 
palladium  respectively  was  undertaken. 

The  radiation  was  taken  from  a  Coolidge  tube  with  a  tungsten  anti- 
cathode  and  the  wave-lengths  desired  were  reflected  from  the  same  crystal 
that  was  used  in  the  other  part  of  the  work.  The  voltage  on  the  tube 
was  made  greater  than  the  critical  voltage  of  either  metal  for  the  K  series 
and  it  was  held  constant.  The  collimator  slit  and  the  slit  on  the  ioniza- 
tion chamber  were  narrowed  to  .2  nun.  and  the  crystal  and  chamber  were 
set  at  the  proper  angles  to  give  the  desired  wave-length.  An  aluminum 
screen  .3  mm.  thick  was  placed  between  the  crystal  and  the  slit  on  the 
ionization  chamber  so  that  the  reflected  beam  would  pass  through  it. 
It  was  found  necessary  to  use  this  screen  in  order  to  get  consistent  results. 
It  absorbed  practically  all  of  the  secondary  radiation  from  the  crystal, 
and  thus  allowed  the  reflected  ray  to  pass  into  the  ionization  chamber  as 
an  homogeneous  beam.  This  filtering  out  of  the  X-rays  of  long  wave- 
length that  came  from  the  crystal  was  important. 

The  reflected  beam  after  having  passed  through  the  aluminum  filter 
was  passed  directly  into  the  ionization  chamber  and  its  intensity  deter- 
mined. This  value  was  used  as  the  initial  intensity  in  the  computations. 
Then  thin  sheets  of  glass  were  placed  in  front  of  the  slit  in  such  a  way  that 

1  Bergen  Davis,  Phys.  Rev.,  June.  1918. 
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the  reflected  beam  passed  through  them  before  it  entered  the  ionization 
chamber.  Determinations  of  intensity  were  made  with  the  rays  passing 
through  various  thicknesses  of  glass  and  the  absorption  coefficient  cal- 
culated by  the  well-known  exponential  equation.  The  results  obtained 
with  different  thicknesses  of  glass  were  averaged  for  the  true  absorption 
coefficient. 

Measurements  were  made  in  this  way  for  the  a  and  fi  lines  of  both 
molybdenum  and  palladium  in  glass.  In  addition  absorption  coefficients 
of  the  a  and  p  line  of  molybdenum  in  molybdenum  were  determined,  as 
were  the  absorption  coefficients  of  the  a  and  fi  lines  of  palladium  in 
palladium. 

The  aluminum  filter  was  kept  in  place  in  all  this  work  and  conditions 
were  the  same  as  regards  voltage,  current,  etc.,  in  all  the  determinations 
that  were  made.  In  one  set  of  observations  the  potential  across  the 
tube  was  35  KV.  and  in  another  it  was  held  at  45  KV.  The  results 
shown  in  this  paper  were  those  obtained  at  45  KV.  The  sheets  of  glass 
that  were  used  were  .022  cm.  in  thickness  and  the  sheets  of  palladium 
were  .0065  cm.  thick.  The  molybdenum  was  .016  cm.  thick  and  only 
two  thicknesses  were  used.  The  absorption  coefficients  obtained  are 
given  in  Table  II. 

Table  II. 


Um. 

WaTt-lencth 
Cm.  X  10*. 

Abtorptioa  Co«ff . 
inOkM. 

AbiorpCioo 
Codr.Mo. 

AbMrptkMk 
Coeff.Pd. 

Mo.  a 

.716 
.641 
.589 
.522 

14.50 

11.65 

7.79 

5.37 

210 
170 

Mo.S 

Pd.  a 

138 

Fd.0 

100 

Wave-Length  Intensity  Curves. 

During  the  early  part  of  the  work  a  great  many  curves  were  obtained 
between  wave-length  and  intensity  of  radiation  for  molybdenum.  The 
readings  were  taken  for  intervals  of  three  minutes  of  arc  on  the  spec- 
trometer circle  and  in  no  case  was  the  a  line  divided.  The  a  line  as  ot> 
tained  is  wider  than  the  /3,  and  this  widening  at  the  base  suggests  that 
the  a  line  consists  of  two  lines.  It  has  been  shown  by  Professor  Duane^ 
that  the  a  line  of  rhodium  is  a  doublet  consisting  of  an  ai  and  an  at  line. 
In  this  work  no  distinction  is  made  between  the  ai  and  the  at  lined  and 
the  radiation  designated  here  as  that  of  the  a  line  for  either  metal  con- 
sists of  the  combined  intensities  of  the  two  lines  of  the  a  doublet. 

In  order  to  correct  the  intensities  of  the  lines  that  were  studied  (a  and 

>  Not  yet  publisbed. 
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P  lines)  for  absorption  in  the  glass  of  the  X-ray  tubes,  the  thickness  of 
the  glass  was  determined.  A  tube  was  placed  under  a  microscope  and 
the  microscope  was  focused  on  an  object  on  the  inner  surface  of  the 
glass  and  then  on  an  object  on  the  outer  surface.  From  these  readings 
and  the  index  of  refraction  of  the  glass  the  thickness  of  the  glass  was 
determined.  Determinations  were  made  of  the  thickness  of  both  tubes 
used  and  the  results  were: 

Thickness  of  glass  of  molybdenum  tube 1125  cm. 

Thickness  of  glass  of  palladium  tube 0706  cm. 


tt        tt  tt  tt 

tt        tt  tt  tt 


Using  these  thicknesses  and  the  absorption  coefficients  in  Table  II.,  the 

intensities  within  the  tubes  of  the  lines  studied  were  found  to  be  | 

i 

Moot 5.1 1  times  the  observed  intensity. 

MojS  3.67 

Pda    1.73 

Pd/3    146 

The  curves  between  intensity  of  radiation  and  voltage  squared  (Figs. 
2  and  3)  show  that  for  the  straight  line  parts  of  the  curves  the  ratio  of 
the  intensity  of  the  a  radiation  to  that  of  the  fi  radiation  is,  in  the  case  of 
molybdenum,  3.99;  and  in  the  case  of  palladium  5.28.  When  the  in- 
tensities of  the  lines  are  corrected  for  absorption  in  the  glass  these  ratios 
are  changed  for  molybdenum  to  5.55  and  for  palladium  to  6.25.  The 
curves  in  Figs.  2  and  3  are  the  experimentally  determined  curves  and 
they  are  not  corrected  for  this  absorption. 

The  Ratio  of  the  Energy  in  the  a  and  p  Radiation  as  Emitted 

FROM  the  Atom. 

The  corrected  values  give  the  intensities  of  the  a  and  fi  radiation  inside 
the  tube  before  coming  out  through  the  glass.  A  stUl  more  important 
matter  is  the  ratio  of  the  intensities  of  these  frequencies  actually  emitted  by 
by  the  atom.  The  theory  developed  by  Professor  Bergen  Davis^  makes  the 
calculation  of  this  ratio  possible.  The  equation  resulting  from  a  mathe- 
matical treatment  of  this  theory  is 


-2Fo(F-Fo)+2/3(^)7o{2P-  Fo(F«-  Fo«)} 


>  Loc,  cU. 
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when  expanded  to  four  terms. 

Fo  =  minimum  voltage  required  to  produce  the  characteristic  radiation. 
u    —  the  absorption  coefficient  of  a  line  in  the  metal  that  produces  it. 
c     =  the  ratio  of  the  path  of  a  ray  through  the  metal  to  the  depth  of 

penetration  of  the  electron  producing  it. 
6    =  a  constant  corresponding  to  a  in  Whiddington's  law.*    This  con- 
stant is  expressed  for  use  here  in  terms  of  potential. 
V  «  any  voltage  applied  to  the  tube  (Kilo-volts). 
/    =  intensity  of  the  line  (as  written  above  it  means  the  intensity  of 

the  a  line). 
N  =  the  number  of  electrons  striking  the  target  per  second. 
B   =  the  number  of  impacts  of  an  electron  with  the  atomic  nuclei  per 
unit  distance. 

(EJin^)  is  proportional  to  the  energy  emitted  by  one  atom. 

It  will  be  noticed  that  the  constants  in  the  equation,  with  the  exception 
of  EJin^  and  u  have  the  same  values  for  all  the  lines  from  a  particular 
metal.  The  absorption  coefficients  were  determined  experimentally 
for  the  a  and  fi  lines  of  both  palladium  and  molybdenum  and  their  values 
are  given  in  Table  II.  The  constants  £.  and  E^  are  the  fractions  of  the 
effective  impacts  that  result  in  producing  the  corresponding  radiations. 

The  combined  constants  EJitia,  and  E^hfifi  are  proportional  to  the 
energies  emitted  as  radiation  of  each  frequency  from  one  atom.  The 
ratio  EJinJEfihUfi  is  the  ratio  of  the  energy  of  the  a  frequency  to  that 
of  the  P  frequency  emitted  by  a  single  atom. 

The  experimentally  determined  values  of  /  for  the  a  and  /3  lines  of 
molybdenum  and  palladium,  after  having  been  corrected  for  absorption 
in  the  glass  of  the  tubes,  were  plotted.  Values  of  /  for  different  voltages 
were  computed  for  the  a  and  P  lines  of  both  metals  and  plotted  to  the 
same  scale.  From  these  computations  and  from  the  experimental 
results  the  data  in  Table  III.  were  obtained. 


Table  III. 

MeteL 

Obterred  fj/^. 

Iniida  Tube  /J/fi. 

Ratio  of  Intontitiet 
Bmittod  br  Atom 

Mo 

3.99 

5.28 

5.55 
6.25 

5.70 

Pd 

7.18 

^  Proc.  Roy.  Soc..  Vol.  86,  191a. 
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Professor  Bergen  Davis's  equation  can  be  written: 

and  therefore 

If,      Ef,hnf,ff,{V) ' 

The  computations  made  in  determining  the  points  for  the  curves  give 
the  ratio  fa{V)/ffi{V)  so  that  ratio  EJinJEfihUfi  can  be  determined. 
This  ratio,  the  ratio  of  the  energy  emitted  by  an  atom  as  a  radiation  to 
that  emitted  as  P  radiation,  determined  in  this  way  is  contained  with 
other   data  pertaining  to  the  comparison  of  the  curves  in  Table  III. 


Fig.  4. 


The  curves  given  by  Professor  Bergen  Davis's  equation  plotted  to  the 
same  scale  with  the  experimentally  determined  points  corrected  for 
absorption,  are  shown  in  Figs.  4  and  5.  The  very  close  agreement  as  to 
shape  between  the  calculated  curves  and  the  experimental  ones  indicates 
that  the  assumptions  underlying  the  theory  are  sound. 

In  these  figures  the  calculated  curves  are  given  in  full  lines,  and  the 
experimentally  determined  points  are  marked  with  circles. 

The  above  comparison  is  only  true  in  so  far  as  one  may  consider  the 
reflecting  power  of  the  crystal  the  same  for  two  frequencies  not  differing 
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more  than  the  a  and  fi  frequencies  differ.  If  the  reflecting  power  of  a 
crystal  does  depend  to  a  marked  degree  on  the  wave-length  of  the  radia- 
tion it  will  be  necessary  to  correct  the  above  ratios  for  such  variation  in 
reflectivity  when  the  same  shall  be  experimentally  determined. 


*•  ■ 


Fig.  5. 


Discussion  of  Results. 

In  all  the  work  that  was  done  it  was  assumed  that  the  crystal  that  was 
used  reflected  all  wave-lengths  with  equal  efficiency.  W.  H.  Bragg* 
showed  that  the  reflecting  power  of  a  crystal  for  a  given  wave-length 
varied  with  the  angle  of  reflection.  He  varied  the  angle  of  reflection  of 
the  beam  by  taking  the  different  orders  of  reflection.  His  results  show 
that  the  reflecting  power  of  a  crystal  varies  inversely  as  the  square  of  the 
order  of  reflection.  This  is  the  only  experimental  work  that  has  been 
published  as  far  as  the  writer  knows,  and  the  lack  of  published  matter 
dealing  experimentally  with  the  subject  of  reflecting  power  in  any  single 
order  of  different  wave-lengths  has  made  the  above  assumption  necessary. 

Reference  to  Figs.  2  and  3  shows  that  the  intensity  of  the  radiation  for 
the  a  and  fi  lines  of  the  metals  used  varies  directly  as  the  square  of  the 
voltage  for  voltages  considerably  higher  than  the  critical  voltage.     In  a 

>  W,  H.  Bragg,  Philosophical  Magazine,  27,  1914.  881. 
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paper  recently  published  by  Webster  and  Clark*  it  was  shown  that  the 
lines  of  the  K  series  of  rhodium  vary  approximately  as  the  3/2  power  of 
the  diflference  between  the  potential  applied  to  the  tube  and  the  critical 
potential  of  the  series.  This  relation  was  tried  with  the  data  obtained 
in  these  experiments  but  it  was  found  that  the  curves  obtained  did  not 
fit  the  points  as  well  as  the  ones  in  Figs.  2  and  3  fit  them. 

In  these  curves  it  will  be  seen  that  the  linear  parts  of  the  curves  when 
produced  back  cut  the  voltage  squared  axis  at  the  same  point.  In  each 
set  of  curves  this  point  is  marked  X.  It  was  found  on  computation  that 
the  following  equation  is  true. 

where 

^F^    =  atomic  number  of  palladium  =  46. 

-^Mo  =  atomic  number  of  molybdenum  =  42. 

Fomo  =  critical  voltage  for  K  series  of  molybdenum  =  19.2  Kv. 

Fom  =  critical  voltage  for  K  series  of  palladium  «  24.0  Kv. 

-^Mo  =  point  on  axis  where  straight  lines  intersect  =  625. 

X^    =  point  on  axis  where  straight  lines  intersect  =  930. 

The  square  root  of  the  value  in  Kv.  squared  represented  by  the  point 
X  then,  bears  the  same  relation  to  the  metal  producing  the  characteristic 
radiation  that  the  critical  voltage  does,  i.  e,,  it  is  proportional  to  the 
square  of  its  atomic  number. 

The  method  that  was  used  in  determining  the  absorption  coefficients 
is  the  same  as  that  of  the  Braggs*  except  for  the  aluminum  filter  which 
was  placed  at  the  crystal  to  absorb  its  secondary  radiation.  They  find 
the  mass  absorption  coefficient  for  the  a  line  of  palladium  in  palladium 
to  be  1 1.4.  The  coefficient  given  in  Table  I.,  when  divided  by  the  density 
of  palladium  gives  12. i.  Their  work  shows  that  absorption  coefficients 
in  a  given  substance  vary  as  the  5/2  power  of  the  wave-length  of  the 
radiation.  A.  W.  Hull  and  Marion  Rice'  find  that  absorption  coefficients 
when  corrected  for  scattering  vary  as  the  cube  of  the  wave-length,  and 
C.  D.  Miller*  finds  that  they  vary  for  long  wave-lengths  as  the  2.77  power 
of  the  wave-length.  Miller  uses  a  beam  that  has  passed  through  a  great 
thickness  of  absorbing  material  and  in  that  way  absorbs  out  all  but  the 

1  D.  L.  Webster  and  E.  Clark,  Nat.  Acad,  of  Science  Proc.,  3.  pp.  i8i>i85.  March,  1917. 

•  W.  H.  and  W.  L.  Bragg,  ^-rays  and  Crystal  Structure,  pp.  175-206. 

»  A.  W.  Hull  and  Marion  Rice,  Proc.  Amer.  Phys.  Soc.,  Phys.  Rbv.,  Sept.,  1916,  pp.  326- 
328. 

*  C.  D.  Miller.  Phys.  Rev.,  Oct.,  1916,  pp.  329-343. 
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shortest  wave-length.  The  absorption  coefficient  is  determined  for  this 
end  beam. 

The  results  obtained  here,  while  uncorrected  for  scattering  in  the  thin 
sheets  of  absorbing  material  that  were  used,  follow  the  cube  of  the  wave- 
length law  more  consistently  than  they  do  either  of  the  others.  Their 
agreement  with  this  law  is  fairly  good.  The  coefficients  for  the  molyb- 
denum a  and  fi  radiation  in  molybdenum  are  not  as  trustworthy  as  the 
others,  because  it  was  not  possible  to  use  more  than  two  thicknesses  of 
molybdenum  in  the  screen. 

On  substituting  the  observed  values  of  the  critical  voltage  in  Planck's 
equation, 

Ve^hn 

in  the  case  of  molybdenum,  the  value  of  n  is  such  as  to  correspond  to  a 
wave-length  of  .643  X  io~*  cm.  The  wave-length  of  the  fi  line  as  measured 
is  .641  X 10"*  cm.  The  measured  voltage  required  to  excite  the  K  series 
characteristic  radiation  is  therefore  almost  exactly  the  same  as  that  given 
by  the  Planck  relation  for  the  jS  line  of  the  K  series  of  this  metal. 

For  palladium  the  calculated  result,  using  the  observed  critical  voltage, 
is  a  slightly  shorter  wave-length  than  that  of  the  fi  line  of  the  K  series  of 
palladium  as  measured.  The  measured  wave-length  of  the  fi  line  is 
.552  X  io~*  cm.  while  the  calculated  wave-length  for  the  critical  voltage 
is  .516  XiO"*  cm. 

In  a  paper  published  by  Uhler^  it  is  shown  that  while  Moseley's  law 
does  not  completely  represent  the  X-ray  series  over  the  entire  range  of 
wave-lengths,  it  represents  the  series  for  wave-lengths  corresponding  to 
the  atomic  numbers  of  molybdenum  and  palladium  very  closely.  Placing 
Ti  =  2  in  Bohr's  equation  to  determine  the  wave-length  of  the  a  line,  the 
value  obtained  is,  for  molybdenum  .713X10"*  cm.,  and  for  palladium 
.581  X  io~*  cm.  The  measured  wave-length  for  the  molybdenum  a  radia- 
tion is  .716  X  io~*  cm.  and  for  palladium  a  radiation  it  is  .589  X  io~®cm. 
In  each  case  the  agreement  between  calculated  and  observed  wave-length 
is  as  close  as  Moseley's  law  agrees  with  the  observed  wave-lengths  ac- 
cording to  Uhler. 

Summary. 

The  K  series  characteristic  X-radiation  of  molybdenum  and  palladium 
has  been  studied. 

It  was  found  that  in  each  metal  the  a  and  fi  radiation  appeared  at  a 
certain  voltage.  For  molybdenum  this  voltage  was  found  to  be  19.2 
Kv.  and  for  palladium  it  was  24  Kv.     For  molybdenum  this  measured 

*  H.  S.  Uhler.  Phys.  Rbv..  April,  1917.  pp.  325-335. 
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critical  voltage  is  almost  exactly  that  required  by  the  Planck  hypothesis 
to  produce  the  fi  line.  For  palladium  the  measured  critical  voltage  is 
that  required  by  the  same  hypothesis  to  produce  a  wave-length  slightly 
shorter  than  the  P  line. 

Curves  were  plotted  between  the  voltage  squared  and  the  intensities 
of  the  a  and  p  radiation  for  both  metals,  and  these  curves  show  that  the 
intensities  of  these  radiations  varied  directly  as  the  square  of  the  voltage 
for  volt£^ges  not  too  near  the  critical  voltage.  The  ratio  of  the  intensity 
of  the  a  line  to  that  of  the  p  line  was  found  to  become  constant  as  the 
voltage  was  increased,  for  each  metal. 

The  straight  line  parts  of  the  curves,  if  produced  back  cut  the  voltage 
squared  axis  in  the  same  point,  and  this  point  was  found  to  bear  the  same 
relation  to  the  atomic  number  of  the  metal  of  the  anti-cathode  that  the 
point  at  which  the  curves  themselves  cut  the  axis  bears,  that  is,  the 
square  root  of  the  codrdinate  represents  a  voltage  proportional  to  the 
square  of  the  atomic  number  of  the  radiator. 

Absorption  coefficients  for  wave-lengths  of  the  a  and  P  lines  of  molyb- 
denum and  palladium  in  glass  and  in  molybdenum  and  palladium  re- 
spectively were  determined,  and  they  were  found  to  vary  approximately 
as  the  cube  of  the  wave-length  of  the  radiation.  The  observed  intensities 
of  the  a  and  /3  lines  of  each  metal  were  corrected  for  absorption  in  the 
glass  of  the  X-ray  tube. 

By  application  of  the  theory  of  Professor  Bergen  Davis  it  was  possible 
to  calculate  the  ratio  of  the  intensity  of  the  a  radiation  to  that  of  the  /3 
radiation  as  given  by  a  single  atom. 

The  curves  obtained  by  plotting  the  theoretical  equation  were  found 
to  agree  excellently  with  the  experimentally  determined  curves. 

Conclusion. 

In  conclusion  the  writer  wishes  to  thank  Professor  Bergen  Davis,  who 
suggested  the  research,  for  the  active  help  and  constant  advice  that  he 
has  furnished  throughout  the  work.  He  is  deeply  indebted  to  Columbia 
University  for  the  grant  of  the  Tyndall  Fellowship  for  the  prosecution 
of  the  research. 

He  is  also  grateful  to  Dr.  W.  D.  Coolidge  for  supplying  the  molyb- 
denum tube,  and  to  Dr.  C.  S.  Brainin  for  the  loan  of  the  sheet  palladium 
that  was  used. 

Ph<bnix  Physical  Laboratory, 
Columbia  University, 
May  I,  1918. 
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The  Science  and   Practice  of  Photography,     By  John   R.   Roebuck.     New 
York,  D.  Appleton  and  Co.,  1918.     Pp.  xiv  +  298. 

This  book  was  written  for  class  room  use  in  a  course  given  by  the  author 
in  the  Department  of  Physics  at  the  University  of  Wisconsin.  The  work 
consists  of  two  parts;  the  first  is  a  general  treatise  on  photography,  while  the 
second  part,  about  one  fifth  of  the  book,  is  a  manual  of  experiments  to  be  per- 
formed by  the  student.  The  book  is  planned  for  students  who  have  had 
elementary  courses  in  physics  and  chemistry;  no  mathematics  beyond  ele- 
mentary algebra  is  needed. 

While  the  book  was  written  primarily  as  a  text  for  students,  many  who  are 
interested  in  photography  will  find  it  very  instructive  reading,  especially  those 
who  are  interested  in  a  more  scientific  treatment  than  is  usually  given  in  books 
on  this  subject.  Many  references  to  recent  researches  are  freely  given  and  the 
results  are  well  summarized.  Most  of  this  material,  because  it  was  so  scattered 
through  the  literature  of  photography,  was  usually  not  available  to  the  amateur. 
This  book  should  find  many  eager  readers. 

O.  M.  S. 

Radio  Communication,  Theory  and  Methods.     By  John  Mills.     New  York, 
McGraw-Hill  Book  Co.,  iQir.     Pp.  xi  +  205. 

This  book  is  based  on  a  course  of  lectures  given  soon  after  the  United  States 
entered  the  war,  to  employees  of  the  Western  Electric  Company  who  were 
being  trained  for  radio  work.  Since  then  it  has  been  adopted  as  a  text  by  the 
War  Department  for  those  men  who  have  had  some  tf-aining  in  electrical 
engineering. 

Methods  used  in  radio  work  have  been  improved  so  rapidly  that  the  olde** 
treatises  do  not  cover  modern  methods.  This  book  contains  much  that  cannot 
be  found  elsewhere  except  by  going  through  a  great  many  original  papers. 
For  example  the  explanation  of  the  use  of  the  vacuum  tube  both  as  a  detector 
and  as  an  amplifier  of  alternating  currents  without  distortion,  is  not  contained 
in  any  of  the  standard  treatises. 

The  author  tries  to  adapt  the  book  to  those  who  have  not  had  calculus  by 
using  the  vector  operator  j  and  the  differential  operator  p  and  using  only  alge- 
braic methods.  However,  short-cut  mathematical  processes  are  of  doubtful 
value  to  the  beginner  and  certainly  one  who  has  had  calculus  and  knows  some- 
thing about  the  vector  methods  of  solving  differential  equations  as  used  by 
engineers  will  more  quickly  grasp  the  processes  used.     The  author  has  pur- 
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posely  left  some  of  the  most  important  chapters,  on  the  vacuum  tube,  on  de- 
tection, on  undamped  waves,  and  on  radio  telegraphy  and  telephony  almost 
entirely  free  from  mathematical  methods. 

The  author  has  aimed  throughout  to  ''present  fundamental  principles  and 
methods  rather  than  detailed  instruction  as  to  apparatus  and  its  operation." 
And  this  aim  is  fulfilled  excellently.  In  an  appendix  there  is  a  chapter  on 
transmission  over  wire  circuits  and  some  graded  problems  for  the  use  of  the 
student. 

This  interesting  book  on  one  of  the  most  interesting  branches  of  electricity 
will  certainly  be  welcomed  by  those  physicists  and  and  engineers  who  have  not 
had  the  time  or  opportunity  to  keep  in  touch  with  the  principles  involved  in 
the  modern  methods. 

O.  M.  S. 
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WITH   FURTHER  REFERENCE  TO  THE  FORCE  BETWEEN 
TWO  REVOLVING  ELECTRONS  AT  A  GREAT 

DISTANCE. 

By  Albert  C.  Crbrorb. 

IN  a  paper^  published  in  June,  191 7,  reasons  were  given  for  the  con- 
clusion that  the  current  form  of  electromagnetic  equations  requires 
modification  in  a  fundamental  manner.  Briefly,  it  appears  from  a  con- 
sideration of  the  mechanical  force  between  two  revolving  electrons  in 
small  circular  orbits,  the  centers  being  a  great  distance  apart,  that  the 
force  between  two  bodies  of  gross  matter  at  a  great  distance  apart  must 
be  inmiensely  greater  than  the  known  force  between  them,  namely  the 
gravitational  force,  assuming,  of  course,  that  there  was  no  error  in  the 
somewhat  involved  processes  of  applying  the  electromagnetic  equations 
to  the  case. 

In  a  recent  paper*  G.  A.  Schott  has  examined  in  much  detail  the  in- 
vestigation in  the  paper  above  referred  to,  and  says  in  his  opening  para- 
graph "hence  (Crehore)  concludes,  quite  legitimately  if  his  result  be 
correct,  that  the  fundamental  equations  of  the  accepted  electron  theory 
require  substantial  modification"  and  '*It  is  obviously  imperative  that 
Crehore's  result  be  either  verified  or  disproved."  In  the  second  para- 
graph he  says:  "The  following  investigation  is  based  on  Crehore's 
equations  for  the  electric  part  of  the  mechanical  force,"'  "which  have 
been  verified,  except  some  obvious  misprints,*  e.  g.,  a^  for  ai  in  the  last 
term  of  (49)."  Above  in  the  same  paragraph  Schott  remarks:  "Thus  it  is 
desirable  to  take  the  magnetic  effect  into  account  ab  initio^  although  it 
will  be  found  to  be  inappreciable  on  the  average  for  an  amorphous  medium 
but  not  necessarily  so  for  a  crystal." 

'  A.  C.  Crehore,  Phys.  Rev.,  Sec.  Ser..  Vol.  IX.,  p.  445,  June,  1917. 

•  G.  A.  Schott,  Phys.  Rbv.,  Sec.  Ser.,  Vol.  XII.,  p.  23,  July,  1918. 

•  Loc.  cU„  pp.  453,  454 — this  referring  to  the  June,  191 7,  paper  above  mentioned. 

^  It  is  hoped  that  Dr.  Schott  will  publish  all  of  the  errors  in  the  expression  for  the  instan- 
taneous force  that  he  alludes  to,  in  order  that  this  important  equation  may  be  available  in  its 
complete  form,  having  been  verified. 
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In  reply  to  this  last  criticism  it  should  be  stated  that  the  complete 
instantaneous  force,  including  the  magnetic  component,  had  been  ob- 
tained and  averaged  in  a  similar  manner  to  the  electric  component  prior 
to  the  time  of  publishing  the  June,  191 7,  paper,  but  it  was  not  published 
partly  because  of  its  length,  and  partly  because  each  magnetic  term  in 
the  final  average  was  affected  by  a  common  factor  in  powers  of  fi  higher 
than  the  square.  So  long  as  terms  were  being  obtained  from  the 
electric  component  having  the  greater  factor  j8*,  they  were  large  com- 
pared with  any  terms  obtained  from  the  magnetic  component.  The 
quantity,  jSii32',  is  a  common  factor  of  the  equation  (48),  p.  36  of  the 
Schott  paper,^  which  is  his  final  expression  for  the  time  average  of  the 
magnetic  component.  The  importance  of  the  equation  for  the  instan- 
taneous force  with  no  terms  whatever  omitted  is  so  great  that  the  equa- 
tion for  the  magnetic  component,  supplementing  the  electric  already 
published  in  equations  (48),  (49)  and  (50),  June,  191 7,*  is  given  below  in 
an  appendix.  In  the  case  of  coaxial  rings  of  electrons,  where  the  in- 
stantaneous and  the  average  forces  are  identical,  this  equation  has  a 
wider  application  than  to  possible  long  range  gravitational  forces.  As 
evidence  that  the  complete  force  had  been  obtained,  equation  (92), 
p.  469,  of  the  June,  191 7,  paper  may  be  cited.  This  gives  the  complete 
force,  including  all  terms  from  both  the  electric  and  the  magnetic  parts 
exerted  upon  any  selected  electron  in  a  ring  of  electrons  due  to  any  other 
electron  in  the  same  ring. 

The  present  paper  is  offered  as  a  preliminary  reply  to  the  Schott  paper 
referred  to.  It  is  submitted  before  there  has  been  opportunity  to  make  a 
careful  study  of  the  suggested  corrections  as  to  averaging,  which  at  best 
is  a  laborious  process,  and  is  submitted  principally  because  the  deductions 
that  Schott  draws  from  his  own  formula  fall  short  of  the  mark.  In  his 
concluding  remarks,  p.  37,*  Schott  states  that  "from  an  experimental 
point  of  view,  however,  the  deviation  is  not  of  much  moment,  for  it  is 
easily  seen  by  expanding  the  function  of  JS2  in  (50)*  that  the  first  power 
which  occurs  is  the  fourth,  so  that,  if  jSs  be  as  large  as  .01,  the  relative 
deviation  is  less  than  the  hundred  millionth.  For  this  reason  I  shall  not 
pursue  the  matter  further  here."  This  statement  refers  to  the  previous 
sentence,  in  which  it  is  pointed  out  that  the  average  force  of  the  second 
electron  acting  upon  the  first  differs  from  that  of  the  first  acting  upon  the 
second,  the  law  of  action  and  reaction  not  holding  true,  as  Schott  states, 
except  to  a  first  approximation. 

The  only  interpretation  that  I  can  give  to  these  remarks  is  that  Schott 

1  Loc.  cU. 

*  Loc,  cit. 

•  Loc,  cit. 
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is  making  a  comparison  between  the  magnitude  of  the  terms  containing 
j8,  which  vary  with  the  value  of  j8,  and  the  constant  term,  namely  the 
electrostatic  force,  which  does  not  vary  with  any  change  of  speed.  (See 
his  equation  for  the  average  force  repoduced  in  (i)  below.)  It  is 
manifestly  improper  to  make  such  a  comparison  when  applying  these 
results  to  the  atoms  of  matter,  as  was  done  in  the  June,  1917,  paper 
referred  to.  The  obtaining  of  the  force  between  two  revolving  electrons 
is  but  one  step  in  the  process  of  finding  the  force  between  two  atoms^ 
supposing  these  atoms  to  consist  of  rings  of  electrons  revolving  around  a 
positive  nucleus  located  at  the  center  of  the  orbits,  and  having  a  charge 
equal  to  the  sum  of  the  charges  on  the  electrons  but  of  opposite  sign,  as 
in  a  neutral  atom. 

To  place  the  equation  under  discussion  before  us,  Schott's  result,  his 
equation  (50)  p.  37,*  is  reproduced  here,  after  making  an  obvious  cor- 
rection in  the  denominator  of  the  last  term  under  the  logarithm,  making 
/P  read  182,  namely 

Adopting  Schott's  suggestion,  and  expanding  this  in  powers  of  jSt,  we  find 


2p2       I  —  P2  3  5  7 


and 


^  =  I  +  182*  +  ^2*  +  i82*  +  .  .  .  ,  (3)' 

I    —  P2* 

and,  finally,  the  complete  force  equivalent  to  (i)  is 

(F.r)/r=  -^(i+^/32^  +  ^^,6+^^^8  +  .  .  .^  (4) 

When  the  effect  of  the  positive  nuclei  are  taken  into  the  account  in 
summing  up  the  forces  between  the  various  component  parts  of  two 
atoms,  all  the  electrostatic  terms  cancel  out,  and  require  no  further  con- 
sideration, the  whole  force  at  great  distances  between  such  atoms  being 
due  solely  to  the  terms  involving  the  speed  of  the  revolving  electrons, 
the  j8-tenns  in  (i)  or  (4)  above. 

Referring  again  to  the  paper  of  June,  1917,  top  of  page  456,  it  is  stated 
that  the  electrostatic  terms  were  omitted  in  taking  the  average  force  for 
the  reason  that  they  contribute  nothing  to  the  inverse  square  of  the 
distance  terms  under  discussion,  when  the  effect  of  the  positive  charge 
of  the  atoms  is  included  so  as  to  get  the  force  between  atoms  instead  of 

'  Loc.  cii. 
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electrons  only.  Schott,  however,  has  carried  these  electrostatic  terms 
through  the  averaging  process  from  the  beginning,  and  they  give  rise  to 
the  constant  term,—  ei^ar^,  in  (i)  above,  which  should  now  be  omitted 
in  making  any  deductions  about  atoms  or  gross  matter.  Making  this 
'  omission,  and  also  making  a  sufficiently  close  approximation  to  the  value 
of  the  force  by  omitting  all  powers  of  fi  higher  than  the  fourth,  we  simplify 
Schott's  result,  as  applied  to  a  pair  of  electrons  in  neutral  atoms,  from 
(4)  to  be 

(F.r)/r  =  -  it^fit'r^.  (5) 

Comparing  this  with  the  result  obtained  in  June,  1917,  the  difference 
is  principally  in  the  sign  and  in  the  substitution  of  /S2*  for  /Si*.  As  far  as 
the  law  of  action  and  reaction  is  concerned,  the  difference  is  greater  with 
/Si*  than  with  j8i*.  If  we  substitute  fii  for  jSi,  and  take  the  ratio  of  the 
forces,  it  is  evidently  equal  to  (/S1//S2)*.  If  /Sj  is  nearly  twice  as  large  as 
/9i,  the  ratio  is  nearly  16  to  i,  and  the  forces  of  Action  and  Reaction  are 
not  only  not  equal  and  opposite  to  a  first  approximation,  as  Schott  states, 
but  they  are  not  even  of  the  same  order  of  magnitude.  The  ratio  be- 
tween them  is  greater  than  it  would  be  if  jS*  appeared  in  the  formula  in* 
stead  of  /S*. 

An  important  criticism  of  the  formula,  however,  is  connected  with  the 
magnitude  of  the  force  between  two  pieces  of  matter  at  great  distances. 
If  we  had  jS*  instead  of  /S*,  as  formerly,  the  magnitude  of  the  force  at 
great  distances  exceeds  the  known  force  of  gravitation  in  an  immense 
ratio,  about  lo*^  The  change  from  jS*  to  /S*,  assuming  j8*  to  be  of  the 
order  of  lO"*,  only  reduces  this  ratio  from  lo'^  to  about  10*^,  the  two 
figures  being  so  nearly  alike  that  there  is  little  choice  between  them. 
Whether  the  formula  calls  for  a  repulsive  force  or  an  attraction  makes  no 
difference  in  this  argument  as  to  the  magnitude.  We  know  that  no  such 
force  exists,  and  the  argument  for  a  revision  of  the  fundamental  electro- 
magnetic equations  remains  valid,  taking  Schott's  results  as  to  averaging 
to  be  correct. 

This  matter  of  the  magnitude  of  the  force  may,  perhaps,  best  be  shown 
by  a  special  example.  In  order  not  to  raise  the  question  of  synchronism 
between  the  two  electrons,  let  us  select  two  atoms,  the  one  having  a 
single  ring  of  two  electrons  and  the  other  of  four.  If  the  two  atoms  were 
supposed  to  be  alike,  it  is  reasonable  to  take  the  speeds  the  same  for 
each,  but  Schott  does  not  claim  that  his  formula  applies  to  two  syn- 
chronous electrons.  It  may  be  remarked,  however,  on  this  point  I  have 
found  that,  when  complete  rings  of  equally  spaced  electrons  are  concerned, 
the  formula  for  synchronous  electrons  reduces  to  precisely  the  same  form 
as  for  incommensurable  velocities,  since  all  the  terms  involving  the 


nS^3^"'']       force  between  two  revolving  electrons,  93 

phase  angles  disappear  when  rings  are  taken,  and  we  obtain  the  same 
result  as  without  synchronism.  Not  to  raise  the  question,  however,  let 
us  calculate  the  force  on  atom  A,  a  two  electron  single  ring  atom,  due 
to  atom  By  a  four  electron  single  ring  atom,  the  speed  of  each  electron 
in  A  being  /Si,  and  in  B,  Pt.  According  to  (s)  the  force  of  the  four 
electrons  in  B  upon  one  electron  in  i4  is  4  times  the  expression  in  (5). 
Similarly,  the  force  of  the  four  upon  the  second  electron  in  i4  is  4  times 
(5),  making  a  total  of  8  times  (5). 

On  the  other  hand,  the  force  of  the  two  electrons  in  A  upon  one  in  B  is 
two  times  (5),  writing  fii  instead  of  fit.  The  total  force  of  the  two  in  A 
upon  the  four  electrons  in  B  is  then  eight  times  (5)  writing  fii  instead  of 
/Si.    We  have  then 

Total  force  of  B  on  A  =  -  V"  «*|8i*r-2.  (6) 

Total  force  oiAonB=  -^  e^Pj^K  (7) 

If  it  is  permitted,  in  making  an  approximation  to  the  speeds  of  the 
electrons,  to  adopt  the  approximate  formula  (3),  page  14,  Physical 
Review,  July,  1918,  for  the  speed  of  any  ring  of  electrons,  and  a  moderate 
error  in  the  estimated  speed  cannot  affect  our  argument  at  all,  namely 

^-P^,,  (8) 

we  have  for  the  fourth  power  of  the  speed  of  each  electron  in  atom  A 

^1^  =  4^.  (9) 

and  in  atom  B 

/S2*  =  16  ^ .  (10) 

whence  (6)  and  (7)  become 

_  256  T^e^o    .  .    ^ 

Fab=  -—  Zin  r-«.  (12) 

We  shall  also  make  a  further  assumption  that  the  two-electron  atom, 
i4,  represents  hydrogen,  and  the  four  electron  atom,  B,  helium.  This 
assumption  also  will  not  affect  our  argument  where  such  a  large  ratio  as 
10^  is  concerned.  According  to  the  law  of  gravitation  the  average  force 
between  one  atom  of  hydrogen  and  one  of  helium  is 

F  =  km^m^r^.  (13) 

The  mass  of  the  helium  atom  is  approximately  four  times  that  of  the 
hydrogen  atom,  so  that,  in  terms  of  m^,  (13)  becomes 
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F  =  4femjy*r-*.  •  (14) 

Taking  the  smaller  of  the  two  forces,  namely  that  in  (12),  for  the 
purpose  of  comparison  with  the  magnitude  of  the  gravitational  force, 
and  taking  the  ratio,  we  have 

Ratio  of  the  calculated  force  to  the  actual  gravitational  force 

_  16      ir^e^ 

"  3  kms^c'h^'  ^^^^ 

It  was  pointed  out  in  the  paper  above  referred  to,  equation  (9),  p.  15, 
July,  1918,  that  a  very  exact  numerical  value  of  the  gravitational  con- 
stant, k,  is  given  by  the  expression, 

,  _  ^  Wo_  x^e^ 

^  ~  iK  m^  (^¥  '  ^^^^ 

in  which  iC  =  i,  is  the  specific  inductive  capacity,  and  />  =  2,  the  number 
of  electrons  in  the  hydrogen  atom.  Wo  is  the  mass  of  the  negative 
electron  at  slow  velocities.    With  these  values,  we  have 

16   nh_  y*e^^ 

Upon  substitution  of  this  correct  numerical  value  of  the  Newtonian 
constant,  fe,  in  (15),  the  expression  reduces  to 

Ratio  of  calculated  force  to  the  gravitational  force 

=  i/fWo  =  1/.90  X  10-"  =  I.I  I  X  10^.    (18) 

The  ratio  would  be  four  times  greater  than  this  if  we  had  used  the 
larger  of  the  two  forces  as  given  in  (11)  above.  This  completes  the 
special  example,  and  shows  that  the  force  given  by  the  Schott  formula  is 
greater  than  the  gravitational  force  by  a  factor  of  about  10^,  as  was 
pointed  out  before  considering  the  example. 

In  conclusion,  it  has,  we  believe,  been  clearly  shown  that  the  applica- 
tion which  Schott  has  made  of  his  final  result,  equation  (50)  of  his  paper, 
or  (i)  above,  to  gross  matter  is  incorrect.  The  positive  nuclei  of  the 
atoms  must  be  taken  into  the  account  as  well  as  the  revolving  electrons. 
Whether  or  not  the  matter  has  been  properly  treated  above  in  the  simple 
omission  of  the  constant,  which  is  independent  of  the  speed  remains  to 
be  seen.  It  seems  that  any  system  of  electromagnetic  equations  that 
does  not  make  the  mechanical  force  of  one  revolving  electron  acting 
upon  a  second  exactly  equal  and  opposite  to  that  of  the  other  on  the  one, 
thus  strictly  conforming  to  the  law  of  action  and  reaction  is  pretty  certain 
to  lead  to  insuperable  difficulties  when  applied  to  the  accepted  forms  of 
atoms.     It  is  difficult  to  believe  that  the  average  mechanical  force  on 
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the  first  electron  due  to  the  second  is  entirely  independent  of  the  state 
of  motion  of  the  first  electron.  It  seems  as  if  its  motion  must  in  some 
way  alter  the  average  force  upon  it  due  to  the  second  electron  independent 
of  any  change  that  may  be  taking  place  in  the  motion  of  the  second 
electron,  and  yet  this  is  contrary  to  the  Larmor-Lorentz  form  of  theory. 

Let  us  admit  for  the  moment  that  a  form  of  theory  is  possible  that  makes 
the  average  mechanical  force  between  the  two  electrons  a  function  of  the 
product  of  the  two  speeds  instead  of  the  speed  of  one  of  the  charges  only. 
Then,  when  either  of  the  two  speeds  vanishes  the  product  vanishes,  and 
the  force  between  a  revolving  negative  electron  and  a  stationary  positive 
charge  is  the  same  whether  we  consider  the  force  of  the  one  on  the  other 
or  the  other  on  the  one,  and  is  equal  simply  to  the  electrostatic  terms. 
In  the  case  of  two  revolving  electrons  the  force  of  the  one  on  the  other 
would  be  the  same  as  the  other  on  the  one,  the  Law  of  Action  and  Reac- 
tion being  preserved  way  down  to  the  ultimate  constituent  parts  of  the 
atoms  and  of  gross  matter,  namely  the  electrons. 

It  seems  as  if  the  finding  of  a  simple  expression  for  the  Newtonian 
constant  given  in  a  former  paper,  equation  (9),^  has  some  bearing  upon 
this  question,  especially  because  all  of  the  laws  of  gravitation  have  been 
shown  to  follow  from  the  premises  assumed.  It  is  very  evident  that  the 
least  change  in  the  fundamental  equations  of  electromagnetic  theory  may 
easily  switch  the  resulting  force  at  great  distances  about  from  a  repulsion 
to  an  attraction,  the  force  being  so  small  that  the  residual  may  take 
either  a  positive  or  a  negative  sign.  The  chief  point  that  has  now  been 
established  is  that  there  are  existing  forces  at  great  distances  that  vary 
inversely  as  the  square  of  the  distance,  the  gravitational  law,  as  demanded 
by  the  present  unmodified  form  of  theory.  Not  much  attention  has 
been  given  to  these  forces  in  the  past,  and  it  seems  as  if  it  was  not  realized 
that  they  existed,  as  demanded  by  the  accepted  theory. 

*  Loc.  cU. 
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ON    THE    SPECULAR    REFLECTION    FROM    ROUGH 

SURFACES. 

By   T.    K.    CHIMMATANAIfDAM. 

TT  is  well  known  that  matt  surfaces  behave  nearly  in  the  same  way  as 
-•-  polished  reflectors,  when  the  incident  rays  are  of  great  wave-length 
or  fall  very  obliquely  on  the  surface.  In  a  paper  published  in  the  Peeys- 
ICAL  Review. for  January,  1916,  A.  F.  Gorton  has  followed  up  the  work 
of  Lord  Rayleigh^  and  T.  J.  Meyer*  on  this  subject,  and  has  given  sev- 
eral curves  showing  the  relative  reflecting  power  of  surfaces  of  ground 
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Fig.  1. 

glass  as  compared  with  that  of  a  polished  surface  of  the  same  material 
for  various  angles  of  incidence  and  for  various  wave-lengths  of  incident 
radiation.  Though  the  primary  object  of  Gorton's  investigation  appears 
to  have  been  the  development  of  an  infra-red  screen,  the  experimental 
results  obtained  by  him  are  also  of  interest  from  the  point  of  view  of  the 
general  theory  of  reflection  from  rough  surfaces.  In  the  present  paper, 
it  is  proposed  to  record  the  results  of  an  attempt  made  to  develop  a  math- 

>  Rayleigb,  Nature,  64,  p.  385,  1901. 

*  T.  J.  Meyer,  Verb.  Deutach.  Phys.  Geo.,  p.  126,  Feb.,  1914. 
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ematical  formula  which  would  quantitatively  express  the  relative  reflect- 
ing power  of  a  rough  surface  over  the  range  of  incidences  and  wave- 
lengths studied  by  Gorton. 

One  important  feature  about  the  reflection  from  rough  surfaces  which 
is  emphasized  in  Gorton's  paper  is  the  absence  of  decided  interference 
minima  in  the  reflection  curves,  such  as  would  occur  in  the  case  of  a 
plane  grating  or  any  surface  of  regular  topography.  This  result  is  attrib- 
uted to  the  fact  that  surfaces  like  those  of  groundglass  are  extremely  irregu- 
lar in  structure.  Starting  on  this  idea,  it  seems  possible,  on  certain  hypoth- 
eses, to  calculate  the  relative  reflecting  power  of  the  surface  for  a  given 
wave-length  and  a  given  incidence.  It  is  convenient  in  the  first  place  to 
make  the  simplifying  assumption  that  the  ** relative  reflecting  power" 
of  a  rough  surface  depends  only  on  its  topography  and  not  upon  the  nature 
of  the  material  of  which  it  is  composed.  A  priori,  it  can  be  seen  that 
such  an  assumption  would  not  be  very  wide  of  the  truth,  particularly 
in  the  case  of  surfaces  which,  if  polished,  would  have  a  fairly  high  coeffi- 
cient of  reflection  at  all  incidences.^  Further,  the  surface  may  be  assumed 
to  be  "ideally  rough,*'  in  other  words,  that  different  elements  of  it  are 
distributed  at  different  depths  according  to  the  probability  law,  the  ag- 
gregate area  of  the  elements  lying  between  the  distances  x  and  x  +  dx 
from  a  mean  plane  being  proportional  to  c^^dx.  The  disturbance  due 
to  the  reflected  radiations  is  the  resultant  of  the  disturbances  due  to 
radiation  from  each  of  the  surface  elements,  the  proper  phase  of  each 
being  taken  into  account.  Taking  the  mean  plane  as  the  reference  plane, 
the  relative  phase  of  the  disturbance  sent  out  from  an  element  of  the 
surface  at  a  depth  x  below  it  may  be  taken  to  be  2x  cos  6'2t/\,  where  X 
is  the  wave-length  of  the  incident  radiation,  and  6  the  angle  of  incidence. 
Assuming  now  that,  to  a  sufficient  approximation,  the  surface  is  uni- 
formly illuminated  by  the  incident  radiation,  we  get  for  the  resultant 
disturbance  due  to  the  reflected  radiation 

y  =  Z  cos  {(at  +  2x  cos  6'2w/\)ds,  (i) 

the  summation  extending  all  over  the  elements.  Since  the  distribution 
of  the  elements  at  different  depths  is  assumed  to  be  according  to  the 
probability  law, 

I     e~^^  cos  (o)t  +  [4vx  cos  e]/\)dx 

•  '—00  ,  ^ 

y  = ^ .  (2) 

I     e'^^'^dx 

Evaluating  the  integrals,  the  intensity  of  the  reflected  radiation  is  found 
to  be  given  by 

»  See  also  Gorton's  remarks.  Phys.  Rev.,  Vol.  VII. ,  ser.  2.  p.  75. 
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and  this  will  also  determine  the  relative  reflecting  power  of  the  surface. 
It  is  easily  seen  that  this  formula  represents  curves  of  the  same  general 
form  as  those  obtained  experimentally  by  Gorton.  The  curves  have  an 
inflection  point,  the  inflectional  gradient  being  proportional  to  a^/cos  6, 
so  that  the  curves  became  steeper  (i)  as  a  increases,  i.  e.,  as  the  surface 
becomes  finer,  and  (2)  as  the  angle  of  incidence  increases;  these  results 
are  in  general  agreement  with  Gorton's  observations.  The  actual  re- 
sults calculated  from  the  formula  are  given  below  for  the  different  sur- 
faces used  by  him.  The  surfaces  are  denoted  by  i4,  5,  C,  Z>,  where  A 
refers  to  curves  I  and  II  in  Fig.  6  (p.  73)  of  his  paper,  B  refers  to  curve 
III  in  the  same  figure,  and  C  and  D  refer  respectively  to  the  curves  in 
Figs.  7  and  8.  It  will  be  seen  from  Table  I.  that  for  moderate  incidences 
the  agreement  is  fairly  good. 

Table  I. 


Sur- 
face. 


A 
B 


D 


Angle 
of  Inci- 
dence. 


! 


23** 
240 


Rektiye  Reflecting  Power  (at  Percentages)  for  Wave-lengthi  (in  it), 

5 


Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 


X. 


2.0 
0.0 
3.2 
0.0 


3. 


0.8 
0.0 
15.9 
7.1 
3.2 
0.0 
5.3 
1.3 
8.2 
4.0 


4.0, 

2.0, 

33.8 

30.8 

7.9 

4.l| 

17.3j 

14.7; 

28.0 

24.0 


13.9 
10.6 
50.3 
51.6 
19.ll 
16.6; 
33.2; 
34.0| 
45.6! 
44.8; 


26.6 
23.8 
62.7 
65.5 
32.1 
31.6 
48.0 
50.2 
59.5 
59.8 


6. 

7. 

8. 

38.2 

47.4 

56.7 

36.9 

47.1 

57.0 

71.5 

77.7 

81.7 

74.5 

80.5 

84.7 

44.5 

54.1 

63.7 

45.0 

55.6 

63.8 

59.0 

67.1 

73.1 

61.9 

70.3 

76.4 

69.9 

75.2 

70.0 

76.9 

63.8 
64.2 


69.8 
70.1 
77.4 
80.8 


10. 

XX. 

68.5 

71.6 

69.8 

74.3 

75.0 

75.0 

79.5 

82.3 

84.2 

86.7 

But  at  oblique  incidences,  the  simple  single-constant  formula  fails  to 

express  the  results  quantitatively,  as  can  be  seen  from  the  figures  in 

Table  II.  below. 

Table  II. 


Sur- 
face. 


D 


Ani^e 
ci  Inci- 
dence. 


Percentage  of  Reflection  for  Wave-lengths  (in  /i). 


70^ 
720 

84** 
70** 
81 


Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 


o  lObsd. 
Calcd. 


X. 

3. 

3. 

39.8 

4. 

48.1 

5- 

55.3 

6. 

4.0  25.3 

60.2 

0.7' 

28.9 

57.5 

73.1 

82.0 

87.1 

17.0 

36.9 

51.0 

62.3 

69.3 

74.4 

3.7 

43.9 

69.4 

81.4 

87.6 

91.3 

73.3 

85.7 

90.4 

93.3 

95.1 

95.9 

68.9 

91.1 

95.9 

97.7 

98.5 

99.0 

11.0 

46.3 

66.9 

77.3 

83.4 

85.1 

1.3 

33.7 

61.7 

76.2 

84.0 

88.6 

82.3 

92.5 

94.7 

96.3 

97.7 

98.7 

41.0 

80.0 

90.5 

94.6 

96.5 

97.5 

63.7 
90.4 
77.9 
93.5 
96.5 
99.2 
85.1 
91.5 
99.3 
98.2 


8. 

9. 

xo. 

66.9 

70.1 

72.6 

92.5 

94.1 

95.1 

80.9 

83.1 

84.7 

95.0 

96.0 

96.7 

97.0 

97.5 

97.8 

99.4 

99.5 

99.6 

XX. 


75.2 
96.0 


98.1 
99.7 


No^af  "^*]        SPECULAR  REFLECTION  PROM  ROUGH  SURFACES.  99 

The  constants  for  the  different  surfaces  are  as  follows:  ^ 


Stufftco. 


A. 


a  10»X 
d  M 


1.86 
0.61 


B.  \  c.  :  D. 


3.72  I  2.29  2.13 


0.43 


0.55  0.56 


the  height  above  or  depth  below  the  mean  plane  for  which  the  propor- 
tional frequeilcy  of  occurrence  is  one  half  being  given  by  d  in  the  second 
line. 

* 

The  failure  of  the  simple  theory  given  above  to  account  for  the  phe- 
nomena observed  at  very  oblique  incidences  could  have  been  anticipated; 
for,  the  assumption  made  that  the  elements  of  the  rough  surface  are  all 
equally  illuminated  by  the  incident  radiation  would  obviously  be  wide  of 
the  mark  at  such  incidences.  The  extent  of  the  discrepancy  evidently 
depends  on  the  degree  of  rugosity  of  the  surface.  If  this  is  very  marked, 
and  the  radiation  is  of  relatively  short  wave-length  and  is  incident  very 
obliquely,  hardly  anything  more  than  the  upper  parts  of  the  surface 
would  be  illuminated.  These  would  act  as  diffracting  Purees  of  radia- 
tion, the  permanent  phase  differences  between  them  being,  of  course, 
much  smaller  than  the  phase  differences  between  the  radiations  from  the 
highest  and  deepest  parts  of  the  surface.  On  the  other  hand,  with  greater 
wave-lengths,  even  the  deeper  parts  of  the  surface  would  contribute  to 
the  reflection,  but  the  increase  due  to  this  may  to  some  extent  be  set  off 
by  the  larger  phase  differences  that  come  into  play.*  In  view  of  these 
complications,  it  seems  very  difficult  to  give  even  an  approximate  theo- 
retical treatment  for  the  case  of  very  oblique  incidences.  An  empirical 
formula  may  however  be  devised  to  fit  the  experimental  results.  This 
should  obviously  satisfy  the  following  conditions  indicated  by  theory, 
(a)  For  .very  large  wave-lengths,  the  relative  reflecting  power  should  be 
unity.  (6)  For  moderate  obliquities  and  over  a  range  of  incidences  de- 
pending on  the  rugosity  of  the  surface,  it  should  reduce  to  the  simple 
single-constant  formula  (3)  above,  (c)  For  very  oblique  incidences,  it 
should  give  results,  which,  for  short  wave-lengths,  should  be  greater,  but 
which  increase  with  the  wave-length  less  rapidly  than  as  suggested  by 
the  single-constant  formula  (3).  In  divising  such  a  formula,  preference 
has  naturally  been  given  to  terms  of  the  exponential  type  suggested  by 
the  simple  theory.    The  formula  which  has  been  found  suitable  is 

'  The  surfaces  A  and  B  had  been  silvered.  C  had  been  platinized  cathodically,  but  D  was 
nnsilvered. 

'The  expression  2xcosO'2xf\  for  the  phase  difference  between  the  radiations  from  the 
mean  plane  and  a  plane  at  a  distance  x  from  it  will  not.  also,  be  valid  in  these  circumstances. 
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This  formula  evidently  satisfies  the  conditions  stated  above.  For,  when 
X  =  00,  7  is  unity.  When  $  is  small,  the  factor  e"**^"*  is  practically 
unity,  and  the  expression  reduces  to  the  formula  (3).  On  the  other  hand, 
when  d  approaches  t/2,  this  factor  becomes  negligible,  and  the  expression 
reduces  to  the  form 

which  approaches  unity  more  slowly  than  (3)  as  X  is  increased.  The 
actual  results  calculated  from  this  empirical  formula  have  been  plotted 
out  in  Fig.  i  for  the  surface  C.  The  numerical  values  have  also  been 
given  in  Table  III.  for  detailed  comparison  with  Gorton's  observations. 
The  constants  used  have  the  following  values.  It  will  be  seen  that  of 
the  four  constants,  a  is  the  one  most  sensitive  to  alterations  in  the  char- 
acter of  the  surface. 


Soiface. 


a 
b 
c 
d 


A. 

r. 

0.24 

0.079 

42.4 

34.5 

2.5 

1.43 

17.8 

15.75 

J>. 


0.0115 

32.9  (X  10-») 
0.0  (X  10-*) 
7.89    (X  10-*) 


Table  III. 


Sur- 
face. 


D 


Angle 
ci  Inci- 
dence. 


23** 
70° 
24° 
45° 
72° 
78° 
84° 
^^54° 
70° 
75° 
81° 


Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 

Obsd. 

Calcd. 


I. 


4.0 
5.3 
2.0 
0.0 
3.2 
0.0 
17.0 
14.5 


3. 


0.8 

0.0 

25.3 

23.0 

3.2 

0.0 

5.3 

1.3 

36.9 

36.1 


38.2  ;55.6 
39.1  62.5 


73.3 
73.3 


11.0 
9.4 


85.7 
85.6 
8.2 
4.5 
46.3 
40.0 


Percentage  of  Reflection  for  Wave-lengths  (in  n). 


31.0  66.1 
32.6  66.4 


82.3 
80.6 


92.5 
90.4 


4.0 
2.0 
39.8 
37.5 
7.9 
4.1 
17.3 
14.2 
51.0 
55.5 
64.7 
73.1 
90.4 
90.2 
28.0 
24.0 
66.9 
164.0 
77.1 
80.8 
94.7 
93.7 


13.9 
10.6 
48.1 
48.0 
19.1 
16.6 
33.2 
32.3 
62.3 
64.9 
70.3 
79.1 
93.3 
92.5 
45.6 
44.5 
77.3 
76.7 
84.0 
87.3 
96.3 
95.3 


6. 


I  -- 


26.6 

38.2 

23.8 

36.9 

55.3 

60.2 

55.6 

61.3 

32.1 

44.5 

31.6 

44.9 

48.0 

59.0 

47.4 

59.1 

69.3 

74.4 

71.0 

75.3 

73.3 

76.8 

82.9 

85.6 

95.1 

95.9 

94.0 

95.0 

59.5 

69.9 

59.5 

69.6 

83.4 

85.1 

83.6 

87.9 

88.1 

90.3 

90.8 

92.9 

97.7 

98.7 

96.2 

96.9 

7. 

8. 

47.4 

56.7 

47.1 

57.0 

63.7 

66.9 

65.7 

69.2 

54.1 

63.7 

55.6 

63.8 

67.0 

73.1 

67.3 

73.3 

77.9 

80.9 

9. 

10. 

xz. 

63.8 

68.5 

71.6 

64.2 

69.8 

74.3 

70.1 

72.6 

75.2 

72.1 

74.5 

76.5 

69.8 

75.0 

77.9 

70.1 

75.0 

78.8 

77.4 

79.5 

82.3 

77.7 

81.1 

83.6 

83.1 

84.7 

82.9 

84.5 

83.8 

85.8 

87.7 

90.1 

91.0 

91.8 

97.5 

97.8 

98.1 

96.6 

97.0 

97.2 

Na*af"^*]        SPECULAR  REFLECTION  FROM  ROUGH  SURFACES.  lOI 

The  agreement  between  the  calculated  and  the  observed  values  in  Table 
III.  seems  fairly  good,  except  in  the  case  of  Surface  C  for  an  incidence 
of  78®  for  which  the  corresponding  experimental  curve  given  by  Gorton 
appears  to  be  rather  irregular.  The  fact  that  the  empirical  formula  sug- 
gested is  found  to  give  fair  agreement  with  observations  on  three  different 
surfaces  at  different  angles  of  incidence  and  for  different  wave-lengths 
over  a  wide  range  makes  it  probable  that  it  is  of  fairly  general  application 
to  rough  surfaces. 
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AMPLIFICATION  OF  THE  PHOTOELECTRIC  CURRENT  BY 

MEANS  OF  THE  AUDION. 

By  Carl  Eli  Pike. 

A  METHOD  has  been  outlined  by  Jakob  Kunz^  by  means  of  which 
the  photoelectric  current  may  be  amplified,  thus  making  the  photo- 
electric cell  more  useful  as  a  photometer,  especially  in  the  region  of  ultra- 
violet light  and  also  for  technical  purposes. 

The  amplification  is  produced  by 
means  of  a  vacuum  tube  with  three 
electrodes,  or  the  audion.     In  order 
to  determine  the  best  potentials  to 
use  in   the  primary  and  secondary 
circuits  it  is  necessary  to  know  the 
characteristic  curves  for  the  audions 
used.    The  characteristic  curves  of 
several    audions    have    been    deter- 
mined by  an  arrangement  of  apparatus 
shown  in  Fig.  i,  which  is  self  explanatory.     If  we  plot  the  grid  potentials 
as  abscissae  and  the  plate  current  as  ordinates,  the  curve  obtained  is 
called  the  characteristic. 

Due  to  the  fact  that  the  plate  current  as  well  as  the  grid  current  was 
so  sensitive  to  small  changes  in  the  temperature  of  the  filament,  it  was 
necessary  to  keep  the  heat- 
ing current  very  constant. 
Large  storage  cells,  well  insu- 
lated from  the  ground,  were 
used  for  this  purpose.  A 
large  resistance  was  placed 
in  the  external  circuit,  so 
that  a  small  variation  in  the 
resistance  of  the  filament 
would  not  affect  the  current 

appreciably.  The  characteristic  curves  of  three  types  of  audions  are  shown 
in  Figs.  3,  4  and  5.  Audion  no.  i  is  an  oscillion  made  by  the  DeForest 
Radio  Telephone  and  Telegraph  Co.    Audion  no.  2  of  Fig.  4  is  a  W-type; 

»  Phys.  Rev.,  Vol.  X.,  No.  2,  p.  205. 
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Audion  no.  3  of  Fig.  5  is  a  V-type  instrument  made  by  the  Western 
Electric  Co.  It  is  noted  that  the  plate  current  in  the  oscillion  reaches 
its  saturation  value  more  abruptly  than  it  does  in  either  of  the  other  two 
instruments.  In  the  oscillion  it  is  necessary  to  heat  the  filament  to 
incandescence  before  the  electrons  are  emitted,  while  in  audion  W  and 
V  the  light  from  the  filament  was  scarcely  visible. 


4t 


■  i 
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Fig.  3. 

Audion  no.  2,  the  W-type  instrument,  was  used  for  the  amplification 
of  the  photoelectric  current,  with  an  arrangement  of  apparatus  shown 
in  Fig.  2.  Twenty-four  volts  were  used  in  the  secondary  circuit  and  a 
hundred  and  twenty-five  volts  in  the  primary.  The  photoelectric  cell 
used  was  a  larger  type  of  those  made  by  Kunz  in  our  laboratory.  With 
125  volts  in  the  primary  circuit,  the  drop  of  potential  inside  the  audion  was 
very  small;  measured  with  an  electrometer  it  was  found  to  be  0.56  volt 
for  nearly  the  highest  intensity  of  light  incident  on  the  photoelectric 
cell.  Since  the  drop  of  potential  between  the  grid  and  filament  is  very 
small  in  comparison  to  that  across  the  terminals  of  the  photoelectric 
cell,  the  photoelectric  current  is  very  nearly  equal  to  what  it  would  be 
if  the  audion  were  out  of  the  circuit.  The  curve  giving  the  relation  be- 
tween the  intensity  of  light  and  the  photoelectric  current  is  shown  in 
Fig.  6.  It  is  unfortunately  not  a  straight  line.  If  this  were  a  straight 
line  and  if  the  portion  of  the  characteristic  curve  of  the  audion,  used  for 
the  amplification,  were  straight,  then  we  would  expect  a  straight  line 
relation  between  the  intensity  of  light  and  the  amplified  current,  and 
the  amplification  12/^1,  the  ratio  of  the  secondary  to  the  primary  current 
would  be  constant,  represented  by  a  straight  line  parallel  to  the  hori- 


I04 


CARL  ELI  PIKE, 


I 


Sboomd 


fc.^r 


^# 


u^ 


m 


m 


m 


m 


\ 


ti 


t 


M  - 


^^^^</;»^^ 


'I 


Fig.  4. 


so 


M 


V 


it 


Si 


v/ 


10 


%» 


t 


^ 


i 

^ 


«^  -•         Oil         3         «        1        <         7        t         5        S       •        < 

Fig.  5. 


Vol.  XIII.1 
No.  3.        J 


AMPLIFICATION  OP  PHOTOELECTRIC  CURRENT, 


105 


zontal  axis  of  Fig.  7.  Instead  of  this  straight  line,  the  curve  of  Fig.  7 
has  been  obtained  for  intensities  varying  from  3  to  30  candle  meters. 
For  the  highest  intensity  the  amplification  is  about  1750,  for  the  smallest 


/f 


/* 


> 


^#-^ 


Fig.  6. 

intensity  it  is  over  5,000;  above  an  amplification  of  4,000  the  points  ap- 
pear somewhat  scattered  around  the  curve,  but  this  was  only  so  because 
the  primary  current  deflections  of  the  Leeds  and  Northrup  galvanometer, 
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Fig.  7. 


G\  (with  a  figure  of  merit  3.74-10"'  for  the  scale  distance  used),  were 
very  small.  If  the  primary  or  photoelectric  current  i  is  zero,  there  is 
already  a  large  current  through  the  secondary  galvanometer  with  a 
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figure  of  merit  2.9 •io~*.  It  goes  without  saying  that  this  "dark"  cur- 
rent was  subtracted  from  that  current  which  was  obtained  in  the  galvan- 
ometer, Git  when  the  photoelectric  cell  was  under  the  action  of  light. 
The  difference  between  the  two  deflections  was  proportional  to  the  cur- 
rent 12.  The  deflections  of  the  galvanometers  were  very  steady  and  could 
easily  be  repeated.  Table  I.  gives  the  data  that  have  been  plotted  in 
Fig.  7.  A  satisfactory  theory  of  the  audion,  based  upon  the  motion, 
accumulation  and  absorption  of  electrons  has  not  yet  been  given.  The 
current  amplification  can  therefore  not  yet  be  determined  theoretically. 
But  we  can  find  a  simple  expression  for  the  amplification,  namely, 
i^/ii  in  the  following  way,  which  involves  only  Ohm's  law  and  the  experi- 
mental relation  between  the  plate  current  and  the  grid  potential;  as  long 
as  we  restrict  the  amplification  to  the  straight  portion  of  the  character- 
istic 1*2  =  Cpi,  we  get  the  following  equations. 


n  = 


El 


Pi 

Ro  -\-  Ri      Ri 


H  = 


£2 


R%  -|-  J?8      R% 


—  'W  =  Cpi  =  CiiRu 


ii 

The  amplification  is  therefore  constant  if  C  and  Ri  are  constants,  that  is, 
if  the  straight  part  of  the  characteristic  is  used  and  if  the  resistance  Ri  be- 
tween  the  filament  and  the 


i.|.|.|.|.|.|.|.|.|.f.|.|.|./.|.|.|.|.i 


grid  is  constant.  For  large 
amplifications  C  and  Ri  have 
to  be  large. 

A  different  principle  has 
recently  been  indicated  by  A. 
W.  Hull,i  of  the  General 
Electric  Company,  for  the 
amplification  of  small  cur- 
rents. By  a  proper  choice 
of  the  potentials,  the  electrons  emitted  from  the  incandescent  filament 
pass  through  the  grid  and  strike  the  plate  where  they  are  reflected. 
A  system  of  this  kind,  shown  in  Fig.  8,  presents  a  negative  resistance 
r  between  the  points  a  and  b.  If  we  place  a  photo-electric  cell  with  the 
positive  resistance  Rq  in  parallel  with  r,  then  we  get; 


Fig.  8. 


1  p.  I.  R.  E..  February,  19 18. 
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Table  I. 


Increase  in  du 

it  Amperes. 

di. 

n  Amperes. 

Amplification. 

Intensity  in 
Candle  Meters. 

73.5 

213.0  X  10-» 

35.0 

131.0  X  10-» 

1600 

33.0 

64.8 

188.0 

23.5 

87.7 

2100 

24.0 

56.5 

164.0 

17.0 

63.5 

2600 

18.5 

49.0 

142.0 

12.9 

48.2 

2900 

14.8 

41.0 

119.0 

10.0 

37.4 

3270 

12.0 

35.5 

101.5 

8.1 

30.2 

3400 

9.9 

31.4 

91.0 

6.8 

25.4 

3570 

8.3 

28.0 

81.2 

5.7 

21.3 

3800 

7.1 

23.8 

69.0 

4.8 

17.9 

3840 

6.1 

22.5 

65.2 

4.1 

15.3 

4250 

5.3 

19.5 

56.6 

3.5 

13.1 

4320 

4.7 

17.5 

50.7 

3.1 

11.6 

4370 

4.2 

16.5 

47.8 

2.8 

10.5 

4570 

3.7 

15.1 

43.7 

2.5 

9.4 

4680 

3.3 

13.0 

37.7 

2.1 

7.9 

4800 

3.0 

12.0 

34.8 

1.9 

7.1 

4890 

2.7 

10.9 

31.6 

1.8 

6.7 

4720 

2.5 

11.5 

33.3 

1.7 

6.4 

5100 

2.3 

10.0 

29.0 

1.6 

6.0 

4840 

2.1 

10.0 

29.0 

1.5 

5.6 

5200 

1.9 

"W"  t3rpe  audion,  no.  a.  Lamp  current,  3.75  amperes;  candle  power,  3.0.  Heating 
current,  0.665  amperes.  B*  equaled  135  volts.  B*  equaled  25  volts.  Figure  of  merit  of  G^ 
3.74  X  io~».  Figure  of  merit  of  G*  3.9  X  lO"'  when  shunted  with  1.7  ohm  resistance. 
Ratio  of  figure  of  merit  of  G*  to  that  of  G»  equaled  775. 


and 


.       E       .       E 


hence  the  amplification 


may  be  made  very  large  by  making  r  and  Ro  nearly  equal  in  absolute 
values. 

One  application  of  the  amplification  of  photoelectric  currents  in  wire- 
less telegraphy  may  be  pointed  out.  J.  Kunz  and  J.  Kemp^  have  at 
first  used  the  photoelectric  cell  as  receiver  in  wireless  telegraphy.  Their 
method  has  been  modified  by  H.  Behnken*  who  showed  that  the 
photoelectric  cell  with  a  string  electrometer  forms  a  constant  detector  of 
high  sensitiveness,  especially  useful  for  photographic  registrations.    With 

*  Jahrbuch  d.  drahtlosen  Telegraphic,  6,  405,  19 13. 

*  Verhdlg  d.  deutschen  phys.  Ges..  16,  p.  668,  1914. 
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the  amplification  of  the  weak  currents  here  involved  it  should  be  possible 
to  increase  the  usefulness  of  the  photoelectric  detector.  *  It  was  intended 
to  continue  this  investigation  with  ultra-violet  and  interrupted  light, 
with  alternating  currents,  and  with  a  differential  galvanometer  in  the 
secondary  circuit. 

Summary. 

It  has  been  shown  that  photoelectric  currents  can  be  amplified  by 
means  of  the  audion  from  i,6oo  to  5,000  times.  The  weaker  the  light 
the  smaller  the  primary  photoelectric  current  and  the  larger  the  ampli- 
fication. With  different  audions  amplifications  of  18,000  have  been 
obtained. 

In  conclusion  the  writer  wishes  to  express  his  appreciation  to  Jakob 
Kunz  for  suggesting  the  problem  and  directing  the  work. 

Laboratory  of  Physics, 
University  of  Illinois, 
October,  19 18. 
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THE  EMISSION  AND  ABSORPTION   OF   PHOTOELECTRONS 

BY  PLATINUM  AND  SILVER.' 

By  Otto  Stuhlman,  Jr. 

A  S  the  result  of  light  passing  through  very  thin  metal  foil,  photoelec- 
^~^  trons  will  be  emitted  from  both  sides  of  the  metal  simultaneously. 
Since  it  will  be  necessary  to  distinguish  between  those  electrons  which 
are  liberated  from  the  side  upon  which  the  light  is  incident  and  those 
that  come  from  the  side  from  which  the  light  emerges,  we  shall  refer  to 
them  as  ** incidence*'  and  ''emergence"  rays  respectively. 

It  was  hoped  that  some  relations  could  be  established  between  the 
atomic  properties  of  metals  and  their  photoelectric  emissivity.  Secondly 
to  establish  the  magnitude  of  the  coefficient  of  absorption  of  the  electrons 
as  a  function  of  their  speed  and  atomic  properties  of  the  metal  in  which 
the  absorption  was  to  take  place.  Finally  to  use  the  above  information, 
if  adequate,  to  throw  some  light  on  the  structure  of  the  atom. 

All  previous  work  by  the  writer  and  other  investigators*  who  have 
been  interested  in  the  photoelectric  properties  of  very  thin  metallic  foil, 
or  still  thinner  and  transparent  films  of  metal  was  undertaken  with  cath- 
ode deposited  films  supported  by  quartz. 

The  photoelectric  currents  and  velocity  investigations  were,  however, 
found  to  depend  too  much  upon  the  previous  history  of  the  cathode  and 
the  potential  gradient  under  which  the  cathodic  deposit  had  been  made 
to  warrant  any  quantitative  conclusions. 

Thus  in  many  cases,  as  in  those  investigations  by  the  writer  and  K.  T. 
Compton,  both  the  magnitude  of  the  current  and  the  velocity  of  emission 
of  the  electrons  could  be  altered  at  will,  depending  upon  the  impurities 
that  are  present  through  occlusion,  in  the  cathode.  The  most  serious 
difficulty,  however,  was  found  in  mounting  the  very  thin  transparent  films 
in  such  a  way  as  to  insure  perfect  electrical  contact.  These  sources  of 
error  were  so  great  that  no  quantitative  conclusions  could  be  drawn 
from  the  data  at  that  time. 

*  Presented  at  the  Amer.  Phys.  Soc.  meeting,  December  27,  191 7. 

*  Stuhlman,  Phil.  Mag.,  20,  p.  331,  1910;  22,  p.  854,  1911;  Phys.  Rev..  4,  p.  195.  1914. 
Stuhlman  and  Compton,  Phys.  Rev.,  2,  Sept.,  1913.  Kleeman,  Proc.  Roy.  Soc.,  84,  p.  92. 
1910.  Robinson,  Phil.  Mag.,  23,  p.  542,  1912;  p.  115,  1913;  V.,  32,  p.  421.  1916.  Werner, 
Ark.  Mat.  Ast.  Fys.,  8,  No.  27,  p.  i,  1913.  Partzsh  and  Hallwachs.  Annalen  XL!.,  p.  247, 
1913.     Compton  and  Roes.  Phys.  Rev..  9,  p.  559,  19 17. 
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In  the  present  work  it  was  found  necessary  to  investigate  metallic 
films  of  Jess  than  lO""'  cm.  in  thickness  with  a  degree  of  accuracy  much 
beyond  that  heretofore  attained  in  the  above  experiments.  It  was 
necessary  to  provide  films  of  extreme  purity  and  make  electrical  contact 
with  them  which  would  exclude  the  errors  introduced  through  direct 
contact  clamping  between  these  very  thin  films  and  their  supports  lead- 
ing to  the  electrometer.  Heretofore  successive  thicknesses  of  films  were 
produced  either  through  successive  additions  of  metal  to  an  initial  thin 
film,  or  successive  plates  were  covered  with  various  thicknesses  and  then 
separately  investigated.  This  necessitated  the  investigation  of  many 
films  of  varying  thickness  deposited  on  the  assumption  that  a  linear  re- 
lation existed  between  time  of  sputtering,  and  thickness  of  metal  depos- 
ited. To  attain  this  experimental  linear  relation  by  keeping  the  work- 
ing conditions  constant  enough  in  the  cathode-deposi ting-chamber  through 
control  of  vacuum  and  cathode  fall  is  itself  quite  a  difficult  undertaking. 

Transparent  Metallic  Wedges  were  Deposited. 

In  order  to  obviate  the  necessity  of  examining  a  large  number  of  trans- 
parent films  of  successive  increasing  thickness,  or  of  examining  one  film 
which  had  been  built  up  of  successive  layers  which  had  been  photoelec- 
trically  fatigued  through  long  use,  the  feasibility  of  substituting  a  trans- 
parent or  semi-transparent  metallic  wedge  was  considered. 

The  deposition  of  such  a  wedge  by  an  electrolytic  method  was  however 
rejected.  The  difficulties  of  this  method  of  deposition  may  be  appre- 
ciated since  we  learn  from  Kundt's^  well-known  experiments  on  the  opti- 
cal constants  of  metals,  that  out  of  several  thousand  attempts  only  a 
score  of  wedges  were  produced  which  were  sufficiently  perfect  to  warrant 
investigation.  A  further  objection  however  arises.  A  chemically  de- 
posited metal  would  contain  impurities  through  occlusion  of  ihe  electro- 
lyte with  the  subsequent  formation  of  polarized  electrical  double  layers, 
which  may  become  so  prominent  as  to  prevent  all  electronic  emission. 

A  metallic  wedge  deposited  by  evaporation  in  vacuo  from  a  fine  wire, 
heated  to  luminescence,  was  eventually  found  to  meet  the  above  require- 
ments and  objections. 

The  method^  essentially  consists  of  a  wire,  heated  to  incandescence 
by  means  of  an  electric  current,  while  the  quartz  plate  upon  which  the 
wedge  is  to  be  deposited  is  placed  below  and  to  one  side  of  it.  If  the 
whole  is  now  placed  in  vacuo,  the  metal  will  vaporize  and  condense  upon 
the  quartz  surface  and  surrounding  objects. 

»  See  Kajrser  Handbuch  der  Spectroscopic,  IV.  Band.  p.  54a. 

*  Stuhlman.  Presented  before  the  Amer.  Phys.  Soc.,  New  York  meeting,  December,  1916. 
Also  Jour.  Optical  Soc.  of  Amer.,  V.,  i,  p.  78,  191 7. 
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Under  similar  conditions  Langmuir^  has  shown  that  th'e  rate  of  evapor- 
ation tn  of  an  incandescent  body  is  expressed  by  the  relation 


/    M 

where  M  is  the  molecular  weight  of  the  vapor  and  p  its  vapor  pressure. 
He  has  also  shown  that  no  reflection  of  molecules  of  the  metal  takes 
place  at  the  surface  upon  which  they  initially  strike,  unless  the  surface 
is  so  hot  as  to  cause  reevaporation.  Under  the  above  conditions  we  can 
therefore  conclude  that  the  total  amount  condensed  per  second  is  equal 
to  the  loss  per  second  which  the  wire  undergoes  through  evaporation. 

Hence  given  a  wire  whose  cross-sectional  area  is  small  compared  with 
its  distance  above  the  plane,  over  which  it  is  placed  horizontally,  it  may 
be  treated  as  a  linear  source  which  is  sending  out  metallic  vapor  in  all 
directions  at  right  angles  to  its  surface.  Since  no  reflection  takes  place 
from  the  horizontal  plane  under  the  working  conditions,  then  dm/2v  can 
represent  the  amount  of  evaporated  metal  passing  through  unit  angle 
per  second  and  subsequently  condensed  from  a  length  dl  of  wire.  Let 
the  wire  be  stretched  parallel  to  and  at  a  height  h  cm.  above  the  hori- 
zontal plane  in  which  the  quartz  plate  is  placed,  upon  which  the  depo- 
sition is  to  form.  After  n  seconds  let  k  represent  the  thickness  of  the 
metal  condensed  on  the  plane  just  below  the  wire.  The  flux  per  second 
of  metal  through  an  angle  dd  condensing  just  below  the  wire  producing 

this  thickness  /o  is  then 

dtn 
hhde  =  —  dd. 

The  simultaneous  condensation  at  any  other  point  in  the  plane  at  a  per- 
pendicular distance  r  from  the  wire  is  given  by 

dm  ^ 
tnds  =  — de, 

2t 


Since 


Urdd 

hhde  =  tnds  = 

cos  6 


^*»   ~   1.2     l_  ^2  »  W 


it  follows  that  the  thickness  of  deposit  at  any  point  in  the  plane  is 

h^  +  x' 

where  x  represents  the  distance  of  the  point  n  from  the  foot  of  the  per- 
pendicular h  let  fall  from  the  wire  to  the  plane.  If  we  set  A  =  2a  and 
in  =  y  the  equation  reduces  to  the  well-known  curve 

»  Phys.  Rbv.,  v..  2,  p.  340,  I9I3' 
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ISsamD 


8a» 


y  = 


x^  +  4a^' 


(2) 


the  **  Witch  of  Agnesi,"  so  that  a  section  through  the  solid  deposit  formed 
from  an  evaporating  wire,  at  constant  temperature,  with  vacuum  at 
constant  pressure  can  be  represented  by  the  above  curve.  The  deposit 
just  below  the  wire  is  however  not  a  wedge.  It  has  a  pronounced  curva- 
ture concave  downward,  followed  by  a  curvature  concave  upward.  Fur- 
ther along,  that  is  for  the  values  of  x  ten  times  larger  than  values  of  y, 
the  curve  approaches  a  straight  line.  It  was  in  this  region  that  the  quartz 
plate  was  placed,  which  was  to  receive  the  metal,  where  the  deposit  would 
approach  nearest  to  the  desired  form  of  a  true  wedge. 


Apparatus  used  to  Deposit  Wedges. 

Fig.  I  shows  a  diagrammatic  representation  of  the  apparatus.  Al- 
though originally^  designed  to  make  interferometer  or  opaque  mirrors 
of  uniform  texture  and  optical  purity,  it  was  found  to  answer  the  re- 
quirements for  the  present  purpose.     The  working  parts  are  mounted 

on  a  thick  plate  of  rolled  brass, 
grooved  to  hold  the  bell  jar  BJ. 
Hard  sealing  wax  floated  in  this  groove 
formed  the  seal  for  the  vacuum  which 
was  maintained  by  means  of  a  Gaede 
rotary  mercury  pump.  The  carriage 
HE  supports  the  incandescent  wire. 
At  H  the  wire  is  attached  to  a  screw 
at  the  top  of  the  rod  connecting  the 
two  wheels,  from  where  it  passes 
down  and  then  through  a  large  hole  in 
the  rod  between  the  wheels,  then 
across  through  a  similar  hole  in  the 
rod  at  E,  thence  to  the  spring  brass 
hook,  E,  This  spring  hook  supplies 
the  necessary  tension  to  the  wire. 
Upon  heating  the  wire,  it  expands 
and  the  slack  is  further  taken  up  by 
the  spring  in  the  hook.  For  the  heat- 
ing current  a  no- volt  alternating  current  was  used.  The  quartz  plate 
was  placed  in  the  plane  P  below  and  to  one  side  of  the  wire. 


Fig.  1. 


*  Read  as  a  paper  before  the  Amer.  Phys.  Soc.,  New  York,  December,  1916.     Jour.  Optical 
Soc.,  v.,  I,  p.  78,  1917. 
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The  heating-current  enters  the  base  plate  at  the  binding  post  to  the 
right.  It  then  passes  into  the  metallic  track  at  H  which  is  screwed  to 
the  base  plate.  From  here  it  passes  through  the  left  side  of  the  carriage, 
thence  through  the  wire  across  to  E  into  the  right-hand  track.  This 
track  is  insulated  from  the  base-plate  by  means  of  two  fiber  L-shaped 
supports.  The  current  passes  from  this  insulated  track  through  the 
rod  B  back  to  the  battery.  The  rod  B  passes  through  a  hole  in  the 
base-plate  and  is  sealed  in  place  with  hard  red  sealing  wax,  which  serves 
to  insulate  it  from  the  plate  and  at  the  same  time  makes  the  opening 
air  tight. 

To  prevent  the  carriage  supports  from  short  circuiting  the  glowing 
wire,  they  are  separated  by  hard  fiber  rods.  This  joint  F  was  then  cov- 
ered with  a  tight-fitting  glass  tube  extending  one  centimeter  beyond  each 
end  of  the  fiber  insulation.  This  prevented  the  fiber  from  being  coated 
with  a  metallic  deposit  which  would  otherwise  short  circuit  the  glowing 
wire.  In  order  to  shift  the  carriage  it  was  necessary  to  have  a  mechanical 
control  outside  of  the  apparatus.  (A  magnetic  control  would  be  simpler 
for  the  present  purpose.)  It  was  supplied  by  means  of  a  small  crank 
which  passed  through  a  ground  glass  stopper  sealed  in  the  tube  at  R. 
This  crank  turned  the  horizontal  V-grooved  wheel  A^  around  which 
passed  a  belt  to  the  small  wheel  Q,  from  where  it  passed  to  a  hook  on  the 
carriage  at  F,  The  other  end  of  the  belt  passed  over  a  similar  wheel  at 
Q'  and  thence  to  a  similar  hook  on  the  other  side  of  the  carriage.  By 
turning  the  crank  i?,  the  carriage  and  wire  could  be  rolled  to  any  position 
above  the  plane  P  which  contained  the  quartz  plate  upon  which  the  met- 
allic wedge  is  deposited. 

In  order  to  insure  a  very  pure  deposit  it  was  found  necessary  to  acid 
clean  the  wire  thoroughly.  It  was  then  mounted  and  heated  in  vacuo, 
but  not  so  high  as  to  produce  evaporation.  This  removed  most  of  the 
occluded  gases  and  such  impurities  which  would  otherwise  have  been 
condensed  on  the  quartz  plate.  The  wire  is  now  set  at  the  proper  dis- 
tance from  the  quartz  plate  and  allowed  to  vaporize  until  the  desired 
thickness  of  metal  has  been  attained. 

A  metallic  deposit  condensed  as  outlined  above,  was  first  examined  for 
change  in  thickness  as  the  distance  from  the  wire  increased ;  with  a  view 
of  ascertaining  how  near  photometric  measurements  could  determine 
changes  in  thickness.  A  glass  microscope  slide  10  X  i  cm.  was  placed 
directly  beneath  and  i  cm.  below  the  wire  and  the  metal  was  deposited 
until  the  region  just  below  the  wire  was  opaque.  The  deposit  was  next 
examined  by  means  of  a  microphotometer  with  unresolved  light  from  a 
tungsten  filament  lamp.    A  beam  i  X  10  mm.  was  directed  normally  on 
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the  metallic  side  and  after  passing  through  the  wedge  was  focussed  on  a 
linear  thermopile  in  vacuo.  The  throw  of  a  ballistic  galvanometer  in 
series  was  used  to  measure  the  current,  which  was  assumed  to  indicate, 
in  a  rough  way,  the  change  in  thickness  of  the  wedge  as  successive  milli- 
meter portions  were  passed  before  the  slit  of  the  thermopile.*  No  quan- 
titative conclusions  were  expected  from  these  data  due  to  the  change  in 
the  optical  constants  with  change  in  thickness  of  the  film. 


Fig.  2. 

These  more  or  less  approximate  results  are  shown  in  the  lower  curve 
of  Fig.  2.  The  agreement  between  the  observations  as  recorded  and  the 
theoretical  equation  y  =  Sa*/(x^  +  4a*)  plotted,  as  a  full  line,  are  as  close 
as  might  be  expected   under  the  circumstances. 

In  order  to  determine  how  near  to  the  wire  the  best  approach  to  a  true 
wedge  could  be  expected,  the  following  graphical  method  was  resorted  to. 
The  theoretical  curve  was  plotted  on  large  scale  coordinate  paper  and 
that  part  of  the  curve  chosen  which  fitted  nearest  to  a  straight  line  within 
an  average  of  five  per  cent.  The  upper  graph  in  Fig.  2  shows  the  por- 
tion of  the  curve  chosen.  The  solid  line  represents  values  computed 
from  the  theoretical  equation,  for  the  thick  end  of  the  wedge  at  a  distance 
of  four  centimeters  from  the  foot  of  the  normal  let  fall  from  the  wire  to 
the  plane.  The  broken  graph  is  a  straight  line  drawn  through  the  aver- 
age value  of  the  points.  Although  the  metal  deposited  at  this  distance 
from  the  wire  has  a  slightly  concave  surface,  yet  it  approaches  a  straight 

*  I  am  indebted  to  Dr.  Ives,  of  the  United  Gas  Improvement  Co.,  Pliiladelphia,  for  the 
use  of  this  apparatus,  and  to  Dr.  Eckhardt  for  assistance  with  these  observations. 
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line  wedge  with  not  more  than  a  maximum  of  five  per  cent,  variation  at 
any  point.     This  five  per  cent,  error,  contributed  by  the  straight  line  as- 
sumption, is  within  the  error  of  observation  contributed  by  the  subse- 
quent photoelectric  current  measurements. 
The  metallic  wedges  investigated  in  this  paper  were  all  deposited  in 

this  region. 

The  Wedges. 

The  metals  investigated  were  platinum  and  silver.  They  were  depos- 
ited from  chemically  pure  wires  .043  cm.  in  diameter.  The  wire  was  12 
cm.  above  the  plane  which  contained  a  2.5  X  i.o  X  o.i  cm.  quartz  plate 
placed  four  centimeters  away  from,  with  its  narrow  side  parallel  to,  the 
incandescent  wire. 

The  platinum  wedges,  when  examined  by  reflected  light,  showed  for 
the  opaque  deposit  at  the  edge  nearest  to  the  glowing  wire,  the  charac- 
teristic metallic  lustre  of  the  metal.  Semi-opaque  thicknesses  trans- 
mitted red  light  and  reflected  blue.  As  the  thickness  decreased  the  re- 
flected light  changed  from  blue  to  brown,  to  yellow,  to  blue  and  at  the 
very  thinnest  end  to  indigo.  The  colors  of  the  transmitted  light  for  the 
same  thicknesses  were  gray  brown,  greenish  blue  and  reddish  brown. 

Silver  wedges  which  were  opaque  at  one  end  and  shaded  to  zero  thick- 
ness at  the  other  end  in  4  cm.  of  length  showed  the  following  variation  in 
color.  Deep  violet  was  transmitted  through  the  nearly  opaque  thicker 
end,  shading  into  violet,  blue,  light  blue,  deep  blue,  purple,  red,  brown 
and  into  yellow  at  its  thinnest  end.  The  corresponding  points  when 
viewed  by  reflected  light  showed  at  the  opaque  end  the  metallic  luster  of 
silver  followed  by  deep  green,  green,  green  blue,  red  green,  red,  blue  red, 
blue  and  a  lighter  blue  at  its  thinnest  end. 

An  absorption  band  might  hence  be  expected  to  exist  in  the  green 
part  of  the  spectrum  about  X  4500.  An  absorption  spectrum  photograph 
obtained  by  means  of  a  Hilger  monochromatic  illuminator  through  one 
of  the  silver  wedges,  showed  a  continuous  gradually  increasing  absorp- 
tion through  the  red  and  yellow,  terminating  at  about  X  5300,  from  here  a 
weak  broad  green  blue  absorption  band  exists  terminating  at  about  X  4000 
from  where  the  absorption  again  drops  off^  regularly  into  the  violet  but 
at  a  greater  rate  than  the  ascent  in  the  red  end. 

While  the  thick  and  nearly  opaque  ends  of  some  of  the  platinum  wedges 
are  transparent  to  red  light  (in  fact  the  glowing  filament  of  a  tungsten 
lamp  was  visible  through  the  thick  end  as  a  brilliant  red  image) ;  the  thick 
or  nearly  opaque  end  of  the  silver  wedge  showed  the  same  filament  as  an 
indigo-blue  image.  Showing  that  the  shorter  wave-lengths  penetrate 
further  into  a  silver  surface  than  into  platinum.    What  evidence  the 
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photoelectric  observations  throw  on  this  topic  will  be  discussed  in  a 
separate  chapter. 

The  Arrangement  of  the  Apparatus. 
The  metallic  wedge  (l  X  2.5  cm.)  supported  by  the  quartz  plate  is 
shown  in  Fig.  3  as  Q.  It  was  mounted  with  the  thick  end  of  the  wedge 
attached  to  the  brass  holder  E.  A  counter- 
sunk screw  pressed  the  metal-covered  side- 
of  the  quartz  plate  rigidly  against  the  op- 
posite facet  of  the  clamp  at  E.  This  clamp 
was  screwed  to  a  rod  ending  in  a  rack  B, 
*hich  slid  under  V-shaped  grooves  in  the 
fixture  A.  The  pinion  N  engaging  the 
rack,  pushed  the  wedge  into  any  desired 
position  with  respect  to  the  beam  of  light 
T  which  was  used  to  excite  the  photoelec- 
tric phenomena.  The  position  with  re- 
spect to  the  illumination  was  indicated  on 
the  steel  millimeter  scale  5  fastened  to  the 
hxture  at  -4.  This  motion  of  the  wedge  al- 
lowed one  to  expose  successively  increas- 
ing or  decreasing  thickness  of  the  metal  to 
the  beam  of  ultra-violet  monochromatic 
illumination  passing  through  a  Hilger 
Monochromatic  Illuminator  placed  in  front  of  the  slit  J?.  A  iio-volt 
Cooper  Hewitt  quartz  mercury  arc  running  under  constant  power 
supplied  the  illumination.  The  slit  at  Rwas  so  adjusted  that  a  clear 
cut  image  8  mm.  long  and  0.23  mm.  wide  fell  on  the  quartz  plate  at 
T.  The  degree  of  sharpness  of  the  image  and  its  position  was  at  all 
times  controlled  by  means  of  a  fluorescent  plate  which  could  be  sub- 
stituted for  Q  and  by  means  of  a  fluoroscope  eye  piece  placed  at  0.  The 
photoelectric  chamber  D  is  an  oxidized  copper  cylinder  covered  with 
camphor  soot  whose  photoelectric  constants  were  well  known,  having 
been  repeatedly  used  in  former  experiments.  This  cylinder  D  was 
mounted  coaxially  with  the  outer  brass  casing  P.  It  was  connected  as 
shown,  to  an  electrometer  after  passing  through  the  hard  sealing  wax 
support  at  P.  The  electrometer  showed  a  consistent  sensibility  of  1,220 
divisions  per  volt  which  did  not  vary  more  than  1.3  per  cent,  during  the 
course  of  the  experiments. 

The  present  method  differs  fundamentally  from  previous  measure- 
ments on  thin  metal  films  in  so  far  as  photoelectric  current  can  be  mea- 
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sured  from  one  film,  possessing  various  thicknesses  and  having  the  same 
history  of  production  and  ageing.  An  additional  improvement  consists 
in  being  able  to  examine  the  very  thinnest  film  without  introducing  spe- 
cial appliances  or  precautions  for  electrical  contact.  It  also  allows  one 
to  measure  the  thickness  of  the  very  thin  films  to  a  greater  degree  of 
accuracy  through  extrapolation  from  the  thicker  films,  which  in  turn 
lend  themselves  more  easily  to  accurate  measurements. 

The  wedge  was  exposed  at  millimeter  intervals  through  its  entire 
length.  The  present  paper  deals  with  the  photoelectric  current  obtained 
from  such  a  wedge  when  the  metal  side  faced  away  from  the  light.  Under 
these  conditions  the  illumination  was  allowed  to  fall  under  normal  inci- 
dence on  the  quartz  side  of  the  plate,  it  then  passed  through  the  trans- 
ition layer  quartz-metal  and  liberated  photoelectrons  in  the  metal.  The 
electrons  leaving  the  metal  under  these  conditions  are  classified  as  "emer- 
gence." To  measure  the  ''incidence"  effect  all  that  was  necessary  was 
to  rotate  the  superstructure  in  the  groove  C  through  i8o°  and  repeat  the 
measurements  for  thicknesses  as  relatively  determined  by  the  scale  S. 

Film  Thickness. 

The  determination  of  the  thickness  of  the  film  contributed  the  largest 
error  to  the  final  results.  Optical  methods  as  developed  by  Wiener^ 
were  given  up  as  too  unreliable.  A  very  promising  method,  though  not 
used  on  the  data  presented  below,  and  especially  adaptable  to  silver  films, 
is  that  in  which  the  silver  film  is  locally  converted  into  silver  iodide  by 
means  of  the  proximity  of  a  minute  piece  of  iodine.  A  convex  lens  placed 
upon  the  resulting  hump  allows  one  to  use  the  Newtonian  ring  interfer- 
ence method  for  computing  the  thickness  of  the  hump  and  from  it  a  value 
of  the  thickness  of  the  original  silver. 

Here  either  mechanical  or  electrical  methods  were  resorted  to.  As  in 
the  case  of  platinum,  when  the  specific  resistance  of  the  material  is  known 
in  terms  of  thickness,*  it  was  found  feasible  to  determine  the  thickness 
at  several  points  along  the  wedge  by  using  the  following  indirect  method. 

A  quartz  plate,  similar  in  size  to  the  one  upon  which  a  wedge  was  de- 
posited, was  covered  with  a  uniform  film,  of  thickness  comparable  to  the 
thick  end  of  the  wedges.  This  uniform  film  can  be  deposited  in  the  ap- 
paratus discussed  above  by  simply  moving  the  carriage,  supporting  the 
incandescent  wire,  back  and  forth  across  the  plate  with  uniform  speed. 
After  attaining  its  equilibrium  value  the  film  was  examined  for  its  spe- 

» Wied.  Aimalen,  V.,  31,  p.  629,  1887. 

•Patterson.  Phil.  Mag.,  IV.,  p.  663,  1902.  Longden,  Phys.  Rev.,' II.,  p.  40,  1900.  I. 
Stone,  Phys.  Rev..  VI.,  p.  i,  1898. 
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cific  resistance.  This  resistance  data  could  be  used  to  compute  its  thick- 
ness. A  photoelectric  examination  of  this  uniform  surface  made  under 
similar  conditions  as  existed  when  the  wedge  was  investigated,  determined 
the  thickness  of  that  part  of  the  wedge  which  showed  an  equal  photo- 
electric current. 

When  the  thickness  of  the  plane  film  was  large  enough,  the  above 
method  was  checked  by  direct  weighing.  The  plane  silver  films  could 
be  changed  to  the  iodide  form,  and  then  weighed,  and  from  these  results 
the  thickness  can  be  computed.^ 

Emergence  Photoelectric  Current  Observations. 

The  photoelectric  currents  for  wave-lengths  2260,  2301,  2536  and  3131 
were  obtained  for  platinum  and  silver  with  variations  in  thickness  of 
the  metal  exposed.    Since  the  various  spectral  lines  are  not  of  equal 
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intensity  the  observations  were  reduced  to  represent  current  per  unit 
incident  light  intensity,  by  dividing  the  number  of  electrons  liberated 
per  unit  time  by  the  energy  of  the  light  of  the  corresponding  wave-length. 

^  Quinicke,  Pogg.  Ann.,  129,  p.  178,  186  . 
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The  ordtnates  thus  plotted  in  subsequent  curves  represent  the  relative 
number  of  electrons  liberated  in  unit  time  by  a  unit  amount  of  light- 
energy  for  the  wave-length  indicated. 

In  the  case  of  platinum  an  attempt  was  made  to  get  some  results  from 
X  3131  but  with  little  success,  since  platinum  is  no  longer  photoelectric 
.sensitive  for  this  wave-leng^.  These  latter  results  are  only  introduced 
for  qualitative  comparison,  and  since  no  light  filter  was  used,  no  doubt 
the  observed  current  was  not  really  due  to  the  excitation  from  this  wave 
length,  but  from  a  somewhat  shorter  wave-length. 
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Figs.  4  and  5  show  a  typical  set  of  observations  for  each  of  the  metals. 
To  avoid  the  error  that  might  be  introduced  by  photoelectric  fatigue  it 
was  found  necessary  to  prepare  a  separate  wedge  of  metal  for  the  obser- 
vations obtained  for  each  wave-length  examined. 

The  photoelectric  observations  could  be  duplicated  with  a  mean  error 
of  five  per  cent.,  but  since  the  thickness  determinations  possessed  an 
average  error  of  ten  per  cent.,  no  additional  precautions  were  introduced 
into  the  photoelectric  measurements  to  insure  a  greater  accuracy.  The 
constants  computed  from  these  curves  show  a  degree  of  consistency  in 
agreement  with  the  above  errors,  which  serve  as  a  good  check  on  the  ob- 
servational values. 

In  Fig.  4  the  dotted  line  for  X  2536  gives  the  unfatigued  values  of  the 
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photoelectric  current  computed  from  the  solid  fatigued*  curve  just  below 
it.  The  ordinates  of  this  curve  were  obtained  by  increasing  the  observed 
fatigued  values  by  an  amount  experimentally  determinable  and  propor- 
tional to  the  time  elapsing  between  the  removal  of  the  wedge  from  its 
vacuum  chamber  and  its  subsequent  photoelectric  examination. 

The  curves  for  both  metals  have  this  in  common;  all  make  finite  angles, 
with  the  abscissa.  There  is  no  sign  of  inflexion  on  the  ascent  of  the  curve, 
so  that  the  tangent  to  the  curve  at  the  origin  is  more  inclined  to  the  ab- 
scissa than  the  tangent  at  any  other  point.  This  means  that  for  the 
very  thinnest  part  of  the  wedge  (atomic  thickness)  the  photoelectric 
effect  occurring  there  for  any  frequency  of  the  exciting  light,  bears  a 
definite  ratio  to  the  mass  per  square  centimeter  of  the  film.  The  slopes 
of  the  curves  at  the  origin  are  relative  measures  of  the  energy  absorbed 
by  a  film  thickness  comparable  to  the  diameter  of  one  molecule. 

The  curves  can,  for  the  sake  of  discussion,  be  divided  into  two  parts. 
The  initial  rise  which  appears  to  be  a  type  of  saturation  curve,  and  super- 
imposed upon  this  a  second  phenomena  of  a  more  complex  nature  approx- 
imately represented  by  an  exponential  drop  followed  by  a  linear  relation 
ending  in  another  less  rapid  fall. 

These  two  phenomena  will  be  treated  separately  under  the  subject  of 
scattering  and  absorption  of  photoelectrons. 

The  photoelectric  current  is  excited  by  a  monochromatic  beam  of  light 
falling  normally  on  the  metal  surface,  and  if  no  electronic  absorption 
takes  place  the  photoelectric  current  should  be  proportional  to  the  light 
energy  absorbed.  If  the  optical  constants  of  the  metal  do  not  change 
with  change  in  film  thickness  for  the  wave-lengths  used,  it  would  follow 
that  as  the  thickness  of  the  metal  increases  linearly  the  photoelectric 
current  should  increase  exponentially.  This  would  continue  until  a 
thickness  is  attained  beyond  which  the  monochromatic  light  could  no 
longer  penetrate.  This  does  not  however  hold  true.  When  we  measure 
the  emergence  effect,  the  curves  seem  to  indicate  that  the  light  gives  rise 
to  electrons  in  amount  apparently  greater  than  the  amount  of  light  ab- 
sorbed. It  becomes  therefore  necessary  to  determine  the  cause  of  this 
additional  electronic  activity. 

Theory. 

For  the  sake  of  simplicity  let  us  consider  only  those  electrons  which 
leave  the  atom  in  the  emergence  direction,  possessing  energy  proportional 
to  the  frequence  of  the  exciting  light  but  independent  of  the  kind  of  atom 
from  which  they  initially  escape. 

As  the  liberated  electrons  pass  through  successive  layers  of  matter, 


Na"af"^']      EMISSION  AND  ABSORPTION  OP  PHOTOELECTRONS,  121 

let  US  further  assume  for  simplicity  that  they  are  absorbed  according  to 
an  exponential  law. 

If  then  a  beam  of  light  of  frequency  v  strikes  a  metal  film,  and  if  h  is 
the  intensity  penetrating  the  surface  normally,  if  the  intensity  has  fallen 
to  /  after  passing  through  a  thickness  dx,  then 

If  all  of  the  absorbed  energy  is  used  in  liberating  photoelectrons  in  such  a 
way  that  the  energy  absorbed  is  equal  to  the  photoelectric  energy  liber- 
ated then 

/o  -  /  =  /o(i  -  ^-'),  (3) 

where  €  is  a  constant,  denoting  the  rate  of  appearance  of  electrons.  It 
depends  on  the  frequency  of  the  light  used  and  may  be  identified  with 
the  coefficient  of  absorption  of  the  light.  Since  electronic  density  and 
light  intensity  are  proportional  under  these  circumstances,  /o  can  be 
considered  a  variable,  subsequently  to  be  absorbed  exponentially  in  the 
distance  /  —  x.    Then 

dh 

dx 


=  —  a  Jo 


where  a  is  the  coefficient  of  absorption  of  the  electrons  passing  through 
thickness  i  —  x.    The  solution  of  this  relation  is  given  by 

Jo  =  re-^^'-'K 

Since  all  the  electrons  due  to  any  frequency  v  of  the  light  have  the  same 
initial  velocity  and  hence  may  initially  be  considered  a  homogeneous 
beam  coming  from  a  layer  of  metal  between  x  and  x  +  dx,  it  follows  if 
we  assume  that  only  those  electrons  are  considered  that  move  off  in  the 
emergence  direction,  that  the  intensity  of  the  emergence  radiation  is 
proportional  to 

dN  T' 

and 

N^-^ie^^'  -^-•').  (4) 

It  is  seen  that  for  small  thicknesses  the  photoelectric  current  is  propor- 
tional to  the  thickness  or  number  of  atoms  per  cubic  centimeter.  With 
increased  thickness  the  curve  passes  through  a  maximum  when 

C=^log."  (5) 


and  apparently  decreases  exponentially  with  the  intensity  Ve 


'--€< 
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In  order  to  determine  to  what  extent  the  above  curves  check  this  theory 
the  discussion  is  for  convenience  divided  into  two  parts,  the  initial  ab- 
sorption of  light  as  a  function  of  the  thickness  and  the  absorption  of  the 
photoelectrons  as  determined  by  that  part  of  the  curve  showing  the  de- 
crease of  the  photoelectric  effect  with  its  subsequent  disappearance  as 
the  thickness  increases. 

Absorption  of  Light  with  Variation  in  Thickness. 

If  under  the  experimental  conditions  outlined  above,  the  photoelectric 
current  is  represented  for  any  thickness  /,  by  the  relation  /o(i  —  e~*') 
then  this  is  equivalent  to  saying  that  the  intensity  of  the  electronic  radi- 
ation from  a  unit  area  of  the  metal  is  always  proportional  to  the  number 
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of  atoms  present  in  one  cubic  centimeter.  The  values  of  €  therefore  ob- 
tained from  these  curves  would  help  to  determine  the  validity  of  this 
relation.  If  the  number  of  electrons  liberated  are  proportional  to  the 
amount  of  light  absorbed,  and  if  the  metal  film  is  so  thin  that  the  absorp- 
tion of  the  electrons  as  they  pass  through  the  successive  layers  of  mole- 
cules can  be  neglected,  then  successive  similar  layers  of  the  metal  will 
absorb  equal  fractions  of  the  amount  of  light  energy  they  receive,  pro- 
vided no  scattering  takes  place,  and  emit  a  quantity  of  electronic  energy 
which  is  a  measure  of  the  light  energy  absorbed.  Under  these  conditions 
we  can  measure  the  electronic  energy  and  use  it  as  a  measure  of  the  light 
energy  absorbed.     If  then  we  let  €  represent  this  coefficient  as  measured 
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by  the  electronic  results,  /o  the  intensity  of  the  energy  entering  the  slab 
of  material,  I  the  intensity  leaving,  then  /  =-/o«"'*'  where  /  is  the  thick- 
ness of  the  slab.    This  may  be  rewritten  in  the  form 

2.3,     h 
.  =  -logj 

If  now  log  Jo//  is  plotted  against  /,  the  graph  should  be  a  straight  line 
(for  €  constant)  and  €  may  be  determined  from  the  relation  €  =  2.3  X 
slope. 

The  curves  thus  obtained  were  however  not  linear,  they  showed  a  con- 
tinuous decrease  in  the  coefficient  €  (Fig.  6)  as  the  thickness  increased. 
The  coefficients  were  then  computed  from  the  photoelectric  curves  us- 
ing the  relation  €  =  0.693/!)  where  «-"<>•••'  =  0.5  and  D  is  the  thickness 
which  reduces  the  radiation  to  half  value.  Here  i/c  represents  the  dis- 
tance to  which  the  enei^^  penetrates  before  its  intensity  is  reduced  i/e 

of  its  original  value. 

Table  I. 


PUtinnm,  Xaaoi. 

Sil?«r,  Xajoz. 

/. 

«. 

•/. 

/. 

«. 

«/. 

1.40.  MM 

.990  MM"^ 

1.39 

1.70  mm 

.393  ^'^ 

.668 

2.10 

.660 

1.39 

2.54 

.260 

.660 

2.70 

.520 

1.40 

3.30 

.206 

.679 

3.50 

.396 

1.38 

4.25 

.160 

.680 

4.20 

.330 

1.39 

5.00 

.135 

.665 

5.05 

.283 

1.43 

5.77 

.114 

.657 

5.90 

.230 

1.35 

6.90 

.100 

.690 

Table  II. 

Platinum,  X  2536. 


/. 

«. 

«/. 

/loc«. 

2.8  fifi 

.550  tL^^-^ 

.154 

264 

4.2 

.381 

.160 

244 

5.6 

.291 
.247 

.163 

260 

7.0 

.173 

275 

8.4 

.211 

.177 

273 

9.8 

.190 

.186 

273 

11.2 

.176 

.197 

276 

12.6 

.165 

.208 

273 

14.0 

.157 

.216 

271 

The  above  extended  values  give  some  idea  of  the  general  trend  of  the 
results.  From  the  samples  cited  in  Table  I.  it  is  seen  how  very  close 
the  product  €/  approaches  a  constant  for  small  values  of  thickness.    The 
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constancy  of  this  product  was  found  to  hold,  in  the  case  of  both  platinum 
and  silver  for  X2260  and  2301,  so  long  as  the  values  thus  obtained  re- 
mained associated  with  very  small  values  of  /.  When  the  thickness  be- 
came larger  et  no  longer  remained  constant  but  increased  with  increasing 
values  of  /.  A  characteristic  set  of  observations  illustrating  this  condi- 
tion is  cited  in  Table  II.  If  however,  the  relation  /log€  is  computed 
from  the  data  it  is  found  that  this  relation  is  constant  for  large  values 
but  not  for  small  values  of  /.  As  an  example  the  case  of  Pt  X  2536  is 
cited,  the  change  taking  place  at  thickness  7  mm- 

One  characteristic  common  to  all  these  results  is  that  ei  seems  constant 
under  two  circumstances,  either  for  quite  a  range  in  values  of  /  for  large 
values  of  electronic  velocities,  excited  by  means  of  X  2260  or  2301,  or  for 
a  very  short  range  in  the  values  of  /  (about  7  mm)  when  slower  electronic 
velocities  are  used,  as  for  example  those  excited  by  X2536  or  3131. 
Although  the  curve  for  platinum  X  3131  is  shown  in  Fig.  4,  yet  the  coeffi- 
cients calculated  from  this  curve  were  omitted  owing  to  insufficient 
points  on  the  curve  to  determine  its  initial  slope.  In  addition  the  mini- 
mum wave-length  sensibility  for  platinum  is  just  inside  the  wave-length 
used  so  that  the  above  curve  must  have  been  obtained  through  part  of 
the  shorter  wave-lengths  in  the  spectrum  overlapping  this  region.  The 
value  for  silver  X  3 131  has  only  been  introduced  to  show  the  order  of 
magnitude  of  the  value  et. 

Table  III. 

Mean  Values  of  et  «  const,  for  small  values  of  t. 


X. 

Pt. 

Air. 

Ratio. 

2260 

1.41 

.681 

2.07 

2301 

1.39 

.671 

2.07 

2536 

1.61 

.983 

1.64 

3131 

1.80 

Atomic  weights 

195.2 

107.9 

1.82 

A  summary  of  these  results  for  values  of  /  small,  representing  mean 
values  similar  to  the  extended  data  given  above  are  shown  in  Table  III. 
The  last  colunm  gives  the  ratio  of  the  values  for  this  relation.  It  is  of 
the  same  order  of  magnitude  as  the  ratio  of  the  atomic  weights.  We 
might  conclude  that  the  light  energy  absorbed  per  atom,  is  proportional 
to  its  atomic  weight. 

Before  going  into  the  possible  origin  of  the  above  relations  it  may  be 
of  interest  to  examine  the  constancy  of  the  relation  et  further.  The 
values  of  /  were  therefore  plotted  against  values  of  i/c  (Fig.  7).  Under 
these  conditions  one  would  expect  to  get  a  straight  line  whose  slope  would 
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give  a  relative  measure  of  the  absorption  of  the  light  in  passing  through 
a  molecular  layer. 

Since  the  amount  of  light  energy  absorbed  is  proportional  to  the  photo- 
electric energy  liberated  it  follows  that  the  values  of  €  determined  for 
changes  in  thickness,  are  also  measurements  of  the  photoelectric  charac- 
teristics. Under  these  conditions  we  may  view  the  electron  as  liberated 
from  its  parent  atom,  passing  through  successive  layers  of  molecules  be- 
ing deflected  through  collision  with  them  but  never  entering  the  system  of 
the  atom  to  disappear  through  absorption. 


If  therefore  we  consider  two  electrons,  liberated  with  the  same  initial 
velocity,  in  the  two  metals,  we  will  find  after  having  passed  through  equal 
thicknesses  of  metal  that  the  electron  must  have  undergone  a  greater 
energy  change  per  unit  distance  in  passing  through  platinum  than 
through  silver.  This  ratio  is,  within  experimental  error,  the  same  as  the 
ratio  of  the  densities  of  the  two  metals.  This  means  that  if  equal  masses 
are  compared  the  amount  of  energy  scattered  is  the  same  in  the  two  cases. 
A  similar  relation  exists  for  secondary  radiation  produced  by  RSntgen 
rays.^  The  above  results  are  shown  graphically  in  Fig.  7.  In  general 
they  also  seem  to  indicate  that  the  greater  the  velocity  of  separation  of 

>  Barkla,  Phil.  Mag.,  7.  p.  543.  1904. 
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the  electron  from  its  parent  atom,  the  less  the  scattering  of  its  energy 
as  it  passes  through  neighboring  atoms.  The  observations  for  platinum 
X  226  do  not  fall  in  line  with  this  conclusion.  This  exception  can  how- 
ever be  attributed  to  experimental  error.  The  results  for  Ag  X  254  are 
here  omitted  so  as  to  prevent  too  much  crowding  in  the  figure.  The 
results  for  X  226  and  230  lie  so  close  together  that  it  is  impossible  to 
separate  them  in  the  graph,  though  the  actual  results  from  which  the 
curve  is  compiled  show  that  X  230  lies  to  the  left  of  the  results  for  the 
smaller  wave-length. 

If  €  represents  the  fraction  of  the  total  light  energy  lost  through  ab- 
sorption and  reappearing  as  electronic  energy,  in  going  through  a  sheet 
of  metal  of  molecular  thickness  /,  Jo  the  intensity  of  the  beam  entering 
the  sheet  and  /  the  intensity  of  the  beam  leaving  it,  then  i/c  the  intensity 
coming  out  of  the  sheet  is  given  by 

_  =-  =  */,  (6) 

iO  € 

where  jfe  is  a  constant.     From  which  we  get 

/  =  Jod  -  kt).  (7) 

For  larger  values  of  /  under  the  same  circumstances  it  was  found  experi- 
mentally that 

/  log  €  =  const., 
then 

^^  =  '  =  e-'/'.  (8) 

or 

/  =  /o(l  -  ^-/O.  (9) 

These  relations  do  not  however  conform  to  our  simple  theory  advanced 
at  the  beginning  of  the  paper  which  involved  the  assumption  of  an  ex- 
ponential absorption  leading  to  equation  (4). 

Theory  of  Single  and  Compound  Scattering. 

Rutherford*  has  advanced  a  theory  of  single  scattering  which  leads  to 

the  conclusion  that  the  proportion  I/h  of  the  rays  which  remain  unde- 

flected  after  passing  through  a  thickness  /,  when  t  is  small  enough,*  is 

given  by  the  relation 

/  =  /o(l  -  kt). 

A  relation  deduced  from  the  above  experimental  data  for  thicknesses 
less  than  7  mm  (Fig-  6). 

>  Rutherford,  Phil.  Mag.,  V.,  21.  p.  684.  191 1. 
*  Richardson.  Electron  Theory,  p.  496. 
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For  very  small  thicknesses  we  must  therefore  have  electrons  passing 
through  the  metal  film,  colliding  according  to  Rutherford's  hypothesis 
of  "single  scattering"  and  little  or  no  energy  is  contributed  to  the  atom 
through  which  the  electrons  passed.  From  this  it  is  seen  that  the  relation 
between  ///o  and  /  should  be  nearly  linear  in  the  initial  stage,  and  this 
is  found  to  be  the  case  for  all  wave-lengths  for  both  metals  investigated. 

If  however  the  thickness  penetrated  by  the  electrons  becomes  greater 
a  larger  number  of  collisions  necessarily  results,  and  then  the  relation 
t  log  e  =  const  expresses  the  state  of  affairs.  It  seems  as  if  the  electron 
might  be  considered  as  at  first  moving  in  fairly  straight  lines  with  little 
deflection  and  little  or  no  energy  exchange,  but  as  the  penetration  in- 
creases the  deflexions  become  more  numerous  and  violent  resulting  in 
the  rate  of  expenditure  of  energy  increasing  so  rapidly  that  the  electron 
seems  to  come  to  a  sudden  stop. 

This  stage  of  the  process  seems  to  be  equivalent  to  what  Thomson^ 
describes  as  "compound  scattering."  He  showed  that  the  probability 
of  an  average  deflexion  of  an  electron  on  passing  through  a  metal  sheet 
of  thickness  i,  if  less  than  a  given  angle,  is  equal  to  i  —  «"*'*  where  c  is  a 
constant  for  any  particular  substance,  which  under  the  present  experi- 
mental circumstances  means  that  the  proportion  Ijh  of  the  electrons  un- 
deflected  is  given  by  /  =  /o(i  —  «~*'0  a  relation  identical  with  the  empir- 
ical equation  (9). 

The  experimental  arrangement  and  method  therefore  appears  to  ful- 
fill the  requirements  for  single  scattering  when  the  metal  films  are  very 
thin  (less  than  7  mm)*  ^nd  compound  scattering  when  the  metallic  film  is 
thicker  (Fig.  6). 

In  these  experiments  the  angular  opening  <t>  through  which  the  elec- 
trons escape  from  the  film  is  not  varied,  and  if  the  same  metal  be  exam- 
ined so  that  the  absorbing  medium  is  also  kept  the  same  and  the  velocity 
of  the  electrons  varied  through  change  in  wave-length  of  the  illumination 
both  Rutherford's  and  Thomson's  theory  leads  to  the  relation, 

^  =  const.,  (10) 

where  U  is  the  value  of  the  thickness  required  to  cut  down  the  radiation 
to  half  value. 

This  relation  can  be  tested  with  film  thicknesses  in  which  single  scat- 
tering takes  place.  In  the  experimental  arrangement  ^  is  kept  constant. 
Now  the  maximum  energy  of  release  of  the  electron  is  independent  of  the 
kind  of  atom  and  only  depends  on  the  frequency  of  the  exciting  light. 

»  Camb.  Phil.  Proc.,  15,  p.  465,  19 10.    See  Richardson.  Electron  Theory,  p.  493. 
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If  therefore  we  consider  values  of  i/t  for  equal  values  of  to  and  X  in  the 
two  metals,  we  have  a  measure  of  the  relative  average  energies  with 
which  the  electrons  appear  after  passing  through  equal  thicknesses.  This 
also  gives  us  a  comparison  of  the  distances  to  which  electrons  penetrate 
so  as  to  have  their  initial  energies  reduced  to  i/e  of  their  original  value. 
The  results  obtained  from  the  data  as  shown  in  Fig.  7  indicate  that  equa- 
tion (10)  is  valid  within  experimental  error  for  film  thickness  less  than 
io~^  cm. 

An  interesting  and  rather  important  change  takes  place  after  the  elec- 
tron penetrates  further  into  the  metal.  In  Fig.  6,  we  see  an  illustration 
of  the  thickness  at  which  this  occurs.  We  are  here  confronted  with  an- 
other illustration  of  the  sudden  change  in  the  property  of  a  metal  when  its 
thickness  is  less  than  io~^  cm.  Similar  changes  occur  in  the  optical  and 
electrical  properties  of  these  metal  films  in  this  immediate  vicinity.^ 

Unfortunately  not  enough  data  were  available  from  individual  re- 
sults for  X  2536,  to  show  clearly  that  the  smaller  values  of  /  followed  the 
€t  =  const,  relation  (Fig.  6),  so  that  the  values  for  X  2260  were  added  to 
show  how  close  the  results  fitted  the  theoretical  curves,  here  shown  as 
solid  and  broken  lines.  The  latter  results  were  therefore  shifted  so  that 
the  axes  of  the  curve  coincided  with  the  axes  of  the  curve  for  values 
X  2536.  In  this  way  the  results  show  graphically  just  where  the  region 
of  separation  exists  to  which  the  above  theories  apply. 

If  we  now  consider  thicknesses  in  which  compound  shattering  exists 
we  are  limited  on  one  side  by  the  thickness  comparable  to  7  X  io~^  cm. 
and  the  maxima  of  the  curves  shown  in  Figs.  4  and  5.  As  seen  from  the 
sample  data  shown  in  Table  II.  the  coefficient  decreases  less  rapidly  than 
the  increase  in  thickness.  This  is  to  be  expected,  if  the  above  theory 
can  be  applied;  for  the  amount  of  scattering  becomes  more  marked  with 
decrease  in  speed  and  increase  in  thickness.  This  continues  until  a 
critical  thickness  is  reached  where  the  absorption  of  the  number  of  elec- 
trons becomes  predominant,  finally  leading  to  a  decrease  in  the  amount 
of  emergence  radiation. 

The  initial  rise  in  the  curves  can  therefore  be  divided  into  two  dis- 
tinct regions.  For  thicknesses  less  than  lO""^  cm.  the  velocities  of  the 
emergence  electrons  must  be  nearly  equal  or  so  nearly  that  very  few  if 
any  electrons  appear  whose  energy  is  less  than  that  demanded  by  the 
Einstein  relation.  Here  little  if  any  absorption  takes  place  so  that  the 
electron  passes  through  subsequent  layers  with  slight  loss  of  energy. 
From  here  on  however  the  number  of  electrons  possessing  less  than  this 
maximum  energy  decreases,  they  undergo  frequent  and  violent  collision 

»  Patterson,  Phil.  Mag.,  IV.,  p.  663,  1902.     Minor,  Ann.  d.  Phys.,  10,  p.  S^i,  1903. 
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with  a  rapid  loss  in  energy  until  some  electrons  seem  to  come  to  a  sud- 
den stop.  Further  penetration  is  then  accompanied  by  loss  in  numbers 
in  addition  to  loss  in  energy. 


Absorption  of  Photoelectrons. 

Our  theory  as  outlined  at  the  beginning  of  the  paper  indicated  a 
maximum  for  values  of  /  given  by  the  relation 


I      ,       a 

tm   =  log.  -  . 


The  values  for  /«  as  picked  off  of  the  ionization  curves  are  given  in  Table 
IV.,  Fig.  8.    The  values  of  /m  there  indicated  represent  the  distances  to 
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which  an  electron,  starting  from  the  lowest  layer  with  initial  energy 
y^mv^  =  hv,  can  penetrate,  before  it  disappears  through  absorption. 
The  distance  /«  is  here  called  the  scattering  range.  It  does  not  measure 
the  actual  distance  pursued  by  an  electron  in  the  form  of  the  summation 
of  all  the  zigzag  paths,  but  the  distance  perpendicular  to  the  surface  of 
the  metal.  The  values  obtained  in  this  way  are  plotted  as  a  function  of 
the  wave-length  of  light  causing  the  separation  of  the  electron  from  its 
parent  atom.  The  slope  of  the  curve  is  the  same  for  the  two  metals,  the 
bracketed  values  in  the  table  are  however  marked  exceptions  to  this  rule. 
The  cause  for  this  unusual  difference  cannot  be  accounted  for  through 
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experimental  error.  It  seems  likely  however  that  the  straight  line  rela- 
tion is  perhaps  a  first  approximation  to  the  truth  and  more  numerous 
data  determined  for  longer  and  shorter  wave-lengths  than  here  investi- 
gated will  determine  to  a  more  exact  degree  the  necessary  relations. 

The  present  curves  however  fit  the  relation  X  —  Xo  =  atm  to  a  marked 
degree.  Here  a  is  the  slope  of  the  curve  and  equal  to  2.85,  Xo  is  the  value 
of  the  minimum  wave-length  producing  electrons  possessing  an  effective 


Table  V. 


X  in  fi/i* 

Silver 

Platinum .  . 

\  m 


Velocity  X  xo-'  Cm.  por  Sec.                , 

226. 

;                         1 
230.         1         253.                 313. 

14.5 
14.1 

14.0 
13.8 

13.95 

13.3 
13.2 

13.25 

13.5 

13.4(?) 

11.92 

14.05 

Mean  Velocity. 


X*. 


13.8  X  10^  I    182  MM 
13.d^X  W      213  mm 

X  lO'  cm/sec 


scattering  range  equal  to  zero.  This  would  mean  that  Xo  would  be  the 
minimum  wave-length  limit  which  could  produce  a  photoelectric  current 
under  the  above  experimental  conditions.  Higher  frequences  might  lib- 
erate electrons,  but  their  energies  would  be  so  great-  that  they  could 
penetrate  the  next  atoms  in  their  path  and  completely  disappear  in  their 
system.  These  electrons  would  be  absorbed  so  promptly  that  we  could 
expect  a  metal  to  possess  the  property  of  selective  absorption  for  elec- 
trons possessing  these  critical  velocities.  The  minimum  wave-lengths  of 
the  incident  light  energy  producing  electrons  under  these  conditions  are 
213  and  182  fjifi  for  platinum  and  silver  respectively. 

If  however  the  above  wave-length  relation  is  reduced  to  its  equivalent 
energy  form  we  have 


II, 


(II) 


where  b  =  i.42w//k:,  assuming  the  relation  J^mv^  =  hv  to  hold  in  the 
above  case.  We  define  m  as  the  mass  of  the  electron  h  as  Planck's  ele- 
ment of  action  and  c  as  the  velocity  of  light.  Under  these  conditions  v 
would  be  the  velocity  the  electron  must  possess,  to  be  able  to  penetrate  a 
thickness  /,».  Table  V.  shows  the  initial  velocities  the  electrons  should 
have,  to  penetrate  thickness  /«,  as  computed  from  equation  (11)  and  the 
velocities  computed  from  the  Einstein  photoelectric  equation.  The  con- 
tact difference  of  potential  is  here  assumed  equal  to  zero,  since  tm  is  de- 
fined as  the  distance  the  electron  travels  in  the  metal  without  p>assing 
through  the  contact  difference  of  potential  layer.    This  use  of  the  value 


No'a'!^"'']      EMISSION  AND  ABSORPTION  OF  PHOTOELECTRONS. 


131 


of  tm  is  however  not  rigidly  true  but  owin^  to  lack  of  further  information 
it  is  offered  as  an  approximate  solution.  We  see  in  Table  V.  to  what 
extent  the  values  for  the  computed  velocities  check  the  experimental 
values.  In  all  cases  the  velocity  decreasing  with  increased  wave-length 
of  the  exciting  energy. 

Now  i/tm  may  be  defined  as  the  stopping  power.  So  that  the  stop- 
ping power  of  the  metal  increases  as  the  energy  of  the  electron  increases, 
to  eventually  approach  a  limiting  value.  Comparing  these  values  we 
note  that  the  heavier  the  atom  the  greater  the  stopping  power.  If  we 
therefore  compare  the  distance  traveled  in  platinum  to  that  in  silver  for 
electrons  of  equal  initial  velocity  we  find  that  the  distance  traveled  in 
silver  is  1.17  as  great  as  that  in  platinum  when  the  energy  in  each  is 
reduced  to  the  same  amount.  Hence  if  we  compare  equal  volumes  of 
the  material  traversed  we  find  that  the  ratio  of  the  atomic  volumes  of 
silver  to  platinum  is  1. 13  or  of  the  same  magnitude  as  the  relative  dis- 
tances traveled  in  the  two  metals.  So  that  electrons  after  traversing 
equal  masses  have  their  initial  energies  reduced  to  the  same  extent. 


Absorption  Coefficients. 

After  passing  through  a  thickness  U  the  photoelectric  thickness  curve 
falls  off  slowly  at  first,  then  nearly  linear  and  finally  more  slowly  again 
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cutting  the  thickness  axis  at  what  appears  to  be  a  finite  value.     Un- 
fortunately the  latter  part  of  the  curve  was  very  difficult  to  determine 
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owing  to  the  very  minute  number  of  electrons  coming  through  such  thick 
metallic  layers. 

The  initial  drop  of  the  curve  seems  to  indicate  that  there  is  little  ab- 
sorption of  electron  numbers  as  yet  and  that  scattering  is  still  predom- 
inant. From  here  on  however  the  curve  takes  a  very  definite  form.  The 
problem  is  a  very  complex  one,  the  steam  of  photoelectrons  which  are 
traveling  in  any  given  direction  must  suffer  loss  in  numbers  both  through 
true  absorption  and  scattering  to  such  a  degree  as  to  completely  disappear 
from  the  original  direction  and  in  doing  so  must  lose  energy  as  well. 
What  the  relative  importance  of  these  actions  is  in  the  present  case  is 
difficult  to  tell.    A  partial  solution  is  however  attempted. 

The  coefficients  of  absorption  a  were  computed  in  the  usual  way  for 
the  absorption  branch  of  the  curve.  These  results  were  then  plotted  as 
ordinates  and  values  of  /,  as  abscissae.  The  curve  approximated  nearest 
to  a  straight  line  when  values  of  /*  were  used  as  shown  in  Fig.  9.  Thus 
the  relation  a  —  oo  =  mfl  would  represent  the  relations  to  a  comparative 
degree  of  accuracy  limited  by  the  experimental  errors  in  the  original  ob- 
servations. The  values  computed  for  a  and  values  for  m,  the  slope  of 
the  curves,  are  given  for  comparison,  to  show  to  what  degree  of  accuracy 
the  results  may  be  valid. 

Table  VI. 


PUtinum,  X  aa6 

» 

Silrer,  X  aa6. 

a. 

i. 

m. 

a. 

/. 

tn. 

.167  llix'^TCT^ 

24.0  MM 

63.0  mx^crnr* 
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21.5 

62.8 
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26.0 

25.0 
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19.2 

62.3 
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23.0 

25.4 
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17.5 

61.6 

.059 

20.0 

25.0 

.102 

15.5 

61.9 

.050 

17.5 

20.5 

.0972 

14.5 

60.0 

.043 

12.8 

20.0 

.0917 

12.6 

61.2 

.0907 

11.8 

68.0 

Mean 

62.6  MM~*cm~' 

Mean 

23.2  MM"^ni-* 

The  coefficients  of  absorption  thus  obtained  are  not  constant,  but  in- 
crease very  rapidly  with  increasing  values  of  thickness  traversed.  The 
intercepts  on  the  y  axis  are  however  of  interest.  They  would  represent 
the  absorption  coefficients  for  values  of  thickness  commensurable  to  a 
molecular  layer.  These  values  of  cm  for  platinum  and  silver  were  found 
to  be  .0795  and  .0390  mm"^  respectively  for  photoelectrons  emitted  with  a 
velocity  of  13  X  10^  cm.  per  sec.  from  their  parent  atoms.     If  we  divide 
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the  above  values  by  the  density  of  the  respective  metals  to  which  they 
apply  we  arrive  at  the  following  interesting  relation 


-  I     =  37.000  cm^gm-i, 
P  /pt 


( 


,trrrri-l 


100  cm*gm" 

Ag 

showing  the  mass  absorption  to  be  constant  for  X226.  This  is  the 
"density  law"  of  absorption  at  first  suggested  by  Lenard.^  Crowther,* 
experimenting  with  /3  rays  from  uranium  showed  that  the  "density  law" 
did  not  hold  for  these  larger  velocities.  Lenard  experimenting  with 
heterogeneous  cathode  rays  arrived  at  the  following  values  for  the  metals 
gold  and  silver  here  given  for  comparison. 

—  =  2880  cm*gm"S 

(Xo 

—  =  3070  cm*gm~^ 
P 

Compton  and  Ross  working  with  sputtered  platinum  obtained  from 
photoelectric  measurements  the  average  value  a/p  =  28,900.  While 
Partzsch  and  Hallwachs  (/.  c),  using  some  data  supplied  by  Rubens 
and  Ladenburg,  obtained  the  value  a/p  =  47,400  for  gold  in  the  form 
of  a  leaf  of  about  100  mm  thickness. 

The  exigencies  of  the  times  have  interrupted  the  completion  of  this 
subject  at  this  time,  it  is  hoped  however  that  in  the  near  future  further 
data  can  be  published  which  will  support  the  above  conclusions.  The 
experimental  part  of  this  paper  was  performed  at  the  University  of 
Pennsylvania  and  I  take  great  pleasure  in  acknowledging  the  ever  gen- 
erous co5peration  of  Prof.  Goodspeed  in  furnishing  the  funds  for  the 
necessary  apparatus. 

^  Lenard,  L  c, 

*  Crowther,  Phil.  Mag..  12,  p.  379,  1906. 

Thb  Physics  Laboratory. 

State  University  of  Iowa, 
Iowa  City,  Iowa. 
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Wallace  Clement  Sabine,  HoUis  Professor  of  Mathematics  and  Natural 
Philosophy  at  Harvard  University  and  formerly  dean  of  the  Harvard  Graduate 
Schools  of  Applied  Science,  Vice-President  of  the  American  Physical  Society 
and  recent  member  of  the  editorial  board  of  the  Physical  Review,  died  at 
Boston  on  the  tenth  day  of  January,  1919,  in  his  fifty-first  year. 
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PROCEEDINGS 

OF  THE 

American  Physical  Society. 

Minutes  of  the  Pittsburgh  Meeting,  December  27-29,  1917. 

THE  ninety-second  meeting  of  the  American  Physical  Society  (the  nine- 
teenth Annual  meeting)  was  held  in  the  Applied  Science  Building  of 
the  Carnegie  Institute  of  Technology,  December  27  to  29,  191 7.  This  was  a 
joint  meeting  with  Section  B  (Physics)  of  the  American  Association  for  the 
Advancement  of  Science.  Two  sessions  were  held  on  each  of  the  three  days 
of  the  meeting,  Thursday,  Friday,  and  Saturday. 

On  the  first  two  days  the  following  program  of  research  papers  was  pre- 
sented.    This  program  was  in  charge  of  the  officers  of  the  Physical  Society. 

The  Optical  Properties  of  Rubidium.    J.  B.  Nathanson. 

A  Preliminary  Study  of  the  Luminescence  of  the  Uranyl  Salts  Under  Cathode 
Ray  Excitation.    Frances  G.  Wick  and  Louise  S.  McDowell. 

Note  on  a  Phosphorescent  Calcite.     E.  L.  Nichols  and  H.  L.  Howes. 

The  Visibility  of  Radiation  in  the  Blue  End  of  the  Visible  Spectrum.  L. 
W.  Hartman. 

An  Improved  Form  of  Mercury  Vapor  Air  Pump.     Chas.  T.  Knipp. 

Heat  Conductivity  of  Cerium.     C.  N.  Wenrich  and  G.  G.  Becknell. 

Temperature  and.  Heat  of  Fusion.    J.  E.  Siebel.     (By  title.) 

Report  on  the  Construction  of  Certain  Mathematical  Tables.  C.  E.  Van 
Orstrand. 

Mobilities  of  Ions  in  Vapors.     Kia-Lok  Yen. 

The  Size  and  Shap)e  of  the  Electron.    Arthur  H.  Compton. 

The  Coefficient  of  Emission  and  Absorption  of  Photo-electrons  from  Plati- 
num and  Silver.     Otto  Stuhlmann,  Jr. 

Ionization  and  Excitation  of  Radiation  by  Electron  Impact  in  Nitrogen. 
Bergen  Davis  and  F.  S.  Goucher. 

Energy  in  Continuous  X-Ray  Spectra.     C.  T.  Ulrey. 

An  Experimental  Investigation  of  the  Characteristic  X-Ray  Emission  from 
Molybdenum  and  Palladium.     Benjamin  A.  Wooten. 

Characteristic  X-Ray  Emission  as  a  Function  of  the  Applied  Voltage. 
Bergen  Davis. 

A  Standard  of  Sound.     (Demonstration.)     Chas.  T.  Knipp. 

The  Air  Damped  Vibrating  System:  Theoretical  Calibration  of  the  Con- 
denser Transmitter.     LB.  Cr  and  all. 
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A  Photographic  Method  of  Measuring  the  Velocity  of  Sound  Waves  near 
the  Source  of  Sound.    Arthur  L.  Foley.     (By  title.) 

The  Effect  of  Intensity  and  Distance  on  the  Velocity  of  Sound.  Arthur 
L.  Foley.     (By  title.) 

The  Influence  of  the  Pressure  and  Time  Employed  in  Condensing  a  Dental 
Amalgam  upon  its  Crushing  Strength,  at  Temperatures  Between  10®  and 
100**  C.    Arthur  W.  Gray  and  Paris  T.  Carlisle. 

Absorption  in  Paraffined  Paper  Condensers.     L.  Pyle. 

An  Interesting  Case  of  Resonance  in  an  Alternating  Current  Circuit.  H. 
K.  Dodge. 

On  Electromagnetic  Induction  and  Relative  Motion,  II.     S.  J.  Barnett. 

Eddy-current  and    Hysteresis   Losses  in    Iron   at   High   Frequencies.     C. 

NUSBAUM. 

Some  Energy  Transformations  with  Oscillatory  Currents.     E.  F.  Northrup. 

The  Effects  produced  upon  Audion  Characteristic  Curves  by  Different  Kinds 
of  Signals  (Buzzer,  Electron  Relay  and  60-cycle  A.C.)  A.  D.  Cole. 

Influence  of  a  Series  Spark  on  the  Direct  Current  Corona.  S.  F.  Crooeer. 
(By  title.) 

On  the  Effect  of  a  Magnetic  Field  upon  Cathode  Rays.  L.  T.  More  and 
Lowell  M.  Alexander.     (By  title.) 

The  Physical  Characteristics  of  X-Ray  Fluorescent  Intensifying  Screens. 
Millard  B.  Hodgson. 

Barometric  Ripples.     W.  J.  Humphreys. 

The  Ultra- Violet  and  Visible  Absorption  Spectra  of  Phenolphthaleins.  W. 
E.  Howe  and  K.  S.  Gibson. 

The  Ultra-violet  and  Visible  Absorption  Spectra  of  Orcinolphthaleins. 
R.  C.  GiBBS,  H.  E.  Howe  and  E.  P.  T.  Tyndall. 

The  Ultra- Violet  Absorption  Spectra  of  Acetone.     E.  P.  T.  Tyndall. 

Thermal  Conductivity  of  Metals.     Edwin  H.  Hall.     (By  title.) 

A  Mercury  Manometer  of  High  Sensibility.     J.  E.  Shrader. 

A  Simple  Gauge  for  Very  Low  Pressures.     J.  E.  Shrader. 

Resonance  and  Ionization  Potentials  for  Electrons  in  Magnesium  Vapor. 

Paul  D.  Foote  and  F.  L.  Mohler. 

The  Spectral  Photoelectric  Sensitivity  of  Molybdenite.  W.  W.  Coblentz 
and  M.  B.  Long. 

The  program  on  Saturday  was  in  charge  of  Section  B,  A.A.A.S.  In  the 
forenoon  there  was  a  symposium  on  "The  Relationship  of  Physics  to  the 
War."  Among  the  speakers  were  Lieut.  G.  P,  Thomson,  R.F.C.  (son  of  Sir 
Joseph  J.  Thomson),  Lieut.  Giorgio  Abeti  of  the  Italian  Mission  to  the  United 
States,  Dr.  A.  L.  Day,  Director  of  the  Geophysical  Laboratory,  Washington, 
who  gave  an  interesting  account  of  the  present  optical-glass  situation  in  this 
country  and  Major  C.  E.  Mendenhall,  who  discussed  the  recent  war  activities 
of  the  National  Research  Council. 

In  the  afternoon  Professor  Henry  A.  Bumstead  delivered  an  address  as 
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retiring  Vice-president  of  Section  B  on  "Present  Tendencies  in  Theoretical 
Physics"  (published  in  Science,  January  18,  191 8). 

At  a  short  business  session  of  the  Physical  Society  the  result  of  the  mail 
ballot  for  ofHcers  of  the  society  for  191 8  was  announced.  They  are  as  follows: 
H.  A.  Bumstead,  president;  J.  S.  Ames,  vice-president;  D.  C.  Miller,  secretary, 
and  G.  B.  Pegram,  treasurer.  A.  L.  Day  and  G.  F.  Hull  are  the  new  members 
of  the  Council.  (Former  elected  members  holding  over  are  C.  E.  Mendenhall, 
G.  W.  Stewart,  I.  Langmuir,  G.  B.  Pegram,  G.  O.  Squier  and  H.  A.  Wilson.) 
G.  K.  Burgess,  A.  C.  Lunn  and  A.  D.  Cole  are  the  newly  elected  members  of 
the  Editorial  Board  of  the  Physical  Review.  (Former  members  of  the 
board  holding  over  are  F.  Bedell,  Managing  Editor,  and  E.  P.  Lewis,  W.  C. 
Sabine,  A.  Trowbridge,  N.  E.  Dorsey,  Wm.  Duane  and  O.  M.  Stewart.) 

The  reports  of  the  treasurer  and  managing  editor  were  presented,  accepted, 
and  ordered  printed.  (These  printed  reports  were  afterward  mailed  to  all  the 
membership.) 

The  visiting  members  of  the  Society  were  much  indebted  to  Dean  F.  L. 
Bishop  of  the  University  of  Pittsburgh  and  to  Prof.  H.  S.  Hower,  of  the  Car- 
negie Institute  of  Technology,  and  to  other  resident  members  for  many  cour- 
tesies extended  to  them. 

Alfred  D.  Cole, 

Secretary  for  1917^ 

Minutes  of  the  Baltimore  Meeting,  December  27  and  28,  1918. 

THE  ninety- fifth  meeting  (the  twentieth  annual  meeting)  of  the  American 
Physical  Society  was  held  at  Johns  Hopkins  University,  in  Baltimore, 
Maryland,  on  December  27  and  28, 191 8,  in  afhliation  with  Section  B — Physics 
of  the  American  Association  for  the  Advancement  of  Science.  Professor 
Bumstead  is  now  serving  as  Scientific  Attache  to  the  American  Embassy  in 
London  and  his  resignation  as  president  of  the  society  was  accepted  by  the 
Council  on  November  30,  191 8.  The  vice-president,  J.  S.  Ames,  thus  became 
acting  president,  and  he  presided  at  the  several  sessions  of  the  society  and  the . 
council.  The  maximum  attendance  at  the  technical  meetings  was  about  one 
hundred,  while  eighty-eight  members  and  visitors  were  present  at  the  time  of 
the  business  session. 

On  the  afternoon  of  December  27  there  were  two  sessions  under  the  auspices 
of  Section  B,  the  presiding  officer  being  the  vice-president  and  chairman  of  the 
section.  Major  G.  F.  Hull.  At  two  o'clock,  p.m.,  the  retiring  vice-president 
and  chairman  W.  J.  Humphreys,  gave  an  address  on  "Some  Recent  Contri- 
butions to  the  Physics  of  the  Air."  At  five  o'clock,  p.m..  Dr.  George  E.  Hale 
gave  an  address  before  the  entire  Association  on  **The  National  Research 
Council." 

The  annual  business  meeting  was  held  at  eleven  o'clock,  a.m.,  on  December 
28,  191 8.  The  revised  form  of  the  Constitution  and  By-Laws  was  unanimously 
adopted  by  letter  ballot.     The  amendments  do  not  alter  the  intent  or  purpose 
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of  the  constitution  in  the  old  form,  except  in  one  respect;  the  managing  editor 
is  made  a  member,  ex-officio,  of  the  council.  The  amended  constitution  will 
be  published  in  the  next  printed  list  of  members. 

The  following  officers  were  elected  for  the  year  1919:  For  President,  J.  S. 
Ames;  for  Vice-President,  W.  C.  Sabine;  for  Secretary,  D.  C.  Miller;  for 
Treasurer,  G.  B.  Pegram;  for  Members  of  the  Council  (four-year  term),  G.  K. 
Burgess,  J.  C.  McLennan;  for  Member  of  the  Council  (one-year,  unexpired 
term).  Max  Mason;  for  members  of  the  Board  of  Editors  of  the  Physical 
Review,  Henry  Crew,  L.  V.  King,  H.  S.  Uhler. 

Colonel  Millikan  explained  the  purposes  of  the  Smith-Howard  Bill  now 
before  Congress,  authorizing  Federal  co6peration  with  the  States  for  the  pro- 
motion of  engineering  and  industrial  research.  After  general  discussion  it  was 
unanimously  voted  that  the  American  Physical  Society  favors  federal  aid  and 
co5peration  with  the  several  States  in  support  of  research  in  science  and  engi- 
neering and  in  industrial  research.  The  society  favors  the  creation  of  Boards 
of  eminent  scientists  and  engineers  within  each  state  for  the  administration  of 
the  funds  appropriated  for  all  research  within  the  state. 

The  reports  of  the  treasurer  and  of  the  managing  editor  of  the  Physical 
Review  were  presented  at  the  meeting  of  the  council.  It  was  ordered  that, 
after  auditing,  these  reports  be  printed  and  sent  to  all  members. 

The  secretary  reported  that  within  the  year  sixty-two  persons  had  been 
elected  to  associate  membership  and  eight  elected  to  regular  membership. 
Eighteen  associate  members  had  been  transferred  to  regular  membership. 
There  was  one  resignation  from  membership.  Two  members  had  died  within 
the  year,  C.  C.  Trowbridge,  and  Ernest  Weibel,  the  latter  having  been  killed 
in  action  in  France.  The  total  membership  now  is  935,  there  being  402  regular 
members. 

As  a  matter  of  record  it  is  noted  that,  because  of  conditions  growing  out  of 
the  war,  three  meetings,  which,  following  custom,  would  have  been  held  in  the 
year  191 8,  were  cancelled.  These  meetings  were  the  usual  Washington  meet- 
ing of  April,  a  special  joint  meeting  with  the  American  Institute  of  Electrical 
Engineers  which  had  been  arranged  for  October  11  and  12,  and  the  Chicago 
meeting  of  November  30.  A  special  meeting  of  the  council  was  held  in  Balti- 
more on  November  30,  191 8,  to  transact  necessary  business. 

At  a  meeting  of  the  Council  held  in  Baltimore  on  November  30,  191 8,  the 
following  elections  were  made:  elected  to  regular  membership,  Shoji  Nishikawa; 
elected  to  associate  membership,  W.  F.  Angell,  H.  C.  Arnold,  J.  W.  Cook,  F.  A. 
Ferguson,  O.  F.  Gish,  Peter  Hidnert,  Samuel  C.  Hoffman,  Frank  C.  Hoyt, 
I.  L.  Jones,  Lewis  V.  Judson,  Herbert  Kahler,  Charles  B.  Kazda,  Otto  Koppius, 
M.  B.  Long,  John  P.  Minton,  Newell  C.  Page,  Herbert  H.  Palmer,  Arthur  R. 
Payne,  C.  E.  Pierce,  Anthony  S.  Santos,  C.  D.  Shallenberger,  Joseph  Valasek, 
Hugo  P.  Wahlin,  Dorothy  W.  Weeks,  W.  Wubbe. 

At  a  meeting  of  the  Council  held  in  Baltimore  on  December  27,  191 8,  the 
following  elections  were  made:  elected  to  regular  membership,  M.  D.  Hershey, 
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J.  C.  Hunsaker,  Vladimir  Karapetoff,  Paul  D.  Merica,  John  M.  Miller,  H.  B. 
Phillips;  elected  to  associate  membership,  R.  C.  Colwell,  Wm.  B.  Creagmile, 
G.  A.  Dasney,  A.  E.  F.  Fant,  E.  O.  Hoflfman,  J.  J.  Hopfield,  F.  L.  Hunt,  George 
Lewis,  H.  J.  Lockwood,  C.  W.  D.  Parsons,  D.  E.  Sharp,  Margery  Simpson, 
Marguerite  D.  Tschaler,  I.  H.  Van  Horn,  F.  C.  Wente,  C.  F.  Whittemore, 
D.  T.  Wilber;  transferred  from  associate  to  regular  member  ship^  E.  C.  Crittenden, 
A.  T.  Jones,  E.  F.  Kingsbury,  Louise  S.  McDowell,  Wm.  F.  Meggers,  A. 
Norman  Shaw,  H.  B.  Williams. 

At  the  morning  sessions  of  December  27  and  28,  1918,  thirty  papers  were 
presented  as  follows,  four  being  read  by  title: 

The  Unique  System  of  Units.     W.  W.  Strong. 

A  Simple  Stretched  Wire  Dilatometer.     Arthur  W.  Gray. 

Monochromatic  and  Neutral  Tint  Screens  in  Optical  Pyrometry.  W.  E. 
Forsythe. 

The  Temperature,  Pressure,  and  Density  of  the  Atmosphere  in  the  Region  of 
Northern  France.     W.  J.  Humphreys. 

Refinements  in  Spherometry.     G.  W.  Moffitt. 

A  New  Type  of  Hot  Wire  Anemometer.     T.  S.  Taylor. 

The  Linear  Thermal  Expansion  of  Glass  at  High  Temperatures.  C.  G. 
Peters. 

Some  Characteristics  of  Glasses  in  the  Annealing  Range.  A.  Q.  Tool  and 
J.  Valasek. 

Striae  in  Optical  Glass.     L.  E.  Dodd  and  A.  R.  Payne. 

Preliminary  Determination  of  the  Thermal  Expansion  of  Molybdenum. 
Lloyd  W.  Schad  and  Peter  Hidnert. 

On  the  Characteristics  of  Electrically  Operated  Tuning  Forks.  H.  M. 
Dadourian.     (Read  by  title.) 

Ionization  and  Resonance  Potentials  for  Electrons  in  Vapors  of  Arsenic, 
Rubidium,  and  Caesium.     Paul  D.  Foote,  O.  Rognley  and  F.  L.  Mohler. 

Absorption  Coefficient  of  the  Penetrating  Radiation.     Oliver  H.  Gish. 

Photoelectric  Sensitivity  vs.  Current  Rectification  in  Molybdenite.  W.  W. 
CoBLENTZ  and  Louise  S.  McDowell. 

A  Device  for  the  Automatic  Registration  of  the  a-  and  jS- Particles  and  7- Ray 
Pulses.    Alois  F.  Kovarik. 

Note  on  the  Distribution  of  Energy  in  the  Visible  Spectrum  of  a  Cylindrical 
Acetylene  Flame.     Edw.  P.  Hyde,  W.  E.  Forsythe  and  F.  E.  Cady. 

Preliminary  Note  on  the  Luminescence  of  the  Rare  Earths.  E.  L.  Nichols, 
D.  T.  Wilber  and  F.  G.  Wick. 

On  the  Critical  Absorption  Frequencies  of  Chemical  Elements  of  High 
Atomic  Numbers.     William  Duane  and  Takio  Shimizu. 

Some  Interesting  Results  of  Eclipse  Magnetic  Observations.     L.  A.  Bauer. 

The  Minimum  Temperature  at  the  Base  of  the  Stratosphere.  W.  J.  Hum- 
phreys.    (Read  by  title.) 

Why  Clouds  Never  Form  in  the  Stratosphere.  W.  J.  Humphreys.  (Read 
by  title.) 
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Speeds  in  Signaling  by  the  Use  of  Light.     W.  E.  Forsythe. 

Thermal  Conductivity  of  Various  Materials.    T.  S.  Taylor. 

Further  Observations  on  the  Production  of  Metallic  Spectra  by  Cathode 
Luminescence.    Edna  Carter  and  Arthur  S.  King. 

Effect  of  Crystal  Structure  Upon  Photoelectric  Sensitivity.  W.  W.  Cob- 
LENTZ.     (Read  by  title.) 

A  Mechanically  Blown  Wind  Instrument.    A.  G.  Webster. 

The  Dynamics  of  the  Rifle  Fired  at  the  Shoulder.    A.  G.  Webster. 

Interior  Ballistics,  by  a  New  Gun  Indicator.    A.  G.  Webster.  • 

Residual  Gases  in  Highly  Exhausted  Glass  Bulbs.    J.  F.  Shrader. 

Silvering  Quartz  Fibers  by  Cathodic  Sputtering.     J.  F.  Shrader. 

Dayton  C.  Miller, 

Secretary. 


The  Spectral  Photoelectric  Sensitivity  of  Molybdenite.* 

By  W.  W.  Coblbntz  and  M.  B.  Long. 

THE  samples  of  molybdenite  MoSi,  examined  were  thin  folia,  o.oi  to  0.05 
mm.  in  thickness,  soldered  to  copper  electrodes. 

In  this  examination,  which  is  of  a  preliminary  nature,  the  sample  of  molybde- 
nite was  exposed  to  radiations  of  equal  energy  (measured  with  a  thermopile) 
of  different  narrow  spectral  regions,  isolated  by  means  of  screens.  These 
bands  of  spectral  radiation,  having  their  maximum  intensity  at  wave-lengths 
\n  =  0.5,  0.55,  0.6,  0.75,  0.9,  2.4,  4.4  and  8.5  fx  respectively,  were  obtained  by 
transmission  of  the  radiations  from  a  Nernst  glower  through  colored  glasses, 
by  the  emission  from  the  Bunsen  gas  flame  and  by  utilizing  residual  radiations 
reflected  from  quartz. 

The  results  obtained  indicate  that  molybdenite,  like  selenium  and  stibnite, 
has  its  maximum  photoelectric  sensitivity  just  beyond  the  visual  red,  0.85^11; 
but  it  diff'ers  from  these  substances  in  that  it  is  quite  sensitive  to  infra-red  rays. 
For  example,  at  2.0  ju  the  photoelectric  sensitivity  is  perhaps  from  one  third 
to  one  half  that  of  the  maximum,  and  at  4.4  ju  (Bunsen  flame  which  has  weak 
emission  bands  at  1.8  and  2.7  ji)  it  is  about  one  tenth  the  maximum. 

The  temperature  coefficient  of  resistance  of  molybdenite  is  negative;  and 

hence  a  rise  in  temperature  produces  a  change  in  resistance  which  is  in  the 

same  direction  as  that  caused  by  the  photoelectric  effect.     It  will  therefore  be 

necessary  to  determine  the  magnitude  of  these  two  effects  in  order  to  establish 

a  true  photoelectric  effect  for  wave-lengths  greater  than  4.4  ju.     These  various 

factors  including  reflection,  etc.,  will  be  considered  in  the  complete  paper. 

Washington,  D.  C. 
December  22,  191 7. 

>  Abstract  of  a  paper  presented  at  the  Pittsburgh  meeting  of  the  American  Physical 
Society,  December  27-29,  19 17. 
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Thb  Unique  System  of  Units.* 

By  W.  W.  Strong. 

SOME  thirty  years  ago  it  would  have  almost  been  universally  admitted  by 
physicists  and  chemists  that  all  masses  were  integral  multiples  of  the 
masses  of  the  atoms  constituting  the  given  mass.  The  masses  of  the  atoms 
were  universal  invariants  and  an  atomic  system  of  units  of  this  kind  has  been 
proposed.  The  effort  of  Prout  was  that  of  making  a  unique  and  universal 
atomic  unit  of  mass  that  could  be  used  wherever  matter  is  present. 

Today  it  is  almost  universally  assumed  that  the  charge  of  the  electron  is  a 
unit  of  electrical  charge  in  much  the  same  way  as  the  atomic  unit  of  mass  in 
the  system  of  Prout.  The  variable  mass  of  the  electron  as  its  velocity  changes 
indicates  that  if  there  is  an  invariable  element  of  mass  it  is  much  smaller  than 
Prout  imagined  and  that  it  cannot  be  larger  than  that  quantum  of  mass  that 
appears  when  the  electron  is  accelerated.  Let  us  assume  that  there  are  such 
invariant  quanta  of  electrical  charge  and  mass.  If  some  five  such  invariant 
quantities  as  we  may  consider  as  applying  to  electrical  charge,  mass  quanta 
and  radiant  energy  (with  a  supposed  constancy  of  the  velocity  of  light)  were 
consistent  with  phenomena  we  would  be  approaching  a  unique  set  of  units. 
Let  us  then  state  some  of  the  properties  of  such  an  ideal  system  of  units. 

1.  There  are  in  nature  certain  invariant  atomic  quantities  that  serve  as  the 
basis  for  a  unique  and  a  universal  system  of  units  that  is  absolute  in  reality. 
At  the  present  time  the  electron  (unit)  is  usually  made  to  play  such  a  r61e. 

2.  The  science  of  measurement  is  not  then  based  upon  a  complicated  and 
an  artificial  process  of  creating  and  comparing  standards  and  in  defining  terms 
such  as  the  coincidence  of  two  events  or  of  comparing  two  lengths  in  relative 
motion  but  upon  a  unique  set  of  natural  and  invariant  units  that  are  universally 
available. 

3.  If  there  is  an  ether  it  appears  logical  to  assume  that  this  set  of  unique 
units  should  be  provided  for  us  by  the  structure  of  the  ether  or  at  least  as  many 
of  them  as  are  necessary  to  fully  describe  all  phenomena  relating  to  the  ether, 
the  electric,  magnetic  and  gravitational  fields.  Derived  units  such  as  T  and  L 
should  be  based  on  an  ether  structure  since  these  are  used  in  treating  the 
propagation  of  light. 

4.  The  unique  set  of'  units  are  made  so  by  all  phenomena  being  consistent 
with  the  assumption  of  their  being  unique  and  hence  their  use  is  supported 
by  all  scientific  knowledge.  If  all  electrons  are  alike  there  is  no  necessity  of 
defining  equal  charges  of  electricity  as  is  done  in  connection  with  the  derivation 
of  the  electrostatic  system  of  units.  If  there  is  an  elementary  quantum  of 
mass  there  is  no  necessity  to  consider  the  matter  of  relative  motion  in  the 
definition  of  mass.  How  can  a  consistent  system  of  units  be  obtained  by 
assuming  the  Newtonian  mechanics  in  the  definition  of  our  units  and  the  de- 

1  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical 
Society,  December  37,  1918. 
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scription  of  phenomena  and  then  trying  to  build  a  relativity  theory  on  another 
system  of  mechanics  and  at  the  same  time  using  the  old  system  of  units? 

5.  The  derived  units  should  be  uniquely  determined  by  the  fundamental 
or  natural  unique  units. 

6.  It  hardly  seems  possible  to  develop  a  consistent  system  of  physics  without 
at  first  determining  a  system  of  units  that  is  universally  applicable  to  all  phe- 
nomena to  be  investigated. 

S.  I.  E.  M.  Co., 

Mbchanicsburg,  Pa. 

A  Simple  Stretched  Wire  Dilatometer.^ 

Bv  Arthur  W.  Gray. 

AT  the  request  of  Dr,  Arthur  L.  Day,  Optical  Glass  Committee,  War  In- 
dustries Board,  the  writer  undertook  to  determine  the  thermal  expan- 
sivity of  some  optical  glass  which  had  been  produced  under  the  direction  of 
the  former  for  naval  searchlight  mirrors.  The  decision  as  to  whether  or  not 
the  glass  was  suitable  rested  exclusively  upon  its  thermal  expansivity,  a  knowl- 
edge of  which  was  desired  up  to  about  200**  C.  With  the  dilatometer  which 
had  to  be  hastily  constructed  for  the  purpose,  expansions  were,  however, 
measured  at  various  temperatures  up  to  300®  C. 

The  apparatus,  which  uses  the  stretched  wire  method  of  measuring  linear 
displacements,*  could  easily  be  adapted  for  commercial  testing.  It  differs 
from  the  precision  apparatus  developed  by  the  writer  at  the  Bureau  of  Stan- 
dards, mainly  in  the  substitution  of  an  ordinary  Brown  and  Sharpe  micrometer 
screw  for  the  expensive  microscope  comparator  and  reference  bar. 

Extending  vertically  downwards  from  the  cover  of  the  temperature  bath 
are  two  tubes,  the  axes  of  which  are  separated  by  approximately  the  length  of 
the  specimen  under  investigation.  At  the  lower  end  of  each  tube  are  two 
pointed  co-axial  screws  for  clamping  the  specimen  from  opposite  sides.  One 
of  the  tubes  is  rigidly  attached  to  the  cover,  the  other  is  hinged  so  as  to  permit 
free  expansion  of  the  specimen.  A  fine  wire,  of  annealed  tungsten,  attached 
to  the  lower  end  of  each  tube  extends  vertically  upwards  through  the  tube  and 
the  cover  for  several  decimeters  above  the  latter,  where  it  passes  over  a  pulley 
and  supports  a  weight  which  keeps  it  tight  and  straight.  The  wire  bears 
firmly  against  the  rounded  end  of  the  specimen  and  likewise  against  a  round 

1  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society, 
December  27,  1918. 

*  Expansion  measurements  by  this  method  were  reported  to  the  Physical  Society  at  the 
Washington  meeting  in  December,  191 1,  and  at  various  times  since  then.  The  principle  was 
also  described  in  a  communication  to  the  Washington  Academy  of  Sciences,  in  which  the 
two  arrangements  that  form  the  basis  of  the  Bureau  of  Standards'  present  expansivity  equip- 
ment were  illustrated  diagrammatically.  (A.  W.  Gray,  "New  Methods  for  Displacement 
Measurements  and  Temperature  Uniformity  Applied  to  the  Determination  of  Linear  Expan- 
sivity," Joum.  Wash.  Acad.  Sc.,  2,  248-258,  1912.)  One  arrangement  is  used  with  electric 
furnaces,  the  other  with  liquid  baths. 
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pin  situated  a  decimeter  or  so  below  the  pulley.  By  means  of  a  micrometer 
screw  and  suitable  guides  this  pin  is  movable  horizontally  in  the  plane  of  the 
two  wires,  so  that  their  upper  ends  can  be  brought  closer  together  or  separated 
a  measured  distance.  Just  above  the  cover  of  the  temperature  bath  is  placed  a 
horizontal  bar  of  low  and  known  thermal  expansivity,  protected  as  far  as 
possible  from  temperature  changes  accompanying  warming  and  cooling  of  the 
bath  below. 

After  the  specimen  is  placed  in  the  temperature  bath,  the  upper  end  of  each 
stretched  wire  is  moved  until  the  wire  just  touches  the  end  of  the  bar  above 
the  cover.  Contact  is  indicated  electrically  by  means  of  an  inexpensive  reflect- 
ing galvanometer  in  series  with  a  dry  cell  and  a  suitable  resistance.  As  the 
specimen  under  investigation  expands,  it  moves  the  wires  away  from  the  con- 
tact bar.  The  magnitude  of  the  expansion  is  determined  from  the  movements 
of  the  micrometer  screws  required  to  restore  contact. 

Only  one  graduated  screw  is  actually  used.  An  ordinary  screw  of  moder- 
ately fine  pitch  moves  a  horizontal  bar  to  which  are  rigidly  attached  both  the 
pin  that  communicates  the  motion  to  the  left-hand  wire  A  and  the  nut  of  the 
graduated  screw  which  moves  the  right-hand  wire  B,  In  this  way  a  single 
micrometer  screw  is  made  to  measure  the  total  displacement  of  both  wires. 

The  accuracy  of  the  apparatus  just  described  is  limited  mainly  by  the  ac- 
curacy with  which  contact  can  be  detected  between  the  stretched  wires  and 
the  bar  above  the  temperature  bath.  The  effect  of  errors  in  the  measuring 
screw  varies  inversely  as  the  ratio  of  the  distances  from  the  contact  bar  to  the 
pins  for  moving  the  wires  and  to  the  specimen.  In  the  apparatus  actually 
used  these  pins  were  600  mm.  above  and  the  specimen  150  mm.  below  the  bar, 
so  that  the  micrometer  screw  measured  four  times  the  expansion  of  the  speci- 
men. The  results  showed  that  with  proper  use  deviations  of  individual  screw 
readings  from  the  average  should  not  exceed  5  microns.  The  average  deviation 
of  107  individual  readings  from  the  average  reading  for  each  temperature  was 
less  than  2  microns,  corresponding  to  an  average  deviation  of  0.5  micron  in 
determining  the  expansion  of  the  specimen. 

The  apparatus  actually  constructed  as  outlined  above  illustrates  merely 

one  particular  arrangement  for  applying  the  general  principles  of  the  method. 

It  was  hastily  designed  and  built  to  meet  an  emergency.     Various  details 

could  obviously  be  modified.     For  example,  two  independent  graduated  screws 

for  moving  the  stretched  wires  A  and  B  would  be  a  convenience;  any  sensitive 

detector  of  contact  is  usable;  tungsten  wires  are  not  necessary,  etc.     Moreover, 

micrometer  screws  can  be  arranged  to  replace  microscopes  for  use  with  either 

an  air-bath  (as  in  an  electric  furnace)  or  a  liquid  bath;  so  that  the  range  of 

application  is  not  limited  to  the  interval  between  room  temperature  and 

aoo**  C. 

Physical  Research  Laboratory, 
The  L.  D.  Caulk  Company, 
Mn.FORD,  Delaware, 
Nov.  ap,  1918. 
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Monochromatic  and  Neutral  Tint  Screens  in  Optical  Pyrometry.* 

By  W.  E.  Forsythb. 

IT  is  very  difficult  to  find  a  monochromatic  or  a  neutral  tint  glass  screen  for  op- 
tical pyrometry.  Very  fortunately  absolutely  monochromatic  or  absolutely 
neutral  tint  screens  are  not  necessary  for  such  work.  For  the  so-called  mono- 
chromatic screen  what  is  wanted,  for  the  most  part,  is  a  screen  that  is  suffi- 
ciently monochromatic  to  enable  comparisons  in  brightness  to  be  made  between 
the  comparison  source,  or  pyrometer  filament  for  the  Morse  pyrometer,  and 
the  source  that  is  being  investigated. 

When  it  is  necessary  to  use  glass  absorbing  screens  to  reduce  the  apparent 
brightness  of  the  source  studied,  the  main  requirement  is  to  have  a  screen  that 
is  nearly  enough  neutral  tint  to  permit  comparisons  in  brightness  to  be  made. 
The  degree  to  which  it  is  necessary  for  the  absorbing  screen  to  have  a  spectral 
transmission  independent  of  the  wave-length,  depends  upon  the  so-called 
monochromatic  glass  used.  It  is  quite  evident  that  if  the  colored  glass  used  b 
absolutely  monochromatic,  any  absorbing  glass  would  answer. 

With  two  pieces  (thickness  about  6  mm.)  of  Jena  red  glass  no.  4512  in  the 
eyepiece  of  the  pyrometer  the  total  transmission,  which  amounted  to  about 
1.5  per  cent.,  of  a  piece  of  noviweld  absorbing  glass  was  measured  for  a  par- 
ticular temperature  by  two  observers  whose  visibility  curves  are  quite  diflferent 
and  the  two  results  agreed  to  within  a  fraction  of  a  per  cent.  If  a  red  glass  is 
used,  by  total  transmission  is  meant  the  ratio  of  the  brightness  observed  through 
the  red  glass  and  the  black  glass  to  the  brightness  observed  through  the  red 
glass  alone.  If  the  entire  visible  spectrum  is  used,  it  is  generally  very  hard  to 
make  such  measurements  owing  to  the  color  differences  involved  with  even  the 
best  absorbing  glasses.  If,  however,  a  good  red  glass  is  used  in  the  eyepiece, 
transmission  measurements  can  easily  be  made. 

The  transmission  of  the  absorbing  glass  when  used  with  a  red  glass  can  be 
calculated  for  any  black  body  distribution  by  the  following  formula  taken  from 
Preston's  theory  of  light: 

J\d\  =  black  body  energy  for  interval  X  to  X  -f  dX,  F^  =  visibility,  T^^'and 
Tb  —  spectral  transmission  of  red  and  absorbing  glasses  respectively.  An 
absorbing  glass  that  is  not  neutral  tint  is  sometimes  used  to  cut  down  the 
apparent  brightness  of  a  source  when  measuring  the  temperature  with  an 
optical  pyrometer  having  a  red  glass  in  the  eyepiece.  It  has  been  stated*  that 
if  an  absorbing  glass  which  is  not  neutral  tint  is  used  in  connection  with  the 
red  glass,  the  effective  wave-length  to  be  used  is  different  from  the  effective 
wave-length  that  is  to  be  used  with  a  sector.     In  what  follows  it  is  shown  that 

^  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society* 
December  27,  1918. 

'  Foote,  Bull.  Bureau  of  Standards,  Vol.  la,  p.  491. 
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such  is  not  the  case  but  that  the  same  effective  wave-length  is  to  be  used  in 
each  case.  Suppose  that  a  sector  with  a  transmission  T^  were  found  such 
that  the  brightness  observed  through  the  sector  would  equal  that  observed 
through  the  black  glass  using  the  same  red  glass  in  both  cases,  that  is 

The  question  to  be  considered  is  what  effective  wave-length  is  to  be  used  in 
calculating  the  temperature  of  the  source  whose  brightness  is  thus  measured. 
When  the  brightness  is  measured  using  the  rotating  sector  the  temperature 
Ti  is  calculated  from  Ti  the  temperature  corresponding  to  the  pyrometer 
reading  if  no  sector  is  used  by  means  of  the  formula 

(2)  i/i  2  —  i/i  1  =  — \ , 

Ci  log  e 

when  7^5  =  transmission  of  sector  X«  the  ordinary  effective  wave-length  be- 
tween Ti  and  Tj.  The  effective  wave-length  has  been  defined  as  the  wave- 
length such  that 

Tg  =  transmission  of  sector.  Suppose  that  using  the  black  glass  screen 
before  the  pyrometer  lamp  the  same  current  A  through  the  pyrometer  filament 
is  required  to  cause  an  apparent  brightness  match  between  the  same  source  at 
temperature  T2  and  the  pyrometer  filament.  This  means  that  the  sector  and 
glass  have  the  same  transmission.  The  temperature  T2  can  be  calculated  by 
an  equation  similar  to  equation  (2). 

y.  log  Ts 


(3)  1/7^2  -  i/Ti  = 


d  log  e 


T2  =  transmission  of  black  glass  screen  and  X,'  an  effective  wave-length. 
As  Ti  and  T2  are  the  same  in  each  case 

X«  log  Ts  =  X/  log  Tb, 
or 

X«  =  X« , 

that  is,  as  the  transmission  of  the  black  glass  given  by  equation  (i)  is  the  same 
as  would  be  obtained  by  comparing  the  transmission  of  the  glass  with  a  sector 
the  same  wave-length  is  to  be  used  in  each  case. 

Nela  Research  Laboratory, 

National  Lamp  Works  of  General  Electric  Company. 
Nela  Park,  Cleveland,  Ohio, 
December,  1918. 
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The  Temperature,  Pressure  and  Density  of  the  Atmosphere  in  the 

Region  of  Northern  France.^ 

By  W.  J.  Humphreys. 

THE  records  of  416  sounding  b'alloon  flights  made  at  Trappes,  Uccle, 
Strassburg  and  Munich  during  the  years  1900-1912  have  been  grouped 
in  such  manner  as  to  give  the  average  summer  and  winter  distribution  of  tem- 
perature, humidity,  pressure  and  density  from  the  surface  up  to  20  kilometers 
above  sea  level.  The  temperatures  have  further  been  grouped  according  to 
weather  conditions. 

All  this  data  is  given  in  brief  tables  and  shown  in  graphs. 

A  New  Type  of  Hot  Wire  Anemometer.^ 

By  T.  S.  Taylor. 

IN  all  hot  wire  anemometors  thus  far  used,  the  instruments  have  been  so 
designed  as  to  measure  the  average  velocity  over  the  area  of  the  pipe  or 
for  a  length  of  10  cm.  or  greater  at  different  points  in  the  plane  of  cross  section. 
None  of  these  types  is  suitable  for  the  measurement  of  velocity  in  small  tubes. 
It  was  for  the  purpose  of  making  these  latter  measurements,  that  the  present 
instrument  was  constructed.  It  consists  of  a  platinum  heating  wire  0.007 
inch  in  diameter  and  one  half  to  one  inch  long,  stretched  across  a  suitable 
framework,  say  of  glass,  and  having  a  copper-constantan  thermocouple  made 
of  .002  inch  wire  attached  at  its  mid  point.  The  instrument  can  be  used  satis- 
factorily by  measuring  the  current  that  is  necessary  to  maintain  the  tempera- 
ture, as  determined  by  the  thermocouple,  say  300"  C,  above  the  temperature 
of  the  gas  in  which  it  is  placed.  This  method  facilitates  the  measurements 
greatly,  and  avoids  the  possibility  of  accidentally  burning  out  the  wire.  As 
for  the  other  types  of  anemometers,  it  is  necessary  to  calibrate  it  under  the 
conditions  under  which  it  is  to  be  used.  This  can  be  done  by  revolving  it  at 
various  speeds  in  the  gas  whose  velocity  is  to  be  measured  at  various  tem- 
peratures. To  do  the  latter  it  is  necessary  to  have  the  revolving  part  of  the 
calibration  device  contained  in  an  oven  whose  temperature  can  be  regulated 
quite  accurately. 

By  using  this  method  it  is  possible  to  measure  quite  accurately  the  velocity 
of  gases  at  various  temperatures,  and  has  the  great  advantage  of  really  measur- 
ing the  velocity  of  gas  at  a  point. 

A  second  type,  constructed  after  the  usual  one,  has  also  been  used  in  exactly 
the  same  manner  as  the  above.  It  determines  the  average  velocity  over  a 
length  of  from  one  to  three  millimeters.  It  is  constructed  by  having  two  small 
.002-inch  platinum  wires  attached  about  2  millimeters  apart  near  the  middle 
of  the  .007-inch  platinum  heating  wire.     In  calibrating  and  using  it,  the  cur- 

1  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society, 
December  27,  1918. 
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rent  is  measured  that  is  required  to  maintain  a  certain  potential  drop,  say  60 
millivolts  between  the  two  potential  leads.  A  good  portable  potentiometer 
such  as  Leeds  and  Northrup*s  potentiometer  indicator  is  suitable  both  for  the 
temperature  measurements  in  the  first  type  and  the  potential  drop  in  the  second 
type.  The  current  can  be  measured  quite  satisfactorily  by  use  of  a  good 
ammeter  of  proper  range.  To  be  sure  more  accurate  results  can  be  obtained 
when  the  measurements  of  both  current  and  potential  or  thermal  electro- 
motive force  are  made  by  means  of  a  precision  potentiometer. 

A  decided  advantage  of  the  thermocouple  type  is  that  it  enables  one  to 
determine  the  temperature  of  the  gas  directly,  immediately  before  or  after 
taking  velocity  measurements.  This  can  be  done  also  for  the  second  type  by 
the  insertion  of  a  separate  thermocouple  near  the  resistance  wire  or  from  the 
temperature  coefficient  of  the  platinum  wire. 
December  3,  1918. 

The  Linear  Thermal  Expansion  of  Glass  at  High  Temperatures.* 

By  C.  G.  Peters. 
HE  thermal  expansions  of  different  kinds  of  optical  glass,  chemical  glass- 


T 


-1.  ware,  and  ordinary  glass  tubing,  were'measured  by  the  Fizeau  method. 
Rings  cut  from  the  samples  were  placed  between  two  fused  quartz  interferom- 
eter plates  and  heated  in  an  electric  furnace  from  20**  to  650®  C.  Curves  with 
degrees  Centigrade  plotted  against  increase  in  length  show  that  the  rate  of 
expansion  of  each  sample  was  nearly  constant  until  the  annealing  temperature 
was  reached.  This  annealing  temperature  varied  with  different  glasses  from 
450®  to  550®  C.  After  the  annealing  temperature  was  passed  the  glass  seemed 
to  be  in  a  slighty  plastic  condition  and  the  rate  of  expansion  increased  by  four 
to  six  times.  This  rapid  expansion  continued  for  about  100®  when  a  softening 
point  was  reached.  From  the  curves  the  temperature  where  careful  annealing 
is  required  can  be  accurately  located. 

Bureau  of  Standards. 
Washington,  D.  C. 

Some  Characteristics  of  Glasses  in  the  Annealing  Range.* 

By  a.  Q.  Tool  and  J.  Valasek. 

A  STUDY  has  been  made  of  the  behavior  of  a  number  of  glasses  near  their 
softening  temperatures  in  order  to  obtain  data  that  would  serve  to 
indicate  the  proper  annealing  process,  as  well  as  the  maximum  temperatures 
at  which  the  various  glasses  should  be  annealed. 

The  "  relaxation  times  "  for  the  stresses  were  determined  by  two  methods, 
the  first  being  by  the  bending  of  a  glass  strip  as  described  by  Twyman  and  the 

1  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society, 
December  27,  1918. 
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second  by  observing  the  rate  at  which  the  double  refracting  power  of  a  sample 
of  strained  glass  disappeared.     This  relaxation  time  T^  defined  by  the  equation 

dF      pdi_F 
dt  '      dt       T 

due  to  Maxwell,  decreases  with  increasing  temperature  in  such  a  way  that 

The  magnitude  of  the  constant  k  was  found  to  depend  on  the  nature  of  the 
glass.  For  optical  glasses  it  was  found  to  range  from  10  to  13  for  temperatures 
expressed  in  degrees  Centigrade. 

In  the  temperature  range  where  the  glass  softens  to  such  a  degree  that  T 
becomes  only  a  few  tenths  of  an  hour,  it  was  found  that  heating  curves,  ob- 
tained by  the  use  of  a  differential  couple,  showed  a  relative  cooling  of  the  glasses 
with  respect  to  the  neutral  body.     Cooling  curves  show  a  relative  heating. 

Measurements  by  C.  G.  Peters,  of  this  bureau,  have  shown  that  in  this  same 

range  there  is  an  abnormal  increase  in  the  expansion  coefficient.     Consequently 

it  is  to  be  suspected  that  the  softening  of  the  glass,  the  increased  expansion 

and  this  apparent  cooling  effect  are  closely  related. 

High  Temperature  Measurement  Section, 
Bureau  of  Standards, 
Washington,  D.  C. 

Preliminary  Determination  of  the  Thermal  Expansion  of  Molybdenum.* 

By  Lloyd  W.  Schad  and  Peter  Hwnert. 

THE  thermal  expansion  of  an  exceptionally  pure  specimen  of  molybdenum 
was  determined  from  —142"  to  +305**  C. 
A  short  description  of  the  apparatus  and  of  the  method  used  in  obtaining 
high  and  low  temperatures  is  given. 

The  results  are  shown  in  the  form  of  tables,  from  which  were  computed  by 
the  method  of  least  squares,  the  two  following  empirical  equations  which 
satisfy  the  observations: 

Lt  =  Lo  (i  +  5-15^  X  io-«  +  0.00570/*  X  io-«) 
and 

Lt  =  Lo  (i  +  5.01/  X  io-«  +  0.00138/*  X  10-*), 

where  Lt  is  the  length  of  the  specimen  at  any  temperature  t  within  the  proper 
range;  in  the  first  case  19**  to  —142**  C.  and  in  the  second  case  19**  to  +305*  C. 
The  probable  error  of  the  length  computed  from  these  equations  is  less  than 
3  X  io~*  per  unit  length. 

1  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society, 
December  37,  1918.  Complete  paper  may  be  found  in  the  Scientific  Papers  of  the  Bureau  of 
Standards,  No.  333. 
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Speeds  in  Signaling  by  the  Use  of  Light.^ 

By  W.  E.  Forsythb. 

IN  connection  with  some  other  work  it  was  necessary  to  have  some  data 
concerning  the  maximum  speed  of  light  signaling  as  limited  by  the  inertia 
of  the  eye  and  to  compare  this  with  the  speeds  attainable  with  various  types 
of  lamps. 

A  preliminary  investigation  was  carried  out  to  determine  the  relative  lengths 
of  dot,  space  and  dash  necessary  for  the  greatest  speed.  Three  observers 
made  readings  for  this  test  and  all  agreed  very  well  with  the  following  ratio  for 

the  maximum  speed: 

dot:  dash:  space::  i:  4:  3. 

To  test  out  the  speed  for  a  sharp  cut  off  of  the  signals,  using  this  ratio  for  dot, 
dash  and  space,  a  sector  was  made  with  which  the  following  signals  could  be 
shown  (  space,  of  course,  follows  each  dot  or  dash) : 

I  —dot  dash  dot  dash 
2— dash  dot  dot  dash 
3— dash  dot  dot 
4— dash  dot  dash  dot 
5— dash  dash  dot  dot 
6— dot  dash  dash  dot 
7— dot  dash  dash 

This  sector  was  mounted  so  that  the  observers  saw  the  light  source  through  a 
small  opening.  The  observer  was  shown  a  series  of  twelve  signals  for  each  of  a 
series  of  speeds  beginning  at  a  speed  so  low  that  there  was  no  trouble  in  reading 
.  all  the  signals.  This  was  repeated  for  higher  and  higher  speeds  until  the 
observer  was  unable  to  read  the  signals. 

To  test  out  the  speed  where  the  heating  and  cooling  of  the  different  lamps 
was  a  factor,  a  commutator  was  constructed  that  would  turn  the  lamps  on 
and  then  off  so  that  for  any  particular  speed  the  voltage  was  applied  to  the 
lamp  for  the  dot  and  dash  the  same  length  of  time  that  the  flashes  of  light  were 
visible  with  the  sector.  Three  observers  made  comparative  readings  on  the 
signals  as  given  by  the  sector  and  the  commutator  using  a  tungsten  lamp  with 
a  ribbon  filament  mounted  in  argon.  The  results  for  each  observer  were  about 
the  same  for  either  method. 

As  almost  the  same  results  were  obtained  from  the  lamp  as  from  the  sector 
this  lamp,  as  a  standard,  was  compared  with  a  vacuum  ribbon  lamp  and  a  gas- 
filled  wire  lamp.  The  lamps  were  so  mounted  as  to  have  the  same  intensity 
in  the  direction  of  the  observer  stationed  at  a  distance  of  100  or  170  yards. 
Three  observers  took  part  in  these  tests  and  the  results  without  exception  were 
in  favor  of  the  gas-filled  ribbon  lamp. 

^  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society, 
December  27,  1918. 
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As  all  the  above  tests  were  carried  out  at  a  comparatively  short  distance  it 
was  thought  well  to  make  a  test  at  a  much  larger  distance.  To  do  this  the 
gas-hlled  ribbon  lamp  was  mounted  in  a  signaling  unit  which  gave  about  a  5^ 
spread  and  two  observers  made  readings  on  signals  sent  as  above  at  a  distance 
of  about  2,700  yards,  both  in  the  daytime  and  also  at  night.  Assuming  a 
breakdown  at  the  speed  at  which  two  of  the  twelve  signals  shown  were  missed, 
one  observer  was  able  to  read  the  signals  on  a  clear  day  when  the  four-part 
signals  were  shown  at  such  a  speed  that  the  time  from  the  beginning  to  the 
end  of  the  signal  was  about  1.6  seconds.  This  observer  made  about  the  same 
record  at  night.  The  other  observer  was  able  to  read  the  signals  on  a  clear 
day  when  the  time  from  the  beginning  to  the  end  of  the  signal  was  2.2  seconds 
and  at  night  his  record  was  the  same  as  that  of  the  first  observer. 

A  word  might  be  said  about  how  the  signals  appeared  to  the  observer  at  the 

breakdown  point.     Each  observer  was  instructed  to  record  what  he  saw,  not 

by  code  letter,  but  by  actually  writing  down  the  dots  and  dashes.     A  study  of 

these  records  shows  that  on  clear  days  the  breakdown  seemed  to  be  due  to  the 

observer's  inability  to  see  initial  dots,  finally  seeing  only  the  dashes.     At  night 

at  the  distance  at  which  observations  were  made,  the  light  was  very  intense 

and  at  the  breakdown  point  the  observers  reported  that  they  did  not  see  the 

spaces  between  the  light  flashes.     The  light  just  seemed  to  flicker. 

Nela  Research  Laboratory, 

National  Lamp  Works  of  General  Electric  Co.. 
Nela  Park,  Cleveland.  Ohio, 
December,  1918. 

Thermal  Conductivity  of  Various  Materials.* 

By  T.  S.  Taylor. 

THE  present  investigation  was  undertaken  to  determine  the  thermal  con- 
ductivity of  various  materials  used  in  certain  manufacturing  processes. 
It  was  found  that  the  direct  method  was  by  far  the  most  satisfactory.  This 
consisted  of  measuring  the  quantity  of  heat  that  passed  through  a  given  thick- 
ness of  the  material  between  two  equi- temperature  surfaces  and  the  temperature 
drop  through  the  sample.  The  hot  equi-temperature  surface  or  source  con- 
sisted of  a  soapstone  heater  about  9  inches  in  diameter  and  1/2  inch  thick. 
It  was  composed  of  two  discs  each  having  a  heating  element  wound  in  a  spiral 
groove  cut  in  its  surface.  The  two  discs  were  cemented  together  with  faces 
having  heating  wire  adjacent.  Potential  leads  were  brought  out  so  that  the 
potential  drop  could  be  determined  for  a  determined  area  (about  4  sq.  in.) 
surrounding  the  center  of  the  heater.  The  cool  equi-temperature  surfaces 
were  reservoirs  through  which  water  was  kept  circulating.  The  heat  gener- 
ated in  the  heater  passed  laterally  through  the  samples  to  the  cold  reservoirs. 
The  temperature  drop  through  the  samples  was  measured  by  means  of  small 

*  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  PhyBical  Society, 
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copper  constant  thermocouples  inserted  on  each  side  of  the  sample.  Extra 
turns  of  wire  being  wound  around  the  outer  edge  of  the  heater  made  it  possible 
to  have  the  surface  of  the  heater  a  very  constant  temperature  source.  Con- 
sequently from  the  amount  of  heat  developed  per  unit  area  of  the  heater,  the 
thickness  of  the  sample  and  the  temperature  drop  through  the  sample  the 
thermal  conductivity  of  the  material  is  readily  calculated. 

By  this  method  the  conductivity  of  a  large  number  of  materials  has  been 
determined.     The  following  list  contains  some  of  the  results. 


Material. 


Hard  rubber 

White  fiber 

Woods: 
White  pine 

11  14 

Maple 

<< 

White  oak 

<l  14 

Plate  Glass 

it  14 

Soapstone 

Sheet  steel  .0172  inch 

Same  painted  with  asphalt. . . 

Wool  felt  dark  gray 

Solid  graphite 

Powdered  graphite: 

I.  through  20-  on  to  40-me8h 

II.  through  40-mesh  screen. . 

III.  through  100 

Lamp  Black: 

Eagle  brand,  Germantown . . . 
Sil-0-Cel  Brick 


Thick- 

neas. 

Inches. 


0.380 
0.383 

0.519 

0.732 

0.508 

0.785 

0.516 

0.754 

0.252 

0.289 

0.715 

0.416 

0.425 

0.98 

1.04 

0.476 
0.476 
0.476 

0.476 
0.977 


Direction  of  Heat 
Flow. 


Transversely. 


44 


Across  grain. 
Along  grain. 
Across  grain. 
Along  grain. 
Across  grain. 
Along  grain. 
Transversely. 

M  M 


44 
44 


Transversely. 


44 
44 
44 

44 
44 
44 

44 
44 


Temp. 

Cal./cm. 

°C./aec. 

25-50 

0.000380 

20-80 

0.000695 

20-120 

0.000255 

30-80 

0.000613 

20-80 

0.000434 

20-80 

0.001037 

20-80 

0.000455 

40-70 

0.000944 

20-100 

0.00195 

20-120 

0.00201 

70-130 

0.00800 

20-80 

0.00158 

20-80 

0.00625 

40-100 

0.000175 

50-130 

0.110 

40-100 

0.00320 

40-100 

0.00100 

40-110 

0.000482 

40-150 

0.000166 

30-150 

0.000262 

Temp. 
Coef. 


.0015 
.0012 

.0015 
.0020 
.0006 
.0008 
.0018 
.0006 
.0018 
.0012 

.0025 
.0009 
.0076 
.0012 

.0048 
.0040 
.0034 

.0006 
.0015 


The  values  as  recorded  are  given  in  each  case  for  the  average  temperature 
over  which  the  observations  extended.  Thus  for  white  pine  the  average  tem- 
perature extended  from  20"  C.  to  120**  C.  The  conductivity  as  recorded  is 
therefore  for  70**  C.  The  temperature  coefficient  of  thermal  conductivity  was 
determined  from  the  observations  over  the  range  of  temperature  in 
question. 

One  fact  that  is  noticeable  in  particular  is  the  amount  the  transverse  thermal 
conductivity  of  iron  sheets  can  be  increased  by  painting  the  component  sheets 
when  building  up  the  sample. 
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Further  Observations  on  the  Production  of  Metallic  Spectra  by 

Cathode  Luminescence.^ 

By  Edna  Carter  and  Arthur  S.  King. 

IN  continuation  of  previous  experiments,  the  spectra  of  titanium,  man- 
ganese, iron,  magnesium,  calcium  and  cadmium  have  been  examined 
The  metal  was  vaporized  by  the  impact  of  cathode  rays  in  a  high  vacuum  and 
the  spectrum  of  the  vapor  in  the  cathode  stream  observed.  The  later  appar- 
atus was  constructed  largely  of  quartz  in  order  to  withstand  the  considerable 
heating  of  certain  parts. 

The  experiments  have  shown  the  possibility  of  obtaining  by  this  method 
fairly  rich  spectra  even  for  metals  of  high  melting  point.  Thus  for  titanium 
about  140  lines  were  identified,  and  150  for  manganese.  In  the  detailed  pub- 
lication a  comparison  will  be  made  with  the  spectra  of  other  sources.  In 
general,  the  majority  of  lines  in  the  luminescence  spectrum  are  those  easily 
excited  in  the  arc  and  furnace,  but  peculiarities  appear  which  mark  this  as  a 
source  having  special  characteristics,  and  the  action  appears  to  be  materially 
different  for  different  vapors.  For  titanium  the  spectrum  closely  resembles 
that  of  the  furnace,  the  enhanced  lines  being  absent,  while  with  cadmium, 
magnesium,  and  calcium  there  is  a  marked  tendency  to  show  enhanced  lines. 
A  relatively  high  intensity  of  lines  in  the  ultra-violet  was  noted. 

In  the  regular  arrangement,  the  vapor  whose  spectrum  wtas  photographed 

was  out  of  the  path  of  the  current,  the  anode  being  at  one  side  of  the  chamber. 

When  the  anticathode  was  used  as  the  anode,  a  much  more  intense  spectrum 

was  obtained,  but  for  the  elements  tested,  no  decided  difference  in  relative 

intensity  of  lines  was  observed.     A  discharge  of  this  kind  gave  about  120  lines 

in  the  iron  spectrum,  the  relative  intensities  among  these  lines  showing  many 

features  of  interest.     Certain  groups  are  strongly  emitted,  some  of  these  being 

characteristic  of  low  temperature  conditions,  while  others  require  in  other 

sources  an   intense  excitation.     In   further  work,   the  discharge  conditions 

governing  the  appearance  of  certain  classes  of  lines  will  be  more  fully  tested. 

Vassar  College, 

Mount  Wilson  Solar  Observatory. 

December.  19 18. 

Residual  Gases  in  Highly  Exhausted  Glass  Bulbs.* 

By  J.  E.  Shrader. 

THE  investigation  of  high  vacua  has  been  extended  by  making  observa- 
tions on  the  effect  of  the  sealing  off  of  highly  exhausted  glass  bulbs, 
and  noting  the  subsequent  change  in  pressure  with  time  over  an  extended  period. 
In  this  work  the  mercury  diffusion  pump  and  the  Knudsen  Absolute  gauge 
were  employed.     The  glass  ware  was  cleaned   with   potassium  bichromate 

^  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Sodety* 
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solution  followed  by  thorough  rinsing  with  hot  water  to  remove  soluble  salts. 
Heat  treatment  of  the  bulbs  and  gauges  in  an  electric  oven  at  500*  C.  for  two 
hours  sufficed  to  remove  gases  and  vapors  from  the  glass  so  that  pressures  of 
the  order  of  5  X  lo"'  mm.  Hg.  could  be  obtained. 

On  sealing  off  the  bulbs  and  gauges  by  melting  the  glass  at  a  constriction 
there  is  a  comparatively  large  evolution  of  gases  and  vapors  which  can  be 
partly  removed  by  pumping  during  the  time  of  sealing  off,  but  the  pressure  in 
the  bulbs  is  always  four  or  five  times  as  large  as  the  pressure  before  sealing  off. 
For  several  days  after  sealing  off,  there  is  a  comparatively  rapid  increase  in 
pressure,  after  which  the  change  in  pressure  is  slower  and  is  proportional  to 
the  time. 

After  the  exhausted  bulbs  had  stood  for  about  two  months  they  were  sub- 
jected to  further  heat  treatment  at  successively  higher  temperatures  and  the 
change  in  pressure  was  noted  after  each  heat  treatment.  Reheating  at  tem- 
peratures below  250**  C.  resulted  in  only  slight  increase  in  pressure  while  higher 
temperatures  produced  increasingly  larger  changes  in  pressure. 

A  Device  for  the  Automatic  Registration  of  the  a-  and  /5-Particles 

AND  7-Ray  Pulses.* 

By  Alois  F.  Kovarik. 

THE  detection  of  individual  a-  or  |9-par tides  has  been  in  all  cases  dependent 
on  the  visual  or  audible  method.  These  methods  are  quite  trying  on 
the  nerves,  because  close  attention  is  necessary  on  account  of  the  probability  law 
of  emission  and  long  periods  of  counting  are  essential  because  the  method  is  a 
statistical  one.  The  method  described  in  this  paper  makes  it  possible  to  get  a 
record  of  individual  particles  on  a  chronograph  paper,  permitting  a  study  of  it 
at  convenience,  and  thus  enhancing  the  accuracy  of  the  statistical  method. 
The  method  consists  in  amplifying  the  current  to  the  needle-point  electrode 
in  the  counting  chamber  by  means  of  a  three  electrode  vacuum  tube  amplifier 
and  using  this  current  to  operate  a  very  sensitive  relay  which  in  turn  operates 
a  local  battery  circuit  which  operates  the  electromagnet  on  a  chronograph. 
The  writer  wishes  to  express  his  sincere  thanks  to  the  Western  Electric  Co.  for 
the  fine  spirit  of  cooperation  in  making  him  a  loan  of  both  the  sensitive  relay 
and  the  amplifier. 

The  accuracy  of  the  method  was  tested  (i)  for  the  a-particles,  by  checking 
the  count  by  the  scintillation  method  as  in  previous  work,  (2)  for  the  /3-par- 
ticles,  by  determining  their  number  by  a  measurement  of  the  charge  carried 
by  the  /3-particles  and  (3)  by  getting  a  record  of  a  large  number  of  /3-particles 
emitted  over  a  long  time  and  finding  the  number  emitted  in  a  given  interval 
of  time  and  checking  up,  or  rather,  in  the  case  of  the  /3-particles,  proving  the 
application  of  the  law  of  probability  to  the  emission  of  the  /5-particles.     To 

>  Abetract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society^ 
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the  writer's  knowledge,  this  b  the  first  automatic  record  of  any  random  dis- 
tribution which  could  be  readily  applied  to  test  the  probability  law. 

A  record  of  the  7-rays  is  also  obtained.  The  writer  is  not  ready,  at  present 
to  say  that  it  is  the  7-ray  pulses  which  are  registered  although  evidence  seems 
to  point  that  way.  The  law  of  inverse  square  distance  (absorption  in  air  for 
penetrating  7-rays  neglected)  is  verified. 

Shsffibld  Scientific  School. 
Yale  UNrvsusiTY, 

Nbw  Haven,  Conn.. 
November  23.  1918. 

Photoelectric  Sensitivity  vs.  Current  Rectification  in  Molybdenite.* 

By  W.  W.  Coblbntz  and  Louise  S.  McDowell. 

IN  the  course  of  an  investigation  of  the  spectral  photoelectric  sensitivity  of 
molybdenite*  it  was  found  that  samples  which  are  sensitive  photoelec- 
trically  have  a  considerably  higher  electrical  resistance  (100  to  1,000  times 
greater)  than  samples  which  are  not  sensitive  to  light.  Moreover,  the  con- 
ductivity of  the  insensitive  samples  was  found  to  be  quite  independent  of  the 
direction  in  which  the  current  passed  (lengthwise)  through  the  crystal. 

On  the  other  hand,  samples  of  molybdenite  which  are  sensitive  photoelec- 
trically  were  found  to  possess  a  much  higher  conductivity  when  the  electric 
current  (from  a  4-volt  battery)  was  passed  in  one  direction  than  when  it  was 
passed  in  the  opposite  direction  through  the  crystal.  This  difference  in  current 
leakage  ("dark  current")  as  dependent  upon  the  direction  of  the  current 
through  the  crystal,  varied  from  10  to  30  per  cent.,  for  different  crystals. 
The  photoelectric  current  was  therefore  proportionately  increased  by  connect- 
ing the  crystal  into  the  battery  circuit  in  the  proper  direction  to  obtain  the 
maximum  conductivity. 

It  was,  therefore,  of  interest  to  determine  whether  any  relation  exists  be- 
tween photoelectric  sensitivity  and  the  rectifying  action  which  occurs  when 
the  crystal  is  placed  in  a  high  frequency  oscillating  circuit. 

For  this  purpose  crystals  (size  10  by  4  by  o.i  mm.)  were  selected  which  showed 
one  or  two  small  photoelectrically  sensitive  spots,  but  which  were  quite  in- 
sensitive throughout  the  remainder  (of  the  surface)  of  the  crystal. 

The  rectification  tests  were  made  by  means  of  an  ordinary  tuned  buzzer 
circuit.  The  telephone  and  detector,  in  series,  were  placed  in  parallel  with 
the  condenser  of  the  secondary  circuit.  The  coupling  was  adjusted  to  produce 
strong  oscillations  in  the  secondary  circuit.  The  molybdenite  crystal  was 
explored  for  rectification  by  touching  the  surfaces  by  means  of  a  fine  metal 
point. 

The  results  of  these  tests  show  that  the  low-resistance,  photoelectrically- 

1  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society, 
December  27.  1918. 

*  Phys.  Rev.,  ii,  p.  497.  1918. 
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insensitive  samples  of  molybdenite  are  far  more  efficient  rectifiers  than  the 
high-resistance,  light-sensitive  specimens.  One  such  specimen,  which  showed 
no  photoelectric  sensitiveness  whatever,  as  determined  by  a  sensitive  gal- 
vanometer, produced  decided  rectification  over  almost  its  entire  surface.  In 
fact  it  was  difficult  to  find  a  spot  which  produced  no  rectification.  On  the 
other  hand,  the  samples  of  molybdenite,  having  a  high  resistance  exhibited 
the  rectifying  action  only  in  spots,  which  usually  did  not  coincide  with  the 
photoelectrically  sensitive  spots.  These  radio-electrically  sensitive  spots  were 
widely  scattered  over  the  surface,  but  sometimes  comparatively  large  areas 
were  found  which  showed  no  electrical  rectification,  as  indicated  by  the  tele* 
phone.  Only  the  most  sensitive  spots  of  the  high  resistance  material  produced 
a  rectification  approaching  that  of  the  specimens  having  a  low  resistance. 

In  two  instances,  especially  electrically  sensitive  spots  were  found  upon  the 
light-sensitive  areas,  but  other,  equally  sensitive  spots  occurred  in  the  areas 
which  were  photoelectrically  insensitive. 

The  conclusions  to  be  drawn  are  therefore  that:  (i)  the  low-resistance, 

photoelectrically-insensitive    molybdenite   exhibits    much    greater   rectifying 

action   than   the   high-resistance,    photoelectrically-sensitive   specimens;    (2) 

there  is  no  apparent  relation  between  the  electrical  rectification  and  the  photo« 

electric  sensitivity  observed  in  molybdenite. 

BuRBAU  OF  Standards, 
November  9,  19 18. 

Absorption  Coefficient  of  the  Penetrating  Radiation.* 

By  Oliver  H.  Gish. 

IT  is  stated  several  times  in  the  literature  that  the  ''penetrating  radiation 
of  the  atmosphere"  has  much  greater  penetrating  power  than  the  hardest 
7-ray8  but  no  attempts  to  measure  this  directly  have  been  made  previously. 
The  following  table  gives  values  obtained  indirectly  from  Kohlhdrster's 

observations. 

Absorption  Coefficient  in  Air  {Computed). 


Altitude, 
m. 


Ill-  686 
3861-9071 


Abtorptioii  Coef .  (tt) 
(Computed)  (Cm.-i). 


1.10  X  io-» 

1.53 

0.772        " 
0.746 


i< 


Absontion  Coef. 

of  t-Rati  in  Air 

Divided  by  |i. 

Obeerver. 

4.8 

KohlhOrster 

3.4 

Gish 

6.8 

It 

7.0 

E.  V.  Schweidler 

Using  a  Wulf  type  electroscope  in  the  form  of  a  vertical  cylinder  and  adding 
concentric  cylinders  of  lead  at  intervals  the  following  results  were  obtained. 

>  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  tiie  American  Physical  Society, 
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Absorption  Coefficient  in  Lead  (Measured), 

Altitude* 

m. 

Abtorptioii  Coef .  (jt) 
(Measured)  (Cm.-i). 

Abeorption  Coef. 
Y-Kajre  m  Leed  -i-  ii. 

Place. 

359 
1857 
4308 

1.22 
0.82 
0.45 

0.41 
0.61 
1.11 

Lincoln,  Nebr. 
Colorado  Spr*s,  Colo. 
Pike's  Peak 

The  values  in  the  first  table  are  less  than  those  found  for  gamma-rays 

(6.0  X  10"*^)  while  those  in  the  second  table  are  (except  for  the  last)  greater 

than  the  coefficient  of  absorption  of  gamma-rays  in  lead  (0.50).     It  should 

however  be  said  that  in  the  latter  case  the  values  obtained  are  too  large  due 

to  the  method  of  computing  them.     Both  tables  are  however  significant  in 

that  they  show  a  decrease  in  the  absorption  coefficient  with  altitude.     In 

view  of  this  it  seems  probable  that  the  "  upper  component "  of  the  penetrating 

radiation  is  more  penetrating  than  gamma-rays. 

Wbstinghousb  Research  Laboratory, 
East  Pittsburgh.  Pa. 


Ionization  and  Resonance  Potentials  for  Electrons  in  Vapors  of 

Arsenic,  Rubidium,  and  CiEsiUM. 

By  Paul  D.  Foote,  O.  Rognlby  and  F.  L.  Mohler. 

THE  study  of  electron  currents  in  metallic  vapors  has  been  extended  to 
arsenic,  rubidium  and  caesium.  The  resonance  potential  or  potential 
of  inelastic  impact  and  ionization  potential  were  measured  by  the  method  used 
in  previous  work. 

The  results  with  arsenic  gave  the  resonance  potential  at  4.7  volts  and  ioniza- 
tion at  1 1.5  volts.  As  these  values  are  close  to  the  corresponding  potentials 
for  mercury  of  4.9  volts  and  10.3  volts  the  experiment  was  repeated  with  all 
possible  precautions  with  similar  results.  A  wehnelt  discharge  showed  no 
visible  arc  with  a  current  of  30  milliamperes  but  when  some  mercury  was  added 
to  the  arsenic  the  arc  was  visible  with  a  current  of  .02  milliampere.  In  the 
case  of  metallic  vapors  so  far  studied  the  quantum  relation  Ve  *=  hv  shows 
these  potentials  to  be  related  to  the  frequencies  of  the  first  line  and  limit  of  a 
prominent  series  in  the  spectrum  of  the  metal.  No  such  relation  can  be  found 
in  the  case  of  arsenic  but  little  is  known  of  series  relations  in  arsenic. 

The  potentials  found  may  predict  a  series  with  its  first  line  and  limit  near 
X  =  2,620  and  X  =  1,070  respectively. 

In  rubidium  vapor  the  resonance  potential  is  1.6  volts  and  the  ionization 

potential  4.1  volts,  in  caesium  1.48  volts  and  3.9  volts  respectively.     Tate  and 

Foote*  have  shown  that  in  the  case  of  sodium  and  potassium  these  potentials 

are  determined  from  the  quantum  relation    Ve  =  hv  by  the  frequencies  of  the 

first  line  and  limit  of  the  principal  series. 

^  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Phjrsical  Society, 
December  28,  19 18. 

*  Phil.  Mag.,  36.  p.  75.  1918. 
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These  series  in  the  case  of  rubidium  and  caesium  are  widely  separated  doub- 
lets. Foote  and  Mohler^  found  in  the  case  of  thallium  that  the  short  wave- 
length line  of  the  doublet  determined  the  value  of  the  resonance  potential. 
The  accompanying  table  shows  that  the  series  relations  of  rubidium  and  caesium 
are  analogous  to  sodium  and  potassium.  The  agreement  is  well  within  expe- 
rimental error  if  we  take  as  in  the  case  of  thallium  the  short  wave-length  line 
of  the  doublet. 

Resonance  and  Ioni%ation  Potentials  for  the  Alkali  Metals. 


MateL 

Voltt. 

X(^) 

loDJatioa  Poteatkd 
Votti. 

Compvitsd. 

Obserred. 

Computed.  Obserred. 

Lithium 

Sodium 

Potassium 

Rubidium 

Caesium 

6707.85 
f  5895.94 
1 5889.97 
f  7699.01 
I  7664.94 
f  7947.64 
\  7800.29 
r  8943.46 
i  8521.12 

1.839 
2.092) 
2.094  C 
1.602) 
1.609  i 
1.552  ) 
1.581  * 
1.3791 
1.447  i 

2.12 
1.55 
1.6 
1.48 

2299.67 
2412.63 

2856.69 

2968.40 

3184.28 

5.363 
5.112 

4.318 

4.155 

3.873 

5.13 
4.1 
4.1 
3.9 

Bureau  of  Standards, 
Washington,  D.  C. 
December  9,  1918. 


Note  on  the  Distribution  of  Energy  in  the  Visible  Spectrum  of  a 

Cylindrical  Acetylene  Flame.* 

By  Edw.  p.  Hyde,  W.  E.  Forsythe  and  F.  E.  Cady. 

A  KNOWLEDGE  of  the  distribution  of  energy  in  the  visible  spectrum  of  an 
acetylene  flame  has  become  important  within  the  last  few  years  through 
the  use  of  this  flame,  in  cylindrical  form,  in  investigations  of  the  visibility  of 
radiation.  It  can  be  shown  by  computation  that  the  data  on  acetylene  pub- 
lished by  Coblentz  form  a  curve  in  the  visible  spectrum  which  will  not  agree 
with  that  of  a  black  body  at  any  temperature  to  better  than  7  or  8  per  cent. 
As  this  would  mean  that  no  color  match  could  be  obtained  and  as  previous 
experience  of  the  authors  had  led  to  the  conclusion  that  the  energy  curve  of 
acetylene  differed  in  shape  from  that  of  a  black  body  only  in  the  extreme  red, 
a  short  investigation  was  undertaken  to  verify  this  conclusion. 

Tungsten  lamps  whose  current  color-temperature  relation  was  carefully 
determined  in  this  laboratory,  were  sent  to  the  Eastman  Kodak  Company  and 
to  the  Bureau  of  Standards  with  the  request  that  they  be  compared  with  the 

>  Pbys.  Rev.,  ii,  p.  487.  1918. 
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acetylene  flame  and  the  current  for  color  match  be  found.  The  results  gave 
an  average  value  of  2360*  K  =b  10*  K.,  and  neither  laboratory  reported  any 
difficulty  in  obtaining  a  match  in  color.  However  the  Bureau  of  Standards 
reported  a  difference  amounting  to  about  75*  K.  between  the  flame  as  given 
by  the  Eastman  standard  burner  and  that  given  by  the  ''  Crescent  Aero" 
burner,  the  latter  being  higher. 

The  spectral  distribution  of  the  flame  was  measured  by  means  of  a  spectro- 
photometer and  a  spectral-pyrometer  and  the  results  gave  a  curve  agreeing 
within  the  limits  of  error  with  that  of  a  black  body  at  2360^  K.  In  the  extreme 
red,  beyond  0.70  |i  there  was  indication  of  a  higher  emissivity  for  the  acetylene. 
A  photographic  method  gave  results  corroborating  those  just  mentioned. 

A  test  of  the  sensibility  of  the  color- match  method  to  show  differences  in 
the  spectral  energy  curve,  showed  that  if  two  spectral  curves  matched  at  0.5  m 
and  0.7  |i  and  differed  by  as  little  as  4  per  cent,  in  the  middle  of  the  spectrum, 
the  two  light  sources  could  not  be  made  to  match  in  color. 

In  conclusion  it  is  recommended  that  the  relative  emission  intensities  of  a 

cylindrical  acetylene  flame,  at  least  for  that  type  represented  specifically  by 

the  Eastman  standard  burner  and  for  the  wave-length  interval  from  0.411  to 

0.7  II  should  be  taken  as  identical  with  those  of  a  black  body  at  2360*  K. 

Nela  Rksbakch  Laboratory, 

National  Lamp  W<hlks  of  Genbral  Elbctric  Co., 
Nela  Park,  Cleveland,  Ohio, 
December,  191S. 

Preliminary  Note  on  the  Luminescence  of  the  Rare  Earths.^ 

By  E.  L.  Nichols,  D.  T.  Wilbbr  and  P.  G.  Wick. 

THE  rare  earths  in  solid  solution  in  CaO  and  certain  other  media  exhibit 
fluorescence  and  absorption  of  special  interest  on  account  of  the  narrow 
bands  in  their  spectra. 

By  experiments  now  in  progress  we  have  established  the  following  points: 

1.  All  bands  visible  when  luminescence  is  excited  by  the  iron  spark  coincide 
precisely  with  the  bands  of  kathodo-luminescence.  It  is  probable  therefore 
that,  as  in  the  case  of  the  uranyl  salts,  willemite,  etc.,  the  location  of  bands  is 
independent  of  the  mode  of  excitation. 

2.  When  excited  at  the  temperature  of  liquid  air,  these  spectra  undergo  a 
marked  narrowing  of  the  bands  and,  particularly  in  the  blue  and  violet,  broad 
hazy  bands  are  resolved  into  numerous  line  like  components. 

3.  At  low  temperatures  the  bands  usually  ascribed  to  erbium  in  the  blue 
appear  to  be  greatly  enhanced  whereas  the  bands  due  to  samarium,  chiefly  in 
the  red,  are  weakened.  In  preparations  containing  both  of  these  elements, 
the  change  in  the  color  of  fluorescence  thus  produced  is  very  striking. 

4.  Since  bands  due  to  several  elements  are  present  in  all  preparations  thus 
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far  made»  the  search  for  series  is  greatly  complicated.  There  is  evidence  how- 
ever of  the  occurrence  of  constant  frequency  intervals,  as  in  the  case  of  all 
other  fluorescent  substances  thus  far  examined. 

On  thb  Critical  Absorption  Frequencies  of  Chemical  Elements  of 

High  Atomic  Numbers.^ 

By  William  Duanb  and  Takbo  .Shimizu. 

IN  several  papers*  presented  to  the  American  Physical  Society  accounts 
have  been  given  of  measurements  of  the  critical  X-ray  absorption  fre- 
quencies of  some  of  the  chemical  elements.  In  making  these  measurements 
an  X-ray  spectrometer  with  a  calcite  crystal  has  been  employed.  Before 
striking  the  crystal  the  X-rays  passed  through  two  narrow  slits  and  after 
reflection  through  a  third  slit  in  front  of  the  ionization  chamber,  which  was 
wide  enough  to  admit  the  entire  reflected  beam  of  X-rays  into  the  chamber. 
This  arrangement  makes  a  large  correction  for  the  absorption  of  the  X-rays 
by  the  crystal  unnecessary.  The  critical  absorption  wave-lengths  were  ob- 
tained by  drawing  curves  representing  the  ionization  currents  as  functions  of 
the  angle  made  by  the  crystal  planes  with  the  X-ray  beams  (the  grazing  angles  of 
incidence).  If  a  thin  sheet  of  a  chemical  element  (  or  of  one  of  its  compounds) 
is  placed  in  the  path  of  the  X-rays,  a  marked  break  in  the  curve  appears  at  a 
certain  point.  The  ionization  current  on  the  high  frequency  side  of  this 
break  is  much  smaller  than  on  the  low  frequency  side,  indicating  a  substantial 
increase  in  the  absorption  of  the  shorter  X-rays  by  the  chemical  element. 

The  formula 

X  =  6.056  sin  6  X  io~'  cm.  (i) 

gives  the  wave-length  X,  in  which  the  double  grazing  angle  is  obtained  by  meas- 
uring from  the  center  of  the  sharp  drop  in  the  ionization  curve  on  one  side  of 
the  zero  line  of  the  spectrometer  to  that  on  the  other  side. 

The  papers  above  referred  to  contain  the  results  of  experiments  on  chemical 
elements  up  to  and  including  cerium,  with  an  atomic  number  of  58.  The 
present  paper  deals  with  an  extension  of  the  measurements  to  chemical  ele- 
ments of  atomic  numbers  higher  than  58.  We  used  the  same  apparatus  as  in 
the  previous  researches  with  the  single  exception  that  the  current  exciting  the 
X-ray  tube  came  from  a  high  tension  transformer  (with  a  system  of  kenotrons 
and  condensors,  etc.,  to  give  approximately  a  constant  difference  of  potential), 
instead  of  from  the  high  tension  storage  battery  previously  employed.  With 
this  apparatus  we  have  measured  the  critical  absorption  frequencies  for  a  num- 
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ber  of  chemical  elements  up  to  mercury  (atomic  number  80).  The  lantern 
slides  shown  indicate  that  the  square  roots  of  these  frequencies  plotted  against 
the  atomic  numbers  depart  from  the  straight  line  law  to  a  still  greater  extent 
than  the  measurements  previously  recorded  for  chemical  elements  of  lower 
atomic  numbers. 

In  one  of  the  papers  referred  to  it  was  shown  that  the  velocity  v  of  the  electron 
required  to  produce  the  K  characteristic  X-rays,  calculated  from  the  simple 
formula 

hv  ^'     , ,  (2) 

2 


^' 


is  a  linear  function  of  the  atomic  number  N,  it  being  given  by  the  equation 

V  =  o.oo678c(  N  -  3/2)  (3) 

to  within  about  1/5  per  cent,  up  to  the  atomic  number  58.  As  indicated  by 
the  lantern  slide  shown  the  departure  from  this  law  for  chemical  elements  up 
to  mercury  {N  ^  80)  amounts  to  only  i  per  cent. 

We  have  plotted  on  the  same  diagram  the  results  of  the  interesting  experi- 
ments recently  published  by  de  Broglie.  He  used  a  photographic  method  for 
measuring  the  critical  absorption  wave-lengths.  The  correction  for  the  ab- 
sorption by  the  crystal  in  this  method  does  not  appear  to  be  quite  clear,  espe- 
cially as  the  correction  must  depend  upon  the  finite  size  of  the  crystal.  As  a 
matter  of  fact  the  velocities  we  have  calculated  from  his  data  by  equation  (2) 
fall  about  as  far  above  the  straight  line  represented  by  equation  (3)  as  our 
values  do  below  it. 

In  dealing  with  these  chemical  elements  of  high  atomic  numbers  we  must 
remember  that  the  velocities  of  the  electrons  required  to  produce  their  char- 
acteristic X-rays  exceed  half  the  velocity  of  light,  and  that  several  formulas 
have  been  proposed  for  the  electron's  kinetic  energy.  The  velocities  calcu- 
lated by  these  formulas  differ  from  each  other  (in  the  case  of  mercury  for  in- 
stance) by  several  per  cent.  We  postpone  a  discussion  of  these  points,  how- 
ever, until  the  critical  frequencies  for  radium,  thorium  and  uranium  have  been 
obtained. 

Some  Interesting  Results  of  Eclipse  Magnetic  Observations.* 

By  L.  a.  Bauer. 

BECAUSE  of  the  bearing  of  a  definite  detection  of  magnetic  effects  during 
solar  eclipses  upon  theories  of  magnetic  variations,  the  Department  of 
Terrestrial  Magnetism  of  the  Carnegie  Institution  of  Washington  made  special 
arrangements  for  magnetic  and  allied  observations  during  the  solar  eclipse  of 
June  8,  1 91 8.     In  the  program  of  work,  there  participated  magnetic  observa- 
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tones  and  universities  distributed  over  the  entire  zone  of  visibility,  from  China 
and  Japan  to  the  Atlantic  seaboard.  There  were  thus  obtained  magnetic 
data  from  about  twenty-five  stations. 

The  results  gained  confirm  the  general  conclusions  reached  from  similar 
observations  made  in  accordance  with  the  author's  scheme  of  observation 
during  various  eclipses  since  1900.  It  may  now  be  regarded  as  definitely 
proved  that  during  a  solar  eclipse  the  earth's  magnetic  field  passes  through  a 
minute  oscillation,  the  period  of  which  approximates  that  of  the  eclipse  and 
the  range  of  which,  as  compared  with  that  of  the  solar  diurnal  magnetic  varia- 
tion, is  approximately  proportional  to  the  amount  of  sunlight  and  other  solar 
radiations  cut  off  from  the  earth  by  the  moon. 

The  character  of  the  magnetic  effect  during  the  eclipse  is  in  general  the 
reverse  of  that  which  occurs  during  the  sunlit  hours  of  the  day.  Its  main 
characteristic  features  occur  from  station  to  station  not  according  to  absolute 
time,  nor  to  local- time  but  according  to  eclipse  time,  as  of  course  should  be  the 
case  if  the  effect  is  attributable  to  the  eclipse. 

The  range  of  the  effect  on  the  magnetic  declination  is  about  o.i  of  that  of 
the  solar-diurnal  variation,  or  about  one  minute  of  arc  for  our  latitudes.  The 
maximum  effect  on  the  strength  of  the  earth's  magnetic  field  is  about  0.03 
per  cent.,  or  equivalent  to  the  effect  found  by  the  author  for  a  ten  per  cent, 
change  in  the  solar  radiation  as  revealed  by  changes  in  the  solar-constant 
values  observed  at  Mt.  Wilson  by  the  Smithsonion  Institution. 

The  mathematical  analysis  of  the  eclipse  magnetic  variation  may  throw 
light  upon  the  causes  of  other  variations  of  the  earth's  magnetic  field,  notably 
of  those  attributed  to  the  sun  and  moon.  Fuller  publication  will  be  found  in 
the  Journal  of  Terrestrial  Magnetism  and  Atmospheric  Electricity,  Vols.  23 
and  24. 

Why  Clouds  Never  Form  in  the  Stratosphere.* 

By  W.  J.   HUMPHRSYS. 

IT  is  obvious  from  the  occurrence  of  cirrus  clouds  at  the  base  of  the  stratos- 
phere that  at  this  level  the  atmosphere  frequently  is  fully  saturated.  We 
should,  therefore,  expect  the  stratosphere,  even  if  wholly  free  from  vertical 
convection,  to  become  humid  through  long  continued  diffusion.  Nevertheless 
clouds  do  not  form  in  it  even  under  the  influence  of  rapid  drops  in  temperature 
of  10*  C.  or  more.  It  must,  therefore,  have  a  humidity  far  below  saturation. 
And  to  this  condition  there  are  at  least  two  contributing  causes. 

(a)  In  the  absence  of  vertical  convection  the  vapor  pressure  must  rapidly 
decrease,  under  the  influence  of  gravity,  with  elevation,  just  as  does  the  pres- 
sure of  the  atmosphere  as  a  whole.  Hence,  at  anything  like  constant  tem- 
perature, the  stratosphere,  even  if  saturated  at  the  base,  must  rapidly  become 
very  dry  with  increase  of  elevation.  But  this  is  not  sufficient  to  account  for 
the  total  absence  of  clouds  at  these  levels. 
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(b)  The  lower  portion  of  the  stratosphere  normally  has  a  minimum  tem- 
perature during  the  passage  of  each  anticyclone  which  obviously  prevents 
water  vapor  from  diffusing  upward  to  a  greater  density  at  any  level  than  that 
of  saturation  at  this  low  temperature.  The  little  vapor  that  does  diffuse  a 
short  ways  upward  during  the  few  days  prevalence  of  any  milder  temperatures, 
such  as  accompany  cyclonic  conditions,  is  precipitated  on  the  passage — ^never 
long  delayed — of  the  next  anticyclone.  In  this  way  the  stratosphere  is  kept 
exceedingly  dry,  and  clear  skies  instead  of  hazy  made  the  rule  for  anticycionic 
weather. 

The  Minimum  Temperature  at  t9e  Base  of  the  Stratosphere.^ 

Bt  W.  J.  Humphrkts. 

NUMEROUS  records  obtained  by  sounding  balloons  have  shown  con- 
clusively that,  on  the  average,  the  temperature  at  the  .base  of  the  strat- 
osphere is  lower  than  at  any  other  level,  above  or  below. 

As  this  is  not  in  accord  with  a  state  of  thermal  equilibrium  one  naturally 
looks  for  the  cause  in  some  type  of  forced  convection. 

An  analysis  of  the  records  shows  that  this  minimum  temperature  is  especially 
pronounced  in  anticycionic  regions,  or  where  the  barometric  pressure  is  high. 
But  in  these  regions  the  chief  flow  of  the  atmosphere  is  towards  lower  latitudes. 
Hence  it  lags,  or  loses  some  of  its  eastward  velocity,  and  thereby  interferes 
with  the  flow  of  the  prevailing  winds  from  the  west  and  causes  them  to  rise,  as 
over  a  mountain  barrier,  to  unwonted  heights,  and  thus  to  cool  to  abnormally 
low  temperatures. 

The  base  of  the  stratosphere  recovers  somewhat  from  its  minimum  tem- 
perature after  the  passage  of  an  anticyclone,  but  only  to  be  again  dynamically 
cooled  below  the  point  of  radiation  equilibrium  by  the  next  anticyclone,  and 
so  on  indefinitely., 

On  the  average,  therefore,  the  lower  portion  of  the  stratosphere  has  a  me- 
chanically enforced  minimum  temperature  more  or  less  below  the  point  of 
radiation  equilibrium. 

Stria  in  Optical  Glass.* 

By  L.  E.  Dodd  and  A.  R.  Payne. 

VARIOUS  types  of  stris  in  optical  glass,  classified  on  the  basis  of  visible 
appearance,  are  described,  and  photographs  shown.  Certain  of  these 
types  are  then  discussed  from  the  standpoint  of  their  nature  and  probable 
origin.  A  relationship  between  gas  bubbles  in  the  glass  and  striae  is  pointed 
out.  The  application  of  pressure  to  the  molten  glass  is  advocated  as  a  pre- 
ventive, not  only  of  bubbles,  but  also  of  those  striae  associated  with  bubbles. 
Another  probable  source  of  the  more  numerous  striae  is  given  as  the  separation 
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of  lead  or  its  oxide,  in  the  lead  glasses.     Striae  having  such  origin,  however, 

are  more  localized,  near  the  walls  and  bottom  of  the  pot,  and  may  be  reduced 

to  a  minimum  in  number  by  proper  heat  treatment  and  stirring.     It  is  thought 

that  stride  in  the  more  central  part  of  the  glass  mass  in  the  pot,  which  are 

regarded  as  being  mostly  associated  with  bubbles,  may  be  largely  prevented 

by  application  of  pressure,  and  that  thereby  the  per  cent,  of  good  glass  may  be 

considerably  raised  from  the  present  amount  of  20  or  25  per  cent,  of  the 

total  melt.     The  experimental  application  of  pressure  is  proposed  as  a  special 

research,  primarily  of  commercial  value,  but  indirectly  of  scientific  value  by 

its  possibility  of  opening  the  way  to  the  manufacture  of  the  larger  lenses  free 

from"  defect. 

BuftBAU  OF  Standards, 
PiTTSBxmGH  Branch. 

Effect  of  Crystal  Structure  upon  Photoelectric  Sensitivity.* 

By  W.  W.  Coblentz. 

IN  a  previous  investigation*  it  was  observed  that  plates  of  silver  sulphide 
which  had  been  prepared  in  the  laboratory  and  subjected  to  hammer- 
ing, were  rather  insensitive  photoelectrically.  On  the  other  hand,  the  natural 
mineral  acanthite,  AgiS  is  sensitive  photoelectrically.  The  sample  tested  was 
a  spindle-shaped  rod  about  8  mm.  long,  irregular  in  outline,  and  consisting 
principally  of  three  crystals.  Wishing  to  produce  a  wider  receiving  surface 
for  spectral  photoelectric  examination,  the  central  crystal  was  flattened  by 
hammering.  It  was  then  found  that  this  flattened  crystal  was  quite  insensi- 
tive photoelectrically,  whereas,  the  rest  of  the  material  remained  sensitive. 
Evidently  the  change  in  internal  configuration  of  the  crystal  had  some  effect 
upon  the  photoelectric  sensitivity.  It  is,  therefore,  proposed  to  observe  the 
spectral  photoelectrical  sensitivity  of  the  sample  before  and  after  mechanical 
manipulation. 

Bureau  of  Standards, 
Washington,  D.  C, 
December  27,  19 18. 

Silvering  Quartz  Fibers  by  Cathodic  Sputtering.* 

By  J.  E.  Shradsr. 

THE  device  by  Williams*  for  silvering  quartz  fibers  has  been  so  modified 
that  the  measurement  of  the  resistance  of  the  fibers  can  be  measured  in 
situ. 

Sputtering  of  fibers  has  been  done  with  D.C.  from  generators,  rectified  A.C. 
from  a  transformer,  and  A.C.  from  a  transformer  rectified  only  by  the  sputter- 
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ing  device  itself.  The  sputtering  was  done  in  hydrogen  at  different  voltages 
and  current  densities,  while  the  resistance  was  measured  for  varying  lengths  of 
time  of  sputtering. 

After  silvering  the  resistance  of  the  fiber  has  been  observed  to  change  with 
time  and  this  change  has  been  measured  over  a  short  period  of  time. 

On  the  Characteristics  of  Electrically  Operated  Tuning  Forks.* 

By  H.  M.  Dadourian. 

THE  communication  presents  the  results  of  a  series  of  experiments  per- 
formed to  determine  the  conditions  affecting  the  frequency  of  electrical 
tuning  forks.  Detailed  descriptions  of  the  experiments  will  be  published  in  an 
early  issue  of  The  Physical  Review. 

Palmer  Physical  Laboratory, 
Princeton  University, 
December  10.  1918. 

A  Mechanically  Blown  Wind  Instrument.* 

By  a.  G.  Webster. 

THE  principle  employed  is  that  of  the  squeaky  faucet  or  fluttering  safety- 
valve.  A  spring  of  variable  tension  holds  the  valve  in  place  and  the 
proper  pressure  causes  a  pufT  of  air,  which  generates  a  sound  wave  in  the  horn, 
which  on  reflexion  arrives  at  the  valve  in  the  proper  phase  to  maintain  vibration. 
The  theory,  combined  with  the  author's  theory  of  acoustical  impedance,  leads 
to  a  new  boundary  problem  in  partial  differential  equations. 

The  Dynamics  of  the  Rifle  Fired  at  the  Shoulder.* 

By  a.  G.  Webster. 

A  RECORD  is  made  on  a  smoked  glass  attached  to  a  rifle  in  the  act  of  being 
fired.  From  this,  the  acceleration  of  the  gun  may  be  calculated  and 
thus  the  elastic  properties  of  the  shoulder  determined.  Experiments  are  made 
with  various  rifles,  including  the  Browning  Machine  Gun. 

Interior  Ballistics,  by  a  New  Gun  Indicator.* 

By  a.  G.  Webster. 

AN  indicator  is  described  in  which  the  stiffness  of  the  spring  is  so  great  and 
the  damping  so  perfect  that  oscillations  due  to  the  apparatus  are  elimi- 
nated.    Results  obtained  regarding  the  burning  of  the  powder  are  described. 

1  Abstract  of  a  paper  presented  at  the  Baltimore  meeting  of  the  American  Physical  Society, 
December  28,  1918. 
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THE    STRUCTURE    OF    RADIOACTIVE    ELEMENTS. 

By  Ingo  W.  D.  Hackh. 

THE  progress  of  knowledge  in  chemical  and  physical  sciences  has 
come  mainly  through  the  interpretation  of  experimental  facts. 
Many  phenomena  of  modem  physical  research  can  only  be  explained  by 
theories  of  the  structure  of  atoms.  Thus  a  branch  of  "sub-atomic" 
physics  and  chemistry  has  been  created.  The  majority  of  papers  deal- 
ing with  the  structure  of  the  atom  deal  with  the  elements  of  lighter  atomic 
weight,  while  the  elements  of  highest  atomic  weight  which  exhibit  the 
phenomena  of  radioactivity  seem  to  be  neglected.  Nevertheless  these 
later  elements  offer  a  more  substantial  basis  for  theories  concerning  the 
constitution  of  atoms,  because,  by  their  disintegration  some  of  the  build- 
ing stones  of  the  atoms  are  revealed. 

In  further  developing  the  periodic  system  of  the  chemical  elements* 
the  following  scheme  was  devised  for  the  series  of  the  radioactive  elements, 
by  which  the  change  in  their  relative  electromotive  force  and  valency 
during  the  different  stages  of  disintegration  is  brought  in  harmony  with 
the  total  charge  of  the  respective  substance.  This  scheme  not  only  offers 
proof  of  the  completeness  of  the  uranium-radium  series,  but  also  points 
to  a  theory  of  "metastasic"  electrons  and  incidentally  establishes  tem- 
porarily structure  formula  and  logical  symbols  for  the  radioactive  sub- 
stances. 

According  to  the  current  interpretation  of  disintegration  the  radio- 
active elements  exhibiting  beta-radiation,  discharge  an  electron,  and  be- 
come relatively  more  negative  by  an  increase  in  valency  and  correspond- 
ing change  of  their  position  in  the  periodic  system. 

Thus,  e.  g.f  tetravalent  uranium  x',  an  isotope  of  thorium  in  group  4, 
loses  an  electron  and  becomes  pentavalent  uranium  x"  or  brevium* 
occupying  a  position  in  group  5,  which  is  thus  more  electro-negative. 
This  very  short  lived  substance  loses  another  electron  and  is  transformed 

*  J.  Am.  Chem.  Soc.,  40.  1023,  1918.    Am.  J.  of  Science,  46.  p.  481,  1918. 

*  Fajans,  Phys.  Z.,  14,  877.  1913.     See  footnote,  Ber.,  46,  3492,  I9i3> 
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into  the  more  stable  hexavalent  uranium  2  of  group  6.  Therefore  with 
each  loss  of  an  electron  (or  negative  charge)  the  valency  has  increased 
and  the  relative  electromotive  force  of  the  substance  has  become  more 
electro-negative.  According  to  the  conception  of  the  conservation  of 
energy  the  total  negative  charge  of  uranium  2  must  be  less  than  the  total 
negative  charge  of  uranium  x"  or  uranium  x\  although  the  electromotive 
force  of  uranium  2  is  more  electro-negative  than  its  two  predecessors. 


Table  I. 

Structure  of  the  Members  of  the  Uranium-Radium  Series.     {Fig.  j.) 


Atomic 

number. 

AN. 

Heliom 

Nuclei. 

He, 

Blectrone. 

Unstable 
Shell. 

Valency 
SheU, 

Total. 

Stnicture 
Fonnula. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

A 

92 

Uranium  1 . . 

8  -h* 

8+y 

6 

14 +  y 

u-HejEg+e 

B 

90 

Uranium  X' . 

7-h^ 

10 +  y 

4 

14 +  y 

u-He7Eim4 

C 

91 

Brevium .... 

7-h^ 

8  +  y 

5 

13 +y 

u.HerEs^A 

D 

92 

Uranium  2 . . 

7-h* 

6  +  y 

6 

12+3' 

u.He7Es+6 

E 

90 

Ionium  .... 

6-I-* 

8+0^ 

4 

12+3' 

u.HeiEs^ 

F 

88 

Radium 

5-hx 

10 +  y 

2 

12 +  y 

u.HetEic44 

G 

S6 

Niton    

4  -h* 

12 +3^ 

0 

12 +y 

u.HeiEit+o 

H 

84 

Radium  A. . . 

3  -h* 

6  +  y 

6 

12+3' 

u.HeiEs+« 

I 

82 

Radium  B . . . 

2  -^x 

8  +  y 

4 

12+3' 

u.HesE8+4 

J 

83 

Radium  C . . . 

2  -hx 

6  +  y 

5 

11+3' 

u.HesE«44 

J^ 

81 

Radium  C"  . 

1+x 

8+0^ 

3 

11+3' 

u.HeiE844 

K 

84 

Radium  C*  . 

2^x 

4+3^ 

6 

10 +  y 

u.HesE4+« 

L 

82 

Radium  D .  . 

1  +« 

6  +  3' 

4 

10 +  3^ 

u.HeiEe^ 

M 

83 

Radium  £. . . 

1+* 

4  +  y 

5 

9  +  3' 

u.HeiE44« 

N 

84 

Radium  F . . . 

l+« 

2+y 

6 

8  +  3' 

u.HeiEs^.* 

0 

82 

Radio-lead . . 

X 

4+y 

4 

8  +  3' 

UE4+4 

Assuming  that  the  disintegration  manifesting  itself  as  alpha-radiation 
is  the  result  of  a  single  atom  emitting  a  single  helium-nucleus  (which 
later  becomes  a  helium-atom)  and  beta-radiation  the  result  of  a  single 
atom  discharging  a  single  electron,  it  becomes  evident  that  each  step  in 
disintegration  must  have  been  accompanied  simultaneously  by  an  intra- 
atomic  shift  of  electrons  between  the  outer  valency  ring  and  the  interior 
part  of  the  atom.  This  change  in  the  position  of  ''metastasic"  electrons 
can  occur  according  to  the  two  types  of  disintegration,  in  two  directions, 
namely;  (i)  in  a-radiation  two  valency  electrons  move  from  the  outer 
shell  to  the  unstable  inner  ring  and  take  the  place  of  the  emitted  helium 
nucleus,  decreasing  the  valency  thereby  by  two  and  the  relative  electro- 
motive force  of  the  resulting  substance  will  be  less  negative;  (2)  in  j8- 
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radiation  there  is  in  addition  to  the  emission  of  an  electron  the  transfer 
of  another  electron  from  the  unstable  inner  ring  to  the  outer  valency 
ring,  thus  increasing  the  valency  and  making  the  electromotive  force 
more  negative. 

There  are  in  the  uranium-radium  series  16  members,  eight  of  which 
exhibit  alpha-radiations,  six  show  beta-radiations  and  two  final  end  prod- 
ucts exhibit  apparently  no  radiation.  Thus  the  difference  from  uranium 
I  to  radio-lead  consists  of  eight  helium-nuclei  and  six  electrons.  This 
difference  between  the  structure  of  U  and  Pb  has  been  used  in  the  calcu- 
lation of  the  number  of  helium-nuclei  and  electrons  for  the  different 
members  of  the  series  as  shown  in  Table  I.  Beginning  with  uranium 
I  there  are  in  the  unstable  ring  eight  helium-nuclei  and  eight  electrons, 
while  the  valency  ring  contains  six  valency  electrons.  If  now  one 
helium-nucleus  is  thrown  off,  two  of  the  valency  electrons  take  tempor- 
arily the  place  of  the  helium-nucleus,  the  unstable  ring  of  the  new  meta- 
bolon  or  atom  consists  of  seven  helium-nuclei  and  ten  electrons,  while 
four  valency  electrons  are  left  in  the  outer  ring  (uranium  x').  This  new 
system  of  seven  He  and  ten  E  is  very  unstable  and  in  the  next  step  of 
disintegration  one  electron  is  thrown  off  entirely,  while  one  electron 


Table  II. 

Structure  of  the  Members  of  the  Thorium  Series. 


Atomic 

Hnmber, 

AN. 


(2) 
90 
88 
89 
90 
88 
86 
84 
82 
83 
81 
84 
82 


(3) 

Thorium 

Mesothorium  1 . . . 
Mesothorium  2 . . . 
Radio-thorium  .  . 

Thorium  X 

Thorium-emana'n 

Thorium  A 

Thorium  B 

Thorium  C 

Thorium  D 

Thorium  C* 

Thorium-lead . .  . . 


Helinm 

Nnclai, 

He. 


(4) 
6  +  x^ 

5  -f«: 

5  -h*' 
4-f«: 
S+x 
2+x 
1+x 

X 

1-h* 

X 


Electrons. 

Unsteble 
Shell. 

Valency 
SheU, 

Total, 

Structure 
PonnuUi. 

(5) 

(6) 

(7) 

(8) 

8-hy 

4 

12 -hy 

t.HeeEs^^ 

lo  +  y 

2 

12 -hy 

t.HeiEio^A 

8-hy 

3 

11 +y 

t.Hei£t4« 

6-hy 

4 

10 -hy 

t.Het£f44 

8-hy 

2 

10 -hy 

t.HeiEt^A 

10 +  y 

0 

10 -hy 

t.HetEio+o 

4+y 

6 

10 -hy 

t.He»£4+« 

6-hy 

4 

10 -hy 

t.Hei£«^4 

4-hy 

5 

9-hy 

t.HeiEi^ 

6-hy 

3 

9-hy 

t.£t4« 

2  +  y 

6 

8-hy 

t.HeiE^H« 

4  +  3,1 

4 

^-Vy" 

t.E4+4 

shifts  to  the  outer  ring,  leaving  in  the  unstable  ring  the  seven  helium 
nuclei  and  eight  electrons  (Ux"  or  brevium),  and  increasing  thereby  the 
valency  electrons  from  four  to  five. 

In  Fig.  I  this  idea  is  graphically  illustrated  and  the  number  of  helium 
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nuclei  and  electrons  of  each  member  is  shown.  From  these  data  are 
gotten  the  temporary  structure  formula  shown  in  column  8  of  Table  I. 
In  a  similar  way  the  results  for  the  members  of  the  thorium  series  are 
given  in  Table  II.  The  sole  difference  between  the  two  types  of  struc- 
ture formula  is  in  the  value  u  and  /.  The  symbol  u  indicates  "lead  from 
uranium/'  that  is  a  nucleus  with  atomic  weight  206.4  containing  x 
helium  nuclei  and  y  electrons,  while  /  indicates  "lead  from  thorium" 
with  atomic  weight  208.2,  which  consists  of  x'  helium  nuclei  and  y' 


ai&ni      i&       niSn      n&vm       *  nwi ■iffai       utaim    nm      mtnm      mmm 


Fig.  1. 

Diagram  indicating  the  structure  of  the  members  of  the  uranium-radium  series.  The 
diagram  is  thought  to  be  attached  to  the  periodic  system  and  the  position  of  the  radioactive 
substance  in  this  scheme  determines  its  structure.  In  any  of  the  four  axis  the  number  of 
helium  nuclei  and  electrons  is  the  same  for  different  members,  thus  the  members  which  are 
located  on  the  same  southwest  to  northeast  axis  have  the  same  atomic  weight  and  the  same 
number  of  helium  nuclei  (He),  corresponding  to  the  data  of  column  4  in  Table  I.;  northwest 
to  southeast  axis  have  the  same  number  of  inner  electrons  (£<),  column  5  of  Table  I.;  north  to 
south  axis  belong  to  the  same  group,  have  the  same  valency  (£«)  and  are  the  isotopes  of  the 
element  shown  on  the  top  of  the  axis  (column  6  of  Table  I.);  west  to  east  axis  have  the  same 
number  of  metastasic  electrons  (Em)*  column  7  of  Table  I. 


electrons.  Whether  or  not  there  is  a  difference  in  the  values  x  and  x', 
and  y  and  y',  can  not  be  definitely  decided  at  present,  for  the  experimental 
difference  existing  between  /  and  u  may  be  due  to  a  different  arrangement 
of  the  same  number  of  helium  nuclei  (x  =  x')  and  electrons  Cv  =  y'). 
For  the  present  the  structure  formula  offer  certain  advantages  prefer- 
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endal  to  the  symbols  employed  for  the  radioactive  substances,  for  they 
not  only  indicate  the  series  (by  u  and  /)  and  groups  (by  valency  elec- 
trons), but  also  the  number  of  helium  nuclei  and  electrons.  For  instance 
the  formula  u.He2E6+6  indicates  that  the  substance  which  it  represents 
is  (i)  a  member  of  the  uranium  series,  differing  from  uranium  i  (u.Hes" 
E8+«)  by  8  —  2  or  six  helium  nuclei  (corresponding  to  six  alpha-radia- 
tions), and  (8  -h  6)  —  (6  -h  5)  or  three  electrons  (=  three  beta-radia- 
tions), and  is  therefore  the  ninth  member  of  the  series;  (2)  it  possesses 
an  atomic  weight  of  214.4,  which  is  the  sum  of  u  =  206.4  and  Hej  =  8.0 ; 
(3)  it  contains  (6  -f  5)  or  eleven  metastasic  electrons  of  which  five  are 
in  the  outer  valency  shell  and  it  belongs  therefore  to  group  five  of  the 
periodic  system,  and  is  therefore  an  isotope  of  bismuth. 
The  completeness  of  both  series  from  uranium  or  thorium  to  lead,  be- 

Table  III. 

The  Periodic  System  and  the  Radioactive  Isotopes, 


4         5A       6A       7A                0                 lA       2A       3A         4 

(non-metals) 

(inert  gases) 

(light-metals) 

*  0 

^^ 

—  — 

lAiflB 

+  +  4- 

4-4- 

+ 

*o 

Vb 

82.Pb 

83.Bi 

84.  Po  85.— 

86.Nt 

87.— 

88.  Ra 

89.Ac 

90.Th 

VI 

IVb 

SO.Sn 

51.Sb 

52.Te 

53.1 

54.XC 

55.C8 

56.Ba 

57.U 

58.Ce 

Va 

Illb 

32.Ge 

33.A8 

34.Se   35.Br 

36.Kr 

37.Rb 

38.Sr 

39.Y 

40.Zr 

IVa 

lib 

14.Si 

15.P 

16.S 

17.C1 

18.Ar 

19.K 

20.Ca 

21.Sc 

22.Ti 

Ilia 

lb 
0 

6.C 

7.N 

8.0 

9.F 

lO.Ne 
2.He 

11. Na 
3.Li 

12.Mg 
4.Be 

13.A1 
5.B 

14.Si 
6.C 

Ila 
la 

l.H 

(heavy  metals) 

III' 
IV' 

V" 

22.Ti 
40.Zr 

23.V    |24.Cr 

25.Mn26.Fe  27.Co28.Ni  29.Cu 

30.Zn 

31.Ga 

32.Ge 
50.Sn 

iir 

IV' 
V" 

41.Cb  !42.Mo  43.  —  44.Ru45.Rh46.Pd47.Ag 

48.Cd 

49.  In 

S8.Ce 

Pr  Nd  —  Sa  Eu  Gd  Tb   Dy  Ho  Er  Tm   Db  Yb 

72.Lu 

v 

72.LU 

73.Ta  74. W 

75.—  76.08  77.1r  78.Pt  79.Au!80.Hg  81.TI 

82.Pb 

V 

f 

(radioactive  isotopes) 

(Tl)     (Pb)     (Bi)      (Po)      (-)      (Nt)     (-)     (Ra)     (Ac)     (Th)     (Bv)     (U) 

PbRa      <-     RaF 

RaE^ 

' 

PbTh' 

^ 

ThCl 

ThEm  1 

[ThX 

» 

RaTh 

PbAc 

<- 

AcC 

- 

AcEm 

<- 

AcX 

<- 

RaAc 

RaD  , 

RaC 

RaEm 

Ra 

^ 

lo 

<-  u. 

[ThD 

'          ' 

[ThC 

^ 

MsT"                         ^ 

AcD 

<— 

AcC 

Ac           f-          Uz 

RaC" 

RaC 

;^                         Ux" 

ThB] 

V 

[ThAl 

MsT'      ^      Th    7* 

AcB 

<- 

AcA 

<J                                                     Uy        f-      Ui 

RaB 

RaA 

Ux' 

+         ±0                                 -       dzoo        +                                 dbO                    - 
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comes  evident  by  the  periodic  system  because  all  places  are  occupied 
according  to  the  rule  that  the  position  is  changed  two  places  to  the  left 
by  alpha-radiation  and  one  place  to  the  right  by  beta-radiation.  The 
deviation  of  the  actinium-series  is  still  doubtful  and  the  structure  for- 
mula of  its  members  have  therefore  not  been  calculated. 

The  relationship  of  the  radioactive  elements  to  the  other  elements  is 
shown  in  Table  III.  In  this  table  the  radioactive  elements  are  appended 
to  the  new  periodic  table,  the  isotopes  being  placed  vertically  under  each 
other.  It  also  shows  that  the  disintegration  of  all  three  series  runs  paral- 
lel, beginning  with  RaTh,  RaAc  and  lo. 

Conclusions. 

1.  The  phenomena  of  disintegration  enables  the  establishment  of  a 
partial  atom-structure  formula  for  each  radioactive  element.  These 
atom-structure  formulae  indicate  the  atomic  weight,  the  valency  or  place 
in  the  periodic  system  and  the  respective  position  in  the  uranium-radium 
or  thorium-series. 

2.  A  theory  of  metastasic  electrons  has  been  developed  by  which  (a) 
alpha-radiation  or  the  emission  of  a  helium-nucleus  causes  the  change 
of  position  of  two  electrons  from  the  valency  ring  to  the  interior  unstable 
ring,  while  (6)  beta-radiation  or  the  emission  of  an  electron  causes  the 
shift  of  another  electron  from  the  inner  or  unstable  ring  to  the  outer  or 
valency  ring. 

3.  This  theory  supports  the  view  that  the  seat  of  disintegration  is 
located  in  the  next  inner  shell,  arid  not  in  the  outer  or  valency  shell, 
and  is  caused  by  the  shifting  of  two  electrons. 

4.  The  periodic  table  offers  indications  that  the  uranium-radium  series 
and  the  thorium  series  down  to  lead  are  completely  known  and  that  no 
more  members  of  these  two  series  can  be  expected. 
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ON    THE    VIBRATIONS    OF   ELASTIC    SHELLS    PARTLY 

FILLED  WITH  LIQUID. 
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By  Sudhansukumar  Bankrji. 

I.  Introduction. 

HE  problem  considered  in  this  paper  is  chiefly  of  acoustical  interest 
in  relation  to  the  theory  of  "musical  glasses."  This  class  of  in- 
strument consists  of  a  series  of  thin-walled  elastic  shells  whose  gravest 
modes  of  vibration  are  tuned  to  form  a  musical  seal  by  partially  filling 
them  with  a  liquid  and  are  excited  either  by  striking  or  by  tangential 
friction  on  the  ruins.  The  principal  features  of  interest  requiring  eluci- 
dation are  (i)  the  dependence  of  the  pitch  of  the  vibration  upon  the 
quantity  of  liquid  contained  in  the  vessel  and  (2)  the  mode  of  vibration 
of  the  liquid  itself.  These  features  are  discussed  in  this  paper  for  the 
three  cases  in  which  the  elastic  shell  is  respectively  (i)  a  hemispherical 
shell,  (2)  a  cylindrical  vessel  with  a  flat  bottom  and  (3)  a  conical  cup, 
these  forms  approximating  more  or  less  closely  to  those  used  in  practice. 
The  analytical  expressions  show  that  the  motion  of  the  liquid  is  very 
marked  near  the  margin  of  the  vessel  and  is  almost  imperceptible  near 
the  center  and  also  at  some  depth  inside  the  liquid.  This  feature  becomes 
more  and  more  marked  in  the  case  of  the  higher  modes  of  vibration  of  the 
vessel.  Numerical  results  have  also  been  obtained  and  tabulated  show- 
ing the  theoretical  relation  between  the  quantity  of  liquid  contained  in 
the  vessel  and  the  vibration  frequency.  These  show  that  the  rapidity 
with  which  the  frequency  falls  on  addition  of  liquid  is  greatest  when  the 
vessel  is  nearly  full,  this  being  specially  noticeable  in  the  case  of  the  higher 
modes  of  vibration. 

The  general  principle  of  the  analytical  method  used  is  similar  to  that 
adopted  by  Lord  Rayleigh^  in  treating  the  two-dimensional  case  of  a  long 
cylinder  completely  filled  with  liquid  which  was  studied  by  Auerbach.* 
This  case  has  also  been  recently  discussed  by  Nikoloi.'    The  lowering  of 

»Lord  Rayleigh,  Phil.  Mag.,  XV..  pp.  385-389  (1883).  Scientific  Papers,  Vol.  2,  pp. 
ao8-aii. 

«  Auerbach,  Wied.  Ann.,  3,  p.  157,  1878,  and  also  Wied.  Ann..  17,  p.  964.  i88a.  Reference 
may  also  be  made  to  the  papers  by  Montigny.  Bull,  del'  Acad,  de  Belg.,  [2],  50.  159,  1880, 
and  by  Kolftcek.  Wied.  Ann.,  7,  23,  1879,  and  also  Sitz.  math,  naturw.  d.  Wien.  87,  Abath. 
2,  1883. 

*  Nilokoi.  Joum.  Russk.  Fisik  Chimicesk,  41,  5,  pp.  214-227,  1909. 
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the  pitch  produced  by  the  liquid  is  of  course  due  to  the  added  inertia 
exactly  as  in  the  related  case  of  the  vibrations  of  a  bar  or  a  string  im- 
mersed in  a  liquid  which  have  been  studied  by  Northway,^  Mackenzie 
and  Kalahue.^ 

Musical  glasses  are  sometimes  excited  by  rotating  them  about  a  fixed 
vertical  axis,  the  tangential  friction  being  produced  by  a  rubber  kept  in  a 
fixed  position.  No  attempt  is  made  in  this  paper  to  consider  this  some- 
what complicated  case,^  which  I  hope  to  be  able  to  deal  with  on  a  future 
occasion. 

2.  Hemispherical  Cups. 

The  force  which  a  thin  sheet  of  matter  subjected  to  stress  opposes  to 
extension  is  very  great  in  comparison  with  that  which  it  opposes  to 
bending.  From  this  Lord  Rayleigh  concluded  that  the  middle  surface 
of  a  vibrating  shell  remains  unstretched  and  proposed  a  theory*  of 
fiexural  vibrations  of  curved  plates  and  shells  in  accordance  with  this 
condition.  As  the  direct  application  of  the  Kirchhoff-Gehring  method 
led  to  equations  of  motion  and  boundary  conditions  which  were  difficult 
to  reconcile  with  Lord  Rayleigh's  theory,  his  theory  gave  rise  to  much 
discussion.  Later  investigations  have,  however,  shown  that  any  exten- 
sion that  may  occur  must  be  limited  to  a  region  of  infinitely  small  area 
near  the  edge  of  the  shell  and  that  the  greater  part  of  the  shell  vibrates 
according  to  Lord  Rayleigh's  type. 

Let  the  radius  of  the  hemisphere  be  equal  to  a.  Let  a  point  whose 
natural  coordinates  are  a,  ^,  0  be  displaced  to  the  position  a  +  u,  6  +  v, 
if>  +  Wt  where  «,  r,  w  are  to  be  treated  as  small. 

From  the  condition  of  inextension 

=  (a  +  uy{^  +  8vy  +  {buy  +  (a  +  uy  sin^C^  +  v)  {8if>  +  MS  (0 
Lord  Rayleigh  obtains  the  three  differential  equations 

dv      u 

*  Northway  and  Mackenzie,  Phys.  Rev.,  13,  pp.  145-164,  1901. 

*  Kal^Lhne,  Ann.  d.  Physik,  46,  i,  pp.  1-38,  1914. 

*  Reference  may  be  made  in  this  connection  to  papers  by  Prof.  Loye  on  "  The  Free  and 
Forced  Vibrations  of  an  Elastic  Spherical  Shell  Containing  a  Given  Mass  of  Liquid,*'  Proc. 
Lond.  Math.  Soc,  Vol.  XIX.,  where  he  has  studied  the  case  of  a  rotating  spherical  shell  com- 
pletely full  of  liquid,  and  by  Prof.  Bryan  on  "The  Beats  in  the  Vibrations  of  a  Revolving 
Cylinder  or  Bell."  Proc.  Comb.  Phil.  Soc,  Vol.  VII.,  1892. 

*  Lord  Rayleigh,  Proc.  Lond.  Math.  Soc.,  Vol.  XIII.,  p.  4, 1881.  See  also  Proc.  Roy.  Soc, 
Vol.  45,  pp.  45  and  443,  1881,  Theory  of  Sound,  Vol.  I.,  Chap.  XV,  and  Love's  Elasticity, 
Chap.  XXXIII. 
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dV  .        dw 

tt    .  dw 

which  can  be  integrated  in  the  forms 

ti        sin 

-  =  w^[i4^(m  +  cos  ^)  tan*  id  -  5«(m  -  cos  6)  cot*»  i^], 

fl      —  cos 

sm  Cr         cos 

COS 

w  =   .    m^[i4«  tan*  ^6  +  B^  cot*  \e], 
Sin 

i4«  and  5^  being  arbitrary  constants.    These  equations  determine  the 

character  of  the  displacement  of  a  point  in  the  middle  surface. 

Since  the  pole  ^  =  o  is  included  the  constant  B^  must  be  considered  to 

vanish  and  the  type  of  vibrations  in  a  principal  mode  is  expressed  by  the 

equations 

u  =  i4^a(m  +  cos  6)  tan*  \B  sin  fw^, 

v  =  —  A^  sin  B  tan*  \B  sin  m^,  (4) 

ze;  =  A^  tan*  i^  cos  m^, 

in  which  il*.  is  proportional  to  a  simple  harmonic  function  of  the  time. 
The  potential  energy  of  bending  of  the  vibrating  shell  is  given  by 

8       r»  r*'*  B    d$ 

F  =  -xM^m^(m«-i)M.«J^     tan--^^ 

3    ^ 

where  r  =  thickness  of  the  shell  and  m  =  rigidity. 
The  kinetic  energy  T  is  given  by  the  expression 

I         /dA  \^  r*^* 

r=  -  T<ra*T  (  -^  J  J       sin  ^{2sin«  B  +  (cos  B  +  my]  tan^*  Jd<W 

where  <r  represents  the  density  of  the  shell,  and 

/(«)  =  J^  -^-^„—  [(«  -  i)»  +  2(»«  +  i)^  -  x^]dx,  (7) 

which  can  be  evaluated  for  any  integral  value  of  m. 


(5) 


--xix-^im*  -  tn)  (2tn*  -  i)  A  J, 
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Since  the  types  of  vibrations  of  the  shell  are  entirely  determined  by  the 
geometry  of  the  middle  surface  of  the  shell,  it  is  obvious  that  the  types 
can  under  no  circumstances  be  altered  by  the  presence  of  the  liquid  in  the 
shell.  The  liquid  gives  rise  to  a  surface  traction  and  affects  only  the 
arbitrary  constant  Amt  that  is  to  say,  the  amplitude  and  the  frequency  of 
vibration  of  the  shell. 

The  motion  of  the  liquid  will  depend  upon  a  velocity  potential  which 
satisfies  the  equation 

A  solution  of  this  differential  equation  which  will  correspond  to  the  type 
of  vibration  of  the  shell  can  be  obtained  by  assuming  f>  to  be  of  the  form 


^  =  (  Cmf  +  -^  j sin  fiuf>'A0, 


where  A^  is  a  function  of  6  only.    Substituting  in  the  differential  equation 
we  find  that  A^  satisfies  the  equation 

j^  +  cots  -ZT  +  {2  —  nfi  cosec*  ^)A^  =  o. 

The  general  solution  of  this  differential  equation  is 

A«  =  £«  tan*  \e{m  +  cos  ^)  +  Fn,  cot*  \e{m  -  cos  6). 

Neglecting  solutions  of  the  type  coV"  \B{in  —  cos^),  we  see  that  f>  is  of 
the  form 


*  =  I  Cmf  +  —  I  sin  m^  tan*  Jd(m  +  cos  6)^ 
where  Cm,  and  D^  are  two  arbitrary  constants.    Let  us  first  take 


(9) 


f 

^  =  Cm-  tan*  \B{m  +  cos  B)  sin  w^  cos pt.  (lo) 

The  relation  between  C^  and  i4m  of  (4)  is  readily  found  by  equating  the 
value  of  d^/dtf  when  r  =  a,  to  du/dt,  both  of  which  represent  the  normal 
velocity  at  the  circumference.    We  get 

Cm  cos  pt  =  ^^~^-  (") 

The  expression  (10)  determines  the  principal  mode  of  vibration  of  the 
liquid.  The  simple  character  of  the  fluid  motion  as  determined  by  this 
expression  will  however  be  a  little  disturbed  on  account  of  the  existence 
of  a  free  surface  and  we  shall  have  to  add  a  small  correction  to  this 
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expression.    The  condition  to  be  satisfied  at  the  free  surface  is 

where  h  denotes  the  depth  of  the  liquid  surface  below  the  center  of  the 
hemisphere.  We  shall  neglect  the  force  of  gravity,  inasmuch  as  the 
period  of  free  waves  of  length  comparable  with  the  diameter  of  the  shell 
is  much  greater  than  that  of  the  actual  motion.  The  condition  to  be 
satisfied  at  the  free  surface  then  becomes  simply 

*  =  o,    when  z  =  h. 
Hence  we  must  have 

f>  =  Cn-  tan**  i6(fn  +  cos  6)  sin  fw0  cos  pi  +  f(r,  B,  4>)  cos  pt,      (12) 

where  /(r,  ^,  4>)  is  a  solution  of  A^  =  o  and  is  such  that  its  differential 
coefficient  with  respect  to  r  vanishes  on  the  spherical  boundary  and  it  has 
the  value 

^  Asec^  ,«/      .         ^v    .  ,    V 

—  Cm tan*  \B{m  +  cos  B)  sm  w^  (13) 

on  the  free  surface. 

In  the  particular  case,  wh^n  the  shell  is  completely  full  of  liquid,  the 
differential  coefficient  of /(f  ,^,^)  with  respect  to  r  vanishes  on  the  spherical 
surface  and  /(r,  B,  4>)  has  the  value 

f 

—  wCm- sin  m^  (14) 

a 

on  the  surface  defined  by  ^  =  7r/2. 

For  the  determination  of  the  function  /(r,  B,  0),  spherical  harmonics 
of  the  complex  degree  —  i  +  />  V  —  i  are  extremely  suitable.  The 
properties  of  these  harmonics  and  their  applications  to  some  physical 
problems  have  been  investigated  by  Hobson.^  Solutions  of  Laplace's 
equation  of  the  form 

^  sin  {p  log  A  r)  ^^^  nu^Kp"^  (cos  B) , 

where  Kj,^{cos  B)  is  a  harmonic  of  degree  —  i  +  ^  V  —  i  and  order  w, 
and  is  defined  by  the  hypergeometric  series 

KjT  (cos  B)  =  F{m  +  i  +  />i,  m  +  |  -  />«,  m  +  i,  sin«  \B), 

are  suitable  for  our  present  purpose.  These  solutions  are  finite  and  con- 
tinuous for  all  points  in  the  space  inside  the  hemispherical  shell  (except 

^Hobeon,  "On  a  Class  of  Spherical  Harmonics  of  Complex  Degree  with  Application  to 
Physical  Problems,'*  Trans.  Camb.  Phil.  Soc.,  Vol.  14,  pp.  213-336,  1889. 
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infinitely  near  the  origin  which  may  be  supposed  excluded  by  surrounding 
it  by  an  infinitely  small  sphere). 
Let  us  assume 

fir,  e, «)  =  SpB,  yj-  sm  [plogj^j  j^\,  ^^^^  J^  sm  m^,  (15) 

where  h/a  =  cos  a.    Then 

^/(^  e, «)  =  o, 

when  f  =  a,  if  the  ^'s  are  the  roots  of  the  equation 

tan  (p  log  a/A)  —  2^  =  o, 

and  the  summation  in  the  above  series  extends  over  all  the  roots  of  this 
equation. 
The  values  of  the  constant  Bp  have  to  be  obtained  from  the  equation 

^    cos  a  ,   ,      .  X  ^      /^  sin  [i>  log  (sec  6)]  Kj^  (cos  B) 

-  Cm i tan*- i^(m  +  cos ^)  ^^^B^^t —      .-^-^ --^hl (» 

cos^  ^^  ^^yh  Vsec^         Xp*»(cosa) 

which  must  be  satisfied  for  all  values  of  6  between  the  limits  o  <0  <  a. 
Approximate  values  of  the  constants  BpS  can  be  easily  obtained  from 
this  equation.  In  the  particular  case  when  the  shell  is  completely  full 
of  liquid,  the  values  of  the  constants  BpS  can  be  obtained  in  a  very  simple 
form.  Since  the  origin  is  a  singular  point,  we  exclude  the  point  by  sur- 
rounding it  with  a  small  sphere  of  radius  €,  and  assume  that  /(r,  6,  4>) 
vanishes  on  the  surface  of  this  sphere.  Since  in  this  case  a  =  t/2,  we 
can  assume  *    ' 

'"  gp**  (cos  e)  . 

Kp-io) 
where 

V  T  n(w) 


fir,  0,  «)  =  XpBp  yj-  sm  I />  log-  I     ^  „f^^     sin  «^, 


Kp'-'io)  = 


V  Tn(m) 


(,2m  -iy  +  p*\  f  (2f»  -  3)*  +  /^  1 


f(2>n -!)»  +  />*  I  [ 


and  the  summation  extends  for  all  values  of  p  which  are  the  roots  of  the 

equation 

_d  rsin[/>  log(o/«)]1  _ 

that  is  to  say,  the  equation 

tan  (/>log- j  —  2/>  =  o.  (16) 
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The  constants  Bp*8  have  to  be  determined  by  the  condition  that 
/(r,  Of  4)  must  have  the  value  —  mCm{r/a)  sin  in<f>  on  the  free  surface  which 
is  given  by  ^  =  t/2.    Hence  Bp*s  are  given  by 


^=S^P>^sm(/»log^). 


Putting  r  =  €-^,  it  is  easy  to  see  that 

^-  =  -f^  log  (a/«)  +  m  log  (aA)  -  il  [a)    X         ^'**«">^^ 

8(4J)*  +  i)-f»C,  [sin  [/>  log  (a/«)]  +  j>  (t/g)»/*1 

4/>*  log  (a/«)  +  [log  (a/«)  -  2]L  9  +  4^  J'   ^^^^ 

To  obtain  an  idea  of  the  magnitude  of  the  constant  Bp,  we  shall  obtain 
its  value  when  a/t  is  a  very  large  quantity.  It  is  easy  to  see  by  the  method 
of  successive  approximation  that  the  roots  of  the  equation  (i6)  are  given 
by 

/,logJ=  X-^  log^-  (log^y  [i  -  ^  log^]^. 


-(iog^y[i-,viog^+Tk(ioR^y]3r. 


—  etc., 

where  X  =  {s  +  i)T,  5  being  any  integer.  Now,  if  we  take  a/€  =  lo*, 
the  roots  are  successively  the  following: 

Pi  =  '3^1,  Pt  =  -628, />s  =    960,^4  =  1.205,  etc. 

Hence  we  easily  find  that  the  constants  Bpu  Bp%,  Bp^,  etc.,  have  approxi- 
mately the  values  Bp^  =  —  -09  C«,  5p,  =  —  -08  Cm,  Bp^  =  —  '06  Cm, 
etc.,  from  which  we  infer  that  the  surface  correction  /(r,  ^,  4)  is  a  small 
one.    The  principal  mode  ofvibration  of  the  liquid  is  therefore  expressed  by 

*  =  Cm  -  tan*»  ^d(m  +  cos  6)  sin  m^  cos  pt.  (18) 

If  q  represent  the  velocity  of  the  liquid  as  given  by  this  expression,  we 
have 

^=^  Cm^^l  tan*--«  i^[(w+cos  ^)«(sin«  rmp  tan*  i^+im«  cos*  W4^  setf  i^) 

+  { \m{fn  +  cos  6)  sec*  \B  —  tan  i^  sin  ^} *  sin*  m^]  cos*  />/.  (19) 

Since  g  is  independent  of  r,  the  velocity  of  the  liquid  at  any  point  in  a  given 
radius  vector  is  constant.    We  see  that  the  velocity  varies  as  tan*~^  \6,  \ 
Hence  if  we  move  along  any  given  meridian,  the  velocity  increases 
from  a  zero  value  at  the  pole  at  first  very  slowly  then  rather  abruptly  to  a 
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large  value  at  the  surface,  the  abruptness  of  rise  being  greater  the  larger 
the  quantity  m,  that  is  to  say,  the  higher  the  mode  of  vibration  of  the 
liquid.  Since  the  velocity  of  the  liquid  is  constant  along  any  given  radius 
vector,  we  see  that  if  we  consider  the  motion  of  the  liquid  on  the  surface 
of  a  cone  of  semi-vertical  angle  ^,  and  trace  the  motion  of  the  liquid  as  a 
whole  as  d  increases,  the  velocity  remains  small  as  6  increases  and  assumes 
a  large  value  only  at  or  near  the  surface.  It  is  obvious  therefore  that  in 
every  case  when  the  cup  is  not  quite  filled  to  the  brim,  the  velocity  of  the 
liquid  has  a  very  large  value  near  the  margin  of  the  vessel  and  is  almost 
imperceptible  near  the  center  and  at  some  depth  in  the  liquid.  In  the 
particular  case,  when  the  shell  is  almost  filled  to  the  brim,  the  velocity 
of  the  liquid  as  given  by  this  expression  at  a  point  which  is  near  the 
center  and  also  near  the  free  surface  is  not  small.  But  in  this  case  the 
free  surface  correction /(r,  0,  </>)  to  the  expression  for  the  velocity  potential 
becomes  of  some  importance  and  has  a  sign  opposite  to  it.  Consequently 
the  velocity  of  the  liquid  near  the  center  always  remains  very  small. 
These  indications  of  theory  are  all  confirmed  by  experiment. 

To  calculate  the  kinetic  energy  of  the  liquid,  we  have  to  integrate 
^  X  d^/dn  over  the  whole  boundary  of  the  fluid.  At  the  free  surface 
$  =  o.    We  have  therefore  only  to  consider  the  spherical  surface. 

Therefore 


dn 


I       I    [Cm  sin  fw«  tan**  i^(w  +  cos  6)  +  f(r,  6,  «)] 
0     «/o 

X  Cm  sin  w0  tan**  i^(w  +  cos  6)  sin  ededif> 
^-ap  cos*  pt  CJ  I    tan*'^  \e{m  +  cos  BY  sin  Bde 

j_^  2>>#/.   v^x,  sin  [/)  log  (a/A)] 

+  - ap  cos^  pi  Cm  2^  P 


X   I    tan**  \B{m  +  cos  B)Kjr  (cos  B)  sin  Bde, 
Jo 

p  being  the  density  of  the  liquid. 

Since  the  liquid  is  supposed  to  be  incompressible,  the  potential  energy 
is  zero. 

The  sum  of  the  kinetic  and  potential  energies  of  the  solid  and  liquid 
together  must  be  independent  of  the  time.    Thus  we  get 

d^Am 


a^p  j    tan***  iB(fn  +  cos  BY  sin  BdS  +  ofpK  +  a^rafim) 


dt" 


4     r» 
+  -M^(w*  -  m)(2m*  -  i)Am  =  0, 
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where 


K  =  Z  ^  "l!f J(?i°iy^  jf  tan-  ^ein.  +  cos  .)X,-  (cos  0)  sin  SdS 


—  tan**  ^a{fn  +  cos  a) 


dcos 


a 


Kp"^  (cos 


If  we  put 


«)]. 


F(a,  m)  =  j    tan*-  !*(»»  +  cos  «)« sin  Ode 

«/l+co8a  \        •*'        / 


and  if  il^  varies  as  cos  (pt  +  c),  we  get 


[apF{a,  m)  +  T(r}{m)  +  apK\t^  =  ^ 


3 


(m*  —  m){2in^  —  i).     (21) 


This  equation  gives  the  frequency  of  vibration  of  the  shell  with  different 
quantities  of  liquid. 

The  fall  of  pitch  for  the  three  gravest  tones  given  by  w  =  2,  m  =  3 
and  f»  =  4  for  a  brass  hemispherical  shell  10  cm.  in  radius,  2  mm.  in 
thickness  and  of  density  8.6  with  different  quantities  of  liquid  are  shown 
in  Table  I.  In  Fig.  i,  the  frequencies  have  been  plotted  against  the 
quantity  of  water  in  the  vessel  for  these  three  modes  of  vibrations. 

Table  I. 


Qvantity  of 

water  in 

theSlMU. 

m  =a. 

»»  =  3. 

m  =  4. 

a. 

Fi^n^m), 

/(«»). 

X  Const. 

/•(a,m). 

/(«). 

X  Const. 

/"(ajm). 

2.296 

X  Const. 

90* 

xa»  X  .667 

1.114 

1.53 

1.80 

1.580 

1.88 

4.63 

2.030 

8.76 

80* 

ira«  X  .494 

.570 

2.24 

.641 

6.50 

.479 

14.51 

70* 

ira«  X  338 

.291 

2.75 

.125 

9.53 

.097 

19.42 

60* 

xa»  X  208 

.123 

3.29 

.032 

10.57 

.009 

21.45 

50* 

xa»  X  .133 

.058 

3.61 

.008 

10.95 

.002 

21.64 

40* 

xo»  X  .034 

.026 

«« 

3.81 

.003 

11.14 

.000 

21.68 

30* 

xa»  X  .014 

.015 

3.88 

.001 

11.22 

.000 

21.69 

20* 

xa»  X  .003 

.013 

3.90 

.000 

11.23 

.000 

21.69 

10* 

xa»  X  .001 

.011 

3.91 

.000 

11.23 

.000 

21.69 

0* 

0 

0 

1 1 

3.93 

0 

11.24 

0 

21.69 

The  frequencies  of  a  brass  hemispherical  shell  of  about  the  same  radius 
and  thickness  loaded  with  different  quantities  of  water  have  also  been 
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determined  experimentally  by  a  photographic  method.  The  results 
showed  a  general  agreement  with  the  calculated  values.  As  a  shell  of 
uniform  thickness  and  of  uniform  elastic  properties  throughout  could 

not  be  procured,  and  the  one  that  was 
used  was  very  much  deficient  in  these 
respects,  the  slight  discrepancy  that  was 
noticed  between  the  calculated  and  the 
observed  values  of  the  frequency,  was 
probably  due  to  these  defects. 


3.  Cylindrical  Cups. 

The  problem  of  the  flexural  vibrations 
of  a  cylindrical  shell  is  considered  in 
Lord  Rayleigh's  Theory  of  Sound,  Vol. 
!•!  §235C.  If  the  displacements  at  any 
point  a,  6,  z  of  the  cylinder  be  5r,  a5^,  dz, 
then 
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Fig.  1. 


5r  =  —  n{AnCi  +  B^^)  sin  n^, 
cM  ^       (-4  ^a  +  B^)  cos  ne,  (22) 

5s  =  —  rr^Bnd  sin  nO. 

Supposing  now  that  the  cup  has  been  formed  by  an  inextensible  disk  being 
attached  to  the  cylinder  at  s  =  o,  the  displacements  5r,  dbO  must  vanish 
for  that  value  of  z.    Hence  -4  »  =  o,  and 

5r  =  —  nB^  sin  nS,  a^  =  5„z  cos  n$,8z  =  —  nr^Bnfi  sin  n^,     (23) 

the  constant  Bn,  is  proportional  to  a  simple  harmonic  function  of  the  time, 
say,  cos  pt. 

Since  the  displacements  br  and  dbO  are  proportional  to  z  and  the  dis- 
placement hz  is  independent  of  z,  it  is  obvious,  that  when  z  is  large  the 
displacements  br  and  abd  are  also  very  large  compared  to  hz,  that  is  to 
say,  near  the  free  end  of  the  shell,  the  displacement  bz  is  negligible  com- 
pared to  br  or  abd.  But  at  the  bottom  of  the  shell,  the  displacements  br 
and  cM  vanishes  and  bz  remains  constant.  We  conclude,  therefore, 
from  the  law  of  continuity,  that  the  disk  at  the  bottom  of  the  shell  must 
have  a  small  normal  vibration.  If  w  denote  the  normal  displacement  of 
the  disk,  it  is  well  known  that  w  satisfies  the  differential  equation 

dhv 


dp 


+  c*V*w  =  o. 


(24) 


where 


£r« 


,       cP       1   d       I    d^      ^  ^, 

dr^      r  dr      r^  de^  3<r(i  —  €*) ' 
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E  being  Young's  modulus,  <r  the  density,  t^  the  thickness  and  6  the  Pois- 
son's  ratio. 
If  wa  cos  (pt  +  e),  then  the  equation  becomes 

V*tt;  —  vHu  =  o, 

where  v*  =  i^/c*.    A  solution  of  this  differential  equation  is  known  to  be 

w  =  CnJn{vr)  sin  n$. 
Hence  we  shall  take 

w  =  CnJn(vr)  sin  n$  cos  pt.  (25) 

The  value  of  the  constant  Cn  can  be  obtained  from  the  condition  that  w 
and  6z  must  be  continuous  at  the  boundary. 
This  gives 

Bn      a 

Cn  cos  pt  = TT~~\ '  (26) 

We  can  assume  that  Jn(va)  is  very  large  and  consequently  that  the  normal 
vibration  of  the  disk  is  very  small.  The  potential  energy  of  deformation 
for  a  length  /  of  the  cylinder  is 

The  potential  energy  of  vibration  of  the  disk  is  given  by 

The  value  of  this  integral  can  be  easily  obtained.  But  as  we  regard  the 
vibration  of  the  disk  compared  to  that  of  the  cylindrical  surface  to  be 
very  small,  the  value  of  this  expression  is  also  very  small. 

If  the  volume  density  be  <r,  we  get  the  expression  for  the  kinetic  energy 

in  the  form 

'2 


T  =  }T<7r/a[iP(i  +  n*)  +  rf^a']  (^"V 


If  the  cylinder  contains  frictionless  incompressible  fluid,  the  motion 
of  the  liquid  will  depend  upon  a  velocity  potential  f>  which  satisfies  the 
equation  V*^  =  o,  or  in  cylindrical  coordinates 

The  solution  of  this  differential  equation  can  be  written  in  either  of  the 
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forms 

$  =  a«  2r**  sin  nS  cos  />/,  (29) 

^  =^  Pne'^'Jnikr)  sin  n^  cos  />/.  (30) 

The  boundary  conditions  to  be  satisfied  by  $  are 

d^      dbr 

d^      dw 
(ii)     ;^  =  ^  »  when  2  =  0;  (31) 

(iii)     *  «  o,  at  the  free  surface,  «,  when  s  =  A. 
We  assume  that 
*  =  a»sr*  sin  nO cos  />/+y^/n(fcr)[P*  cosh  kz+Ek  sinh  jfes]  sin  n^ cos  pt,   (32) 

where  the  summation  extends  for  all  values  of  k  which  are  the  roots  of  the 

equation 

d 

^  Jn{ha)  =  o.  (33) 

We  at  once  get  by  condition  {i) 

I     dB^ 
anCOs/>/  =  -— ,-^. 

The  condition  (m)  gives 

This  equation  must  be  satisfied  for  all  values  of  r  between  the  limits 
(o  <  r  <  a)  and  will  give  the  value  of  the  constant  £*.    Now  since 

r^Un{kr)dr  =  -^Jn{ka). 
J' Mkr)Mvr)rdr  =  j,^Mka)Jn'(va), 

£  [Jn{kr)Yrdr  =  §«*  ( i  "  j^,)  \Jn{ka)]*, 


and 


we  get 


-  \  -i"  [;i7^)  r-"-^*^^-""^"^^'^  -  ^r^'^'-^-<*^)* 


ptj"  [/,(Jfer)]Vrff. 


=  Ek  cos 
and  therefore 

Jik  cos  pt-      ^^   J,   'Mo*  -  n»)/»(*a)  L  (*' -  »^)« -^"M     k*a*]'   ^^^^ 


ka  dt  {k*( 
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The  condition  (iii)  gives 

a»Ar"  +  J2  (^»  cosh  kh  +  Eu  sinh  kh)  Jn(kr)  =  o 

k 

for  all  values  of  r  between  the  limits  (o  <  r  <  a). 
Therefore  we  get 

D,  cosh  kh  +  E,  sinh  kh=-anj^^^^^^^j-^y  (36) 

The  equations  (35)  and  (36)  give  the  values  of  the  constants  Dk  and  £*. 
To  calculate  the  kinetic  energy  we  have  to  integrate  *  X  d^/dn  over 
the  boundary  of  the  shell.  At  the  free  surface  ^  =  o.  We  have  there- 
fore only  to  consider  the  cylindrical  surface  and  the  bottom.  The  ex- 
pression can  be  written  in  the  form 

r=  W  cos« />/[na.»a2« ^  +  nana-XMka)  j  P*( *£H^ 

I        t  ,  7    .  I  \  .  T.  /  *  cosh  kh      I    .  ,  . ,  \  1 
-j^cosh kh  +  -^j+Eky ^ -^^sinhkhj  J 

-  5  {  anDt^Mka)  +  hka^uDu  (  i  "  j^)  [Mka)]^  }  ].    (37) 

The  constants  £*  and  Dk  are  very  small  compared  to  a».  If  we  neglect 
Ek  and  Dk,  the  expression  for  the  kinetic  energy  reduces  to  the  simple 
form 

r  =  -  pnan*a2«  -  cos*  pt.  (38) 

2  3 

In  this  case  the  expression  for  $  reduces  to  the  form 

*  =  anzr"^  sin  nB  cos  pL  (39) 

This  expression  represents  the  principal  mode  of  vibration  of  the  liquid 
and  all  the  other  coexistent  modes  are  very  small  compared  to  this  one. 
Since  the  expression  for  the  velocity  varies  as  (r/a)*»~^  the  velocity  is  very 
marked  near  the  margin  of  the  vessel  and  is  almost  imperceptible  near 
the  center.  Using  the  principle  that  the  sum  of  the  kinetic  and  potential 
energies  of  the  solid  and  liquid  together  must  be  independent  of  the  time, 
we  easily  obtain  an  expression  for  the  frequency  of  vibrations  in  the  most 
general  case  from  the  expressions  for  the  kinetic  and  potential  energies 
already  given.  If  we  neglect  £*  and  Dk^  the  frequency  equation  takes  a 
very  simple  form.    The  expression  in  this  case  is 

[<rrto{iP(i  +  «*)  +  n-^a^]  +  \(mh^a?]p'' 

=  — (n^-i)^[,-+^-.  +  iJ.      (40) 
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Thus  we  see  that  the  law  of  variation  of  the  frequency  with  the  height  of 
water  in  the  vessel  can  be  expressed  in  the  form 

^      A+B  {h/iy ' 

where  A  and  B  are  two  constants  for  the  vessel. 

For  a  glass  cylinder  whose  dimensions  are  given  by  l/a  =  4,  r/a  =  .02 
and  which  has  the  density  <r  =  2.6  and  the  elastic  constants  /i  =  1.8 
and  X  =  1.53,  we  easily  find  that  the  frequency  pn  is  given  by 

[.052{(H-»»)+-^^}  +«(^y]/»»*  =  ^(»«  -  i)Mio.4 »»  +  3l. 

For  the  three  gravest  tones  given  by  n  =  2,  «  =  3  and  n  =  4,  the  values 
of  the  frequencies  ^,  pz  and  pA  with  diflferent  quantities  of  water  in  the 
cylinder  are  shown  in  Table  II. 

Table  II. 


A//, 

/ixC<mit. 

/a  X  Const. 

^4  X  Conit 

0 

12.47 

34.44 

65.63 

.1 

12.33 

34.40 

65.48 

.2 

12.02 

33.98 

64.47 

.3 

11.29 

32.05 

61.95 

.4 

10.15 

29.45 

57.79 

.5 

8.85 

26.26 

52.45 

.6 

7.61 

22.99 

46.68 

.7 

656 

19.97 

41.09 

.8 

5.60 

17.34 

36.05 

.9 

4.97 

15.13 

31.67 

1.0 

4.21 

13.25 

27.93 
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Fig.  2. 


The  values  of  the  frequencies  given  in 
Table  II.  have  been  plotted  in  Fig.  2. 

4.  Conical  Cups. 

It  is  shown  in  Lord  Rayleigh's  Theory 
of  Sound  in  the  article  already  referred 
to  that  if  a  cone  for  which  p  =  tan7«35,  7 
being  the  semi-vertical  angle,  executes 
flexural  vibrations,  the  displacements  5p, 
6(f>,  6z  at  any  point  whose  cylindrical  co- 
5rdinates  are  (p,  ^,  z)  are  given  by 

6p  —  n  tan  y  (AnZ  +  Bn)  sin  «0, 

50  =  (i4  n  +  5„ari)  cos  fut>, 

6z  =  tan*  y[n'^Bn —n^A  »s+3n)]  sin  n^. 
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If  the  cone  be  complete  up  to  the  vertex  at  2  =  o,  then  B«  =  o,  so  that 

dp  ^  n  tan  yA^z  sin  n0, 

6<f>  =  An  cos  «0, 

52  =    —  nAn  tan^  y*z  sin  n^. 

If  the  displacements  in  polar  coordinates  (r,  $,  4>)  be  denoted  by  5r,  5^,  50, 
we  easily  obtain 

b4>  =  ilncosn^ 

5r  =  bp  sin  7  +  52  cos  7  =  0, 

rbB  =  5p  cos  7  —  52  sin  7  =  nAn  tan  7-r  sin  n<t>. 

It  is  easy  to  see  that  the  potential  energy  of  deformation  for  a  length  /  of 
the  cone 


Tr  =  ^Mr'^  + 


—  Ai?  sin  7 1  I  —  n' -r-i — h  n  tan  7  +  «  cot  7  ) 
2m  '  L  \  sin*  7  '  '  / 


3  '^    X  +  2m 

+  cos*7    log—  , 

where  r  =  thickness.^ 

The  expression  for  the  kinetic  energy  of  vibration  of  the  shell  can  be 
easily  obtained  in  the  form 

T^l  arl^  sin»  7  [n'  sec«  7  +  i]  (^f  )'  •  (45) 

If  the  cup  contains  frictionless  incompressible  fluid,  the  velocity  poten- 
tial of  the  fluid  must  satisfy  Laplace's  equation.  Let  us  assume  that  the 
velocity  potential  is  given  by 

^  =  C«rVn  (cos  6)  sin  «0«cos  pi  (46) 

where  <lm  (cos  6)  is  a  function  of  $  only.     It  is  easy  to  see  by  substitution 
in  .the  difiFerential  equation 

dr«  '^rdr  "^  r*  d^  "^    r^     dd  "^      r^       d<f>^  ""  ^' 
that  0n  (cos  6)  satisfies  the  equation 

^  +  cotd^+  (6  -  n«cosec*^)«n  =  o. 

*  This  expression  can  be  readily  deduced  from  a  very  general  expression  for  the  potential 
energy  due  to  strain  in  curvilinear  coordinates  obtained  by  Prof.  Love.  (Vide  his  paper  on 
**The  Small  Free  Vibrations  and  Deformation  of  a  Thin  Elastic  Shell/*  Phil.  Trans.,  Vol.  179, 
1888,  A.)  The  expression  has  been  criticized  by  Prof.  Basset  (Phil.  Trans.,  Vol.  181,  1890,  A) 
on  the  ground  that  Prof.  Love  has  omitted  several  terms  which  involve  the  extension  of  the 
middle  surface.  As  the  inextensional  vibrations  only  have  been  considered  in  this  paper, 
this  criticism  does  not  affect  us  in  any  way.    •    • 
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A  solution  of  this  differential  equation  can  be  easily  obtained  in  the  form 
4m  (cos  6)  =  tan"  §d     (i  —  n)(2  —  n)  —  6(2  —  n)  cos*  -  +  12  cos*-  I . 

The  relation  between  C»  and  An  can  be  easily  obtained  by  equating  the 
value  of  d^/rdSf  when  ^  =  7,  to  d{rhB)ldt,  both  of  which  represent  the 
normal  velocity  at  the  boundary.    We  thus  get 

Cn  cos  />^T-    tan'*  Jt  -  (i  —  n)(2  —  n)  —  6(2  —  n)  cos*-  +  12  cos*-  [ 

dAn         f  Q. 

=  ntan7-^.      (48) 

The  principal  mode  of  vibration  of  the  liquid  will  therefore  be  expressed 
by  (46)  except  for  a  small  correction  to  be  introduced  on  account  of  the 
existence  of  a  free  surface.  At  the  free  surface  the  condition  to  be  satis- 
fied is  given  by 

^  =  o,  when  s  =  A, 

where  A  denotes  the  height  of  the  liquid. 
To  satisfy  this  condition,  we  assume 

*  =  CnY^itn  (cos  B)  sin  n^  cos  />/  +  2^  J^mf^PwJ'  (cos  ff)  sin  n^  cos  pi,    (49) 

where  the  summation  extends  for  all  values  of  m  which  are  the  roots  of 

the  equation 

d 
—  P««(cos7)  =  o.  (so) 

The  constants  Pm's  have  to  be  determined  by  means  of  the  equation 

Cn(A  sec  d)Vn  (cos  d)  +  5^  DJ)i  sec  d)-'Pm"  (cos  6)  =  o,         (51) 

m 

which  must  be  satisfied  for  all  values  of  B  between  the  limits  o  <  ^  <  7. 
Approximate  values  of  the  constants  P^'s  can  be  eas  ly  obtained  from 
this  equation.  To  get  an  idea  of  the  magnitude  of  the  constant  I>m,  we 
shall  obtain  its  value  in  the  particular  case  when  the  semi-vertical  angle  7 
of  the  cone  is  small  and  the  height  h  of  the  liquid  is  large  compared  to  the 
radius  of  the  cross-section  of  the  cone  by  the  free  surface.  In  this  case 
the  free  surface  can  be  taken  to  be  practically  coincident  with  the  surface 
of  the  sphere  r  =  A.    The  equation  for  determining  !>«,  is  then 

CnAVn  (cos  d)  +  5^  DJi^P^^  (cos  B)  =  o. 

Now  since 

PnJ"  (cos  d)Pm"  (cos  S)  siu  BdJd  =  o, 


«/C08y 
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f»,  m^  being  two  diflferent  roots  of  the  equation  (50), 
and 

Jr*  I  —  cos*  y  d* 

I      [P»-  (cos  e)V  sin  ede  =  -^—^P,^"  (cos  y)  ,-;,i^^^i>--  (cos  y), 


'008y 

we  easily  get 


I>m=    - 


C,^*-*  r    <^n  (cos  d)P.,*  (cos  d)  sin  Odd 

'  •/co«v 


2m  +  *  ^co«Y 


I  —  COS*  7  d* 

Pm"  (cos  7)  n^.^^^^Pm*  (cos  7) 
otna  cos  7 

Neglecting  the  small  correction  introduced  by  the  free  surface,  we  see 
that  the  kinetic  energy  of  the  fluid  motion  is 

-  pCn*  cos*  pUI>n  (cos  7) ~ sm  7  sec*  7—  . 

2  oy  5 

Since  the  sum  of  the  kinetic  and  potential  energies  of  the  solid  and  liquid 
together  must  be  independent  of  the  time,  we  easily  obtain,  on  assuming 
that  A  »a  cos  ptt  the  frequency  equation  in  the  form 

1     14   •  «    /  2      1     _i_  ,^    .       2  4.     2      •         »«t(cos7)    H* 
Jcrrr  sm*  y{fr  sec'  7  +  i)  +  pn*  tan*  7  sm  7  -r — 

^«n(cos7) 

^     «^  +  M   ...       [{        ,tan7  ,      ^  .  ^    V 

=  -fM'Tr—, iln*  sm  7    I  —  «•  -7-T — h  w  tan  7  +  n  cot  7  I 

3^^    X  +  2M  'L\  sm*7^  V 


+  cos*  7 


]-:'• 


where  H  ^  h  sec  7,  H  being  the  slant  height  of  the  liquid.  In  this  case, 
we  see  that  the  law  of  variation  of  frequency  with  the  height  of  liquid 
can  be  expressed  in  the  form 

T 


A  +  B{h/iy ' 


A  and  B  being  two  constants  for  the  particular  shell. 

The  frequencies  />»,  pz  and  p^  with  different  quantities  of  water  for  the 
three  gravest  modes  of  vibrations  given  by  n  =  2,  n  =  3  and  n  =  4  have 
been  calculated  from  this  expression  for  a  cone  of  semi-vertical  angle  30®, 
the  ratio  of  the  thickness  of  the  sides  of  the  cone  to  the  slant  height  being 
equal  to  .02  and  are  shown  in  Table  III. 

The  curves  showing  the  fall  of  frequency  for  these  three  modes  of 
vibrations  of  the  cone  when  loaded  with  different  quantities  are  plot- 
ted  in  Fig.  3. 
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Table  III. 


NIL 


.1 

.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 
1.0 


A  X  Conrt. 


5.030 
5.030 
5.028 
5.008 
4.937 
4.761 
4.428 
3.942 
3.399 
2.808 
2.310 


•/iX  Const. 


13.58 
13.58 
13.57 
13.54 
13.41 
13.08 
12.43 
11.64 
10.07 
8.63 
7.26 


/« X  C<mst. 


26.75 
26.75 
26.73 
26.69 
26.47 
25.94 
24.87 
23.13 
20.79 
18.07 
15.41 
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Fig.  3. 


University  College  of  Science, 
92,  Upper  Circular  Road, 
Calcutta. 


No" 3^™']      POTENTIAL  DISTRIBUTION  IN   THE   WEHNELT  TUBE,  1 89 


THE   RELATION   OF  POTENTIAL   DISTRIBUTION  TO  HYS- 
TERESIS EFFECT   IN  THE  WEHNELT  TUBE. 

By  R.  a.  Porter. 

I.  Introduction. 

A  S  a  part  of  his  extended  study  of  the  discharge  in  a  vacuum  tube 
^^  having  a  hot  oxide  as  cathode,  Wehnelt^  published  a  Braun-tube 
oscillograph  curve  showing  the  general  character  of  the  voltage  and 
ciuTent  values  in  the  tube  when  it  is  connected  to  an  alternating  current 
generator.  Later  I  made  a  large  number  of  oscillograph  records  and 
from  them  a  study  of  the  relationship  of  voltage  to  current  in  the  same 
form  of  tube,  the  cathode  being  covered  with  calcium  oxide.*  The 
curves  published  at  that  time  show  the  characteristics  for  static  voltage 
conditions  and  for  various  frequencies  of  alternating  current  as  gas 
pressure,  maximum  current,  temperature  of  cathode,  and  kind  of  gas  in 
the  tube  are  varied. 

The  curves  which  I  obtained  showed  quite  a  variety  of  forms,  but  one 
of  the  marked  features  was  the  different  current  values  obtained  for  a 
single  anode-cathode  voltage  under  both  static  and  alternating  current 
(dynamic)  conditions.  In  general,  the  static  and  the  dynamic  charac- 
teristics showed  a  hysteresis  effect,  that  is,  larger  current  values  for  de- 
creasing than  for  increasing  voltages.'  The  present  paper  gives  the 
results  of  a  study  of  the  potential  distribution  under  which  three  values 
of  current  are  obtained  for  the  same  anode-cathode  voltage.  The  work 
was  undertaken  for  the  purpose  of  obtaining  further  knowledge  of  the 
conditions  producing  the  hysteresis  effect. 

2.  Apparatus. 

The  discharge  tube  used  for  this  study  was  in  form  and  dimensions 
almost  identical  with  that  of  the  tube  which  I  used  previously  in  studying 
the  dynamic  characteristics,  it  being  essentially  the  commercial  form  of 
Wehnelt  tube  manufactured  by  Gundelach,  and  was  obtained  from  him. 
It  is  spherical  in  shape,  14  cm.  in  diameter.    The  only  modification  from 

*  A.  Wehnelt,  Ann.  d.  Phjrs.,  19,  p.  138,  1906. 

*  R.  A.  Porter,  Ann.  d.  Phys.,  40,  p.  561,  1913.  , 

*  See  figures  4,  15,  10,  11.  etc.,  /.  c. 
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the  former  tube  used  consists  in  the  addition  of  a  movable  sound,  shown 
at  A  in  Fig.  i.  This  sound  is  made  of  platinum  wire  sheathed  with  glass 
up  to  a  point  within  4  mm.  of  the  end.  The  other  end  of  the  platinum 
wire  is  connected  electrically  to  the  terminal  outside  the  tube  by  a 
coiled  strip  of  bronze.    The  iron  band  L,  attached  to  the  glass  tubing, 

allows  the  sound  to  be  moved  magnetically 
The  anode,  K,  is  of  iron  about  0.22  cm.  in 
diameter  and  extends  about  2.5  cm.  within 
the  tube.  The  end  of  the  anode  is  4.28  cm. 
from  the  plane  of  the  cathode  strip. 

The  cathode  strip,  O,  is  platinum,  1.5  X 
0.25  X  0.0015  cm.  With  a  heating  current 
or  11.65  amperes,  the  temperature  as  obtained 
with  a  Wanner  pyrometer  was  1285**  C.  with 
no  discharge  current,  the  pressure  being  o.oio 
mm.  With  a  discharge  current  of  30  mil- 
amperes,  the  temperature  read  20**  higher. 
The  calcium  oxide  coat  was  obtained  by  plac- 
ing Kahlbaum  c.p.  calcium  nitrate  upon  the 
platinum  strip  and  heating  it  electrically  in 
the  air. 

The  negative  terminal  of  the  storage  bat- 
tery supplying  the  heating  current  was 
grounded  at  the  base  of  the  tube,  at  C.  This  junction  was  also  the 
point  connected  to  the  electrometer  in  making  measurements  of  the 
potential  drop  from  sound  to  cathode.  All  potentials  were  meas- 
ured finally  with  the  electrometer.  A  potentiometer  method  described 
by  Tate  and  Foote^  was  tried  and  found  to  work  very  well  for  the  larger 
currents.  However,  as  potentials  for  the  non-luminous  discharge  had 
to  be  measured  with  an  electrometer,  it  seemed  best  to  use  it  for  all 
measurements. 

A  resistance  of  1,000  ohms  was  used  in  the  anode-cathode  circuit  to 
stabilize  the  discharge  current,  which  was  furnished  by  a  300-volt  d.c. 
generator.  The  applied  voltage  was  measured  with  a  Weston  voltmeter, 
the  discharge  current,  with  a  Weston  millivoltmeter  used  an  an  ammeter. 
During  the  observations  here  recorded,  no  trap  was  used  to  prevent 
mercury  vapor  from  passing  from  the  pump  or  the  McLeod  gauge  into 
the  discharge  tube. 

^  John  T.  Tate  and  Paul  D.  Foote,  Jour.  Washington  Acad.  Sd.,  7,  p.  48a,  1917. 


Fig.  1. 


na  3^^^']    potential  distribution  in  the  wehnelt  tube.       i9i 

3.  Potential  Distribution  and  Static  Characteristics. 

After  a  number  of  voltage  and  current  measurements  had  been  made 
with  this  tube,  three  characteristic  and  readily  reproducible  stages  in  the 
discharge  were  recognizable,  the  non-luminous  discharge  and  two  forms 
of  luminous  discharge.  Some  transient  effects  were  observed  and  further 
study  may  disclose  the  conditions  under  which  these  are  obtained. 

The  wide  diflFerence  in  the  characteristics  of  such  a  tube  for  luminous 
and  for  non-luminous  discharge  have  already  been  pointed  out.^  Child* 
has  made  potential  measurements  for  the  luminous  and  for  the  non- 
luminous  discharge  in  a  cylindrical  tube  with  CaO  cathode.  Lester* 
found  that  with  a  CaO  cathode  "there  were  generally  three  possible 
ranges  for  the  current-potential  curves"  and  that  "the  current  broke 
suddenly  from  one  range  to  another."  A  knowledge  of  the  distribution 
of  potential  in  the  space  between  anode  and  cathode  for  the  three  forms 
of  discharge  observed  in  the  Wehnelt  type  of  tube  seemed  important  for 
the  explanation  of  the  phenomenon  of  hysteresis  as  well  as  that  of  a 
multiple  valued  current  for  a  single  anode-cathode  potential. 

The  measurements  thus  far  made  have  been  taken  at  a  pressure  of 


Fig.  2. 

Distance  of  sound  from  cathode  for  curve  //.  0.60  cm.,  for  curve  ///,  a.40  cm.;  for  curve 
IV t  3*96  cm.  These  curves  are  obtained  with  luminous  discharge.  Curve  /  shows  approxi- 
mately the  sound-cathode  fall  for  non-luminous  discharge  for  all  three  positions  of  the  sound. 
Due  to  change  in  position,  the  sound  voltage  for  non-luminous  discharge  does  not  vary  more 
than  0.7  volt. 

o.oio  nmi.  With  this  pressure  and  a  cathode  temperature  in  the  neigh- 
borhood of  1290®  C.  (heating  current  11.65  amperes),  either  a  luminous 
or  a  non-luminous  discharge  could  be  obtained  for  all  anode-cathode 

*R.  a.  Porter,  Ann.  d.  Phys.,  40,  p.  583.  1913;  Richardson  and  Bazzoni,  Phil.  Mag.,  32, 
426,  Z916. 

•  C.  D.  Child,  Phys.  Rbv.,  32,  492,  1911. 

*  H.  Lester,  Phil.  Mag.,  31,  549,  1916. 
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voltages  between  40  and  60  volts.  Whether  the  discharge  is  luminous 
or  non-luminous  depends  on  whether  this  region  of  voltage  is  approached 
from  a  voltage  above  60  or  from  one  below  40  volts.  Curves  showing 
the  relationship  between  anode-cathode  voltage  and  sound-cathode  fall 
in  potential  for  three  positions  of  the  sound  are  given  in  Fig.  2.  The 
sound  lay  at  a  point  on  a  line  connecting  the  anode  with  the  middle  of 
the  cathode. 
The  curves  of  Fig.  3  show  more  readily  the  relation  of  the  sound- 
cathode  fall  to  the  distance  from  the 
cathode  for  non-luminous  and  for 
"  luminous  discharge  for  the  anode- 
cathode  voltages  indicated  by  the 
55  figures  at  the  right  of  the  curves. 
jQ  The  three  curves  of  group  I.  were 
obtained  with  the  non-luminous  dis- 
charge; curves  II.,  III.,  IV.  and  V. 
40  with  luminous.  A  similar  set  of 
curves  has  been  made  for  a  heating 
current  of  10.65  amperes.  The  only 
M  striking  difference  is  that  for  the 
*c«.  smaller  heating  current  the  potentials 
p.    ,  near  the  anode  are  more  noticeably 

Potential  dlstributiorfornon-luminous  and   ^^^^"^     *^"     ^^^     "^^^^^y     between 


JJ/^Afiee/rom  Cathode 


for  luminous  discharge  in  Wehnelt  tube. 


anode  and  cathode,  a  condition  which 
Thomson^  has  observed  in  a  cylind- 
rical form  of  tube.    The  apparent  irregularity  in  the  readings  in  the 
neighborhood  of  48  to  50  volts  is  more  pronounced  at  the  higher  temper- 
ature of  the  cathode. 

Fig.  4  shows  the  relation  between  anode-cathode  voltage  and  current 
for  luminous  discharge.^  The  relatively  large  change  in  current  at  an 
applied  voltage  of  about  50  volts  suggests  a  change  in  the  mechanism  of 
the  discharge  at  this  point,  just  as  the  wide  difference  in  the  values  of 
current  for  the  non-luminous  and  the  luminous  discharge  for  the  voltage 
range  40  to  60  volts  indicated  a  difference  in  the  process  of  conduction 
for  those  two  forms  of  discharge.  Observation  of  the  appearance  of  the 
glow  in  the  tube  also  indicates  a  transition  as  the  voltage  goes  through 
the  region  48-50  volts.  When  the  glow  is  present  with  smaller  voltages, 
it  is  a  faint  glow  extending  from  anode  to  cathode,  not  filling  the  whole 

^  J.  J.  Thomson,  Phil.  Mag.,  18,  441.  1909. 

*  In  the  articles  by  Richardson  and  Bazzoni  and  by  myself,  Phil.  Mag.,  32,  428,  1916,  and 
Ann.  d.  Phys.,  40,  583, 1913,  respectively,  voltage-current  curves  for  tubes  with  CaO  cathodes 
are  given  for  both  the  luminous  and  the  non-luminous  discharge. 
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space  inside  the  tube.  It  is  most  intense  in  the  space  directly  between 
anode  and  cathode,  where  one  might  expect  the  current  density  due  to 
the  pure  electron  (non-luminous)  discharge  to  be  greatest,  and  decreases 
in  intensity  and  disappears  in  the  region  where  the  current  density  may  be 
less. 
At  a  voltage  of  48-50  volts,  however,  if  the  applied  voltage  is  being 
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Fig.  4. 

Static  characteristic  for  luminous  discharge. 

increased,  a  flaming  bluish  glow  appears  on  the  sides  of  the  anode  and 
simultaneously  the  anode-cathode  voltage  may  decrease  slightly  and  the 
current  increase.  As  the  voltage  is  raised,  the  anode  light  increases  in 
extent  and  the  general  glow  extends  until  it  fills  the  whole  space  inside 
the  walls  of  the  tube;  then  the  anode  light  contracts  and  at  a  higher 
voltage  disappears  leaving  the  whole  space  inside  the  tube  almost  uni- 
formly luminous.  After  the  anode  light  appears,  the  current  increases 
very  rapidly  for  small  increases  in  applied  voltage.  In  fact  the  anode- 
cathode  voltage  seemed  to  remain  constant  for  a  considerable  range  in 
current.    When  50  volts  is  reached  voltage  and  current  rise  together. 

As  the  anode-cathode  voltage  is  decreased  from  60  volts  with  a  lumi- 
nous discharge,  it  may  be  brought  below  50  volts  before  the  anode  light 
disappears.  When  about  49  volts  is  reached  the  discharge  changes  to 
the  form  of  a  general  glow,  the  anode-cathode  voltage  rises  perhaps  a 
volt  and  at  the  same  time  there  is  a  marked  decrease  in  current. 

For  one  value  of  pressure  and  heating  current  a  set  of  measurements 
has  been  made  of  the  anode-cathode  voltage,  the  current,  and  the  poten- 
tial fall  in  the  line  between  anode  and  cathode,  for  the  two  stages  in  the 
luminous  discharge.  The  curves  of  Fig.  5  show  the  relationship  of 
sound-cathode  fall  to  the  total  anode-cathode  fall  for  three  positions  of 
the  sound  for  voltages  near  50  volts.  Points  marked  with  circles  were 
obtained  when  the  anode-light  stage  had  been  reached,  those  marked 
by  dots  show  the  sound-cathode  fall  when  there  is  a  general  glow. 
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The  points  on  curve  I.  at  49  volts  indicate  a  considerable  variation  in 
the  sound-cathode  fall  for  that  voltage  when  the  anode  light  is  present. 
Readings  in  a  single  set  of  observations,  however,  show  regularly  that 
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Fig.  5. 

Sound — Cathode  Voltage.    For  curves  I  and  //,  ///  the  respective  distances  of  sound  from 

cathode  were  0.62,  1.96  and  3.93  cm. 

there  is  a  difference  of  two  to  three  volts  in  this  fall  for  the  two  forms  of 
discharge  with  an  applied  voltage  of  49. 

The  smaller  sound-cathode  fall  occurs  when  there  is  a  general  glow 
only  partly  filling  the  tube.  This  is  the  form  of  luminous  discharge  oc- 
curring first  as  the  voltage  is  increased  and  may  be  called  stage  II.  of 
the  discharge,  stage  I.  being  non-luminous.    When  the  region  of  50  volts 
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Fig.  6. 
Static  characteristic  of  Wehnelt  tube  in  region  of  48-52  volts. 

is  approached  from  higher  voltages,  the  blue  anode  light  is  present  and 
is  accompanied  by  a  larger  sound-cathode  fall  and  larger  currents.  We 
may  call  this  stage  III. 

The  relation  of  current  to  voltage  for  the  region  49  to  50  volts  is  shown 
in  Fig.  6.  The  potentials  existing  in  the  tube  for  the  three  stages  in  the 
discharge  are  brought  together  in  Fig.  7. 
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Readings  at  higher  cathode  temperatures  indicate  an  even  more 
sharply  marked  region  of  voltage  for  which  the  three  forms  of  discharge 
already  noted  may  occur.  At  higher  temperatures,  stages  II.  and  III. 
apparently  have  a  wider  range  of  voltage  in  common  and  there  is  a  larger 
change  in  current  as  the  discharge  changes  from  one  stage  to  the  other. 
Modifications  of  the  tube  now  being  used  will  be  necessary  in  order  to 
obtain  a  full  set  of  readings  at  higher  cathode  temperatures. 

When  the  sound  was. near  the  anode,  the  anode  light  appeared  and 
disappeared  more  gradually;  no  sharp  limit  of  the  two  forms  of  discharge 


Fig.  7. 

Potential  distribution  for  three  stages  in  discharge  of  Wehnelt  tube.     The  figures  at  the 

right  of  the  curves  give  the  anode  potentials. 

could  be  distinguished.  The  curves  for  this  stage  in  the  discharge  showing 
the  relation  between  potential  and  distance  from  the  cathode  in  Fig.  7 
have  therefore  been  drawn  for  only  about  half  the  anode-cathode  distance. 
From  the  results  above  given  it  can  be  seen  that  the  following  changes 
accompany  the  transition  of  the  discharge  from  stage  I.  to  stage  II.  and 
from  stage  II.  to  stage  III.:  (i)  An  increase  in  the  cathode  fall  of  2  to  3 
volts;  (2)  a  small  increase  in  the  approximately  uniform  field  in  the  free 
space  between  anode  and  cathode;  (3)  a  decrease  in  the  anode  fall;  (4) 
a  decrease  in  the  anode-cathode  voltage ;  and  (5)  an  increase  in  the  dis- 
charge current.     Each  of  these  changes  is  consistent  with  the  assumption 
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that  there  is  an  increase  in  the  supply  of  positive  ions  in  the  region  of  the 
anode,  that  is,  a  more  vigorous  ionization  at  that  terminal,  as  the  current 
increases. 

4.  The  Hysteresis  Effect. 

The  direct  observation  of  the  discharge  and  the  study  of  the  dynamic 
characteristics  and  of  the  oscillograph  records  previously  obtained  show 
that  during  each  half-cycle  of  the  alternating  current  which  has  a  suitable 
maximum  value  and  takes  place  under  the  same  conditions  of  pressure 
and  cathode  temperature  as  here  used,  all  the  stages  of  the  discharge  here 
described  exist.  We  may  conclude  therefore  that  the  widely  different 
values  of  current  at  the  beginning  and  at  the  end  of  a  half-cycle,  i.  «.,  just 
before  the  beginning  and  just  before  the  end  of  the  luminous  discharge, 
correspond  with  entirely  different  potential  distributions  of  the  anode- 
cathode  voltage  and  hence  to  different  localizations  of  charges  and  of 
ionization. 

When  the  anode  light,  or  stage  III.,  appears  in  the  cycle,  there  is  an- 
other abrupt  change  in  the  ionization  and  in  the  distribution  of  charge. 
At  each  of  these  transition  stages,  the  old  conditions  tend  to  persist. 
Time  and  voltage  seem  to  be  required  to  change  them. 

Summary. 

Three  stages  in  the  discharge  of  a  vacuum  tube  with  CaO  cathode  have 
been  identified  and  potential  distribution  curves  for  one  pressure  and 
heating  current  have  been  obtained  for  each  stage.  Voltage-current 
curves  for  the  two  stages  of  luminous  discharge  are  given.  The  potential 
distribution  curves  lie  in  three  groups  corresponding  to  the  three  stages 
of  the  discharge.  With  the  pressure  and  cathode  temperature  used, 
non-luminous  discharge  may  exist  for  the  voltage  range  40-50  volts; 
another  stage  in  the  discharge  may  begin  at  48  volts.  In  the  region  of 
49  volts,  therefore,  any  one  of  the  three  stages  of  the  discharge  may  be 
obtained.  Each  of  the  three  stages  of  the  discharge  and  potential  dis- 
tribution tends  to  persist  as  the  voltage  is  varied,  or  a  hysteresis  in  the 
current  values  and  in  the  potential  distribution  exists  when  the  potential 
is  cyclically  varied.  This  is  apparent  for  very  slow  cycles  as  well  as  for 
cycles  of  higher  frequency. 
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ELECTRIC    DISCHARGE    ON    THE   SURFACE   OF   A   SOLID 

ELECTROLYTE.! 

By  Was.  Sulejkin. 

The  Theory  of  Electrolytic  Safeties*  Against  Overtension. 

AS  is  well  known,  with  the  electrolysis  of  some  solutions,  the  aluminum 
anode  is  covered  with  a  coating  of  oxides  in  a  very  short  space  of 
time  after  closing  the  circuit.  At  the  same  time  the  strength  of  the 
current  falls  almost  to  zero,  as  the  thin  layer  of  oxides  and  the  layer  of 
gas  enclosed  in  the  pores  offer  an  enormous  amount  of  ohmic  resistance. 
It  is  well  known  also  that  by  increasing  the  tension,  sometimes  by  hun- 
dreds of  volts,  the  strength  of  the  current  is  increased  only  inconsider- 
ably, but  this  phenomenon  remains  so  only  until  the  tension  has  passed 
a  certain  limit,  the  so-called  ''critical  tension." 

On  further  increasing  the  tension,  even  if  to  only  a  small  extent,  the 
strength  of  the  current  suddenly  and  sharply  rises.  On  the  basis  of  this 
has  been  established  the  practice  of  applying  the  so-called  "safety  appli- 
ances against  over- tension,"  the  elements  of  which  (practically)  do  not 
allow  the  current  to  escape  to  the  ground  from  the  line  of  transmission 
of  electrical  energy  when  the  tension  in  the  line  is  normal,  but  immediately 
and  rapidly  conducts  discharges  of  electromagnetic  waves  to  the  ground, 
before  over-tension  in  the  protected  part  of  the  line  can  arise. 

It  is  customary  to  say  that  such  "safeties"  cannot  bear  the  "strain" 
when  the  critical  tension  is  passed;  the  layer  is  broken  through,  and  so  a 
direct  communication  is  set  up  between  the  fluid  and  the  metallic  anode. 

But  one  glance  at  the  aluminum  electrodes  (placed  in  a  glass  vessel  to 
facilitate  observation)  suffices  to  show  that  it  is  not  so.  At  a  tension  even 
considerably  below  the  "critical,"  bright  spots  appear  on  the  surface  of 
the  electrode  (anode),  here  and  there  little  bubbles  of  gas  are  given  off; 
this  all  shows  that  here  we  have  a  case,  not  of  static,  but  of  kinetic  equili- 
brium. In  fact,  even  at  low  tension  the  layer  is  broken  through  here  and 
there,  but  the  breaks  quickly  close  up;  at  a  tension  above  the  critical, 
however,  such  "cicatrization,"  for  some  reason,  does  not  take  place. 

In  order  to  find  out  this  reason,  I  tried  to  use  for  my  experiments  the 

^  Reported  at  the  Moscow  Institute  of  Science,  May  19.  1918. 
'  Lightning  arresters. 
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same  "model"  of  aluminum  electrode  as  I  used  in  my  investigations  of 
the  electrolytic  rectifier^.  Instead  of  an  aluminum  anode,  a  system  of 
parallelly  connected  wires  of  o.r  mm,  was  placed  into  the  electrolyte, 
sealed  into  glass  tubes  (Fig.  id).  The  part  of  the  breaks  in  which  the 
fluid  comes  into  contact  with  the  aluminum  anode  was  therefore  played 
here  by  the  extremities  of  the  wires  placed  in  the  fluid  and  projecting 
out  of  the  glass  about  0.5  to  0.75  mm. 

It  proved  that  on  passing  the  critical  tension  each  tube  immediately 


Fig.  la.  Fig.  16. 

broke.  On  changing  the  concentration  of  the  solution,  as  is  known,  the 
critical  tension  point  for  the  safeties  is  also  changed.  It  was  found  that 
this  law  is  followed  when  the  concentration  is  changed,  and  that  the 
attainment  of  the  critical  tension  coincided  with  the  breaking  of  the 
glass  tubes. 

The  moment  preceding  the  breaking  of  the  glass,  at  the  bottom  end  of 
the  tube  at  the  spot  where  the  platinum  is  fused  in,  there  is  a  sudden 
flash  of  blindingly  bright,  white  light,  quite  different  from  the  yellowish, 
weak  light  of  the  discharge  between  the  platinum  and  the  solution. 
When  the  glass  was  removed,  and  an  anode,  consisting  only  of  fine 
platinum  wires,  was  put  into  the  solution,  no  change  at  all  in  the  char- 
acter and  appearance  of  the  discharge  was  observed  when  passing  the 
former  "critical  "  tension;  the  strength  of  the  current  did  not  sharply 
increase. 

This  refutes  the  opinion  of  GUnt.  Schultze,*  who  supposes  that  at  the 
critical  tension  the  discharge  between  the  metal  and  the  fluid  begins  to 
proceed  with  the  help  of  quite  different  ions  than  up  to  the  critical  point 
(analogous  to  the  Glaser-effect*).  A  critical  point  for  .discharge  between 
pure  metal  and  the  solution,  therefore,  does  not  exist. 

But,  on  passing  a  certain  tension,  you  have  only  to  touch  the  end 

'  W.  Sulejldn,  Archives  dm  Scitncxt  Phyuques.  I.,  1918. 

■  Ann.  d.  Fhya..  34.  p.  657.  191 1. 

>  H.  Nenut.  Ber.  d.  Deutsch.  Chem.  Ges.,  p.  1547,  1897. 
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of  the  wire-anode  under  water  with  some  piece  of  glass,  marble,  jasper, 
enamel,  or  the  like  to  produce  at  the  point  of  contact  a  blinding  white 
light.  Such  a  flash  of  light  appears,  as  may  easily  be  observed,  also  at 
various  points  of  the  aluminum  electrode  (anode),  when  passing  the 
critical  tension. 

If  the  end  of  the  wire  is  removed  to  some  distance  from  the  glass  (or 
other  substance),  in  the  interval  between  them  an  electric  arc  is 
formed,  the  anode  of  which  is  the  wire,  while  the  cathode  is  the  glass  (or 
other  substance),  to  which,  as  may  then  be  observed,  particles  of  metal, 
coming  away  from  the  anode  in  a  powdered  state,  are  fused. 

From  this  it  is  clear  that  the  layer,  hitherto  an  insulator,  at  critical 
tension  begins  to  conduct  the  current.  A  necessary  condition  for  a 
discharge  of  this  sort  is  the  near  proximity  of  the  metal  and  the  con- 
ductor of  the  second  kind,  both  being  immersed  in  the  solution  and 
moistened  by  it.  In  aluminum  safeties  this  condition  is  fulfilled ;  there- 
fore, whenever  at  any  spot  the  insulating  layer  is  broken  through  at  a 
tension  above  the  critical,  there  is  immediately  a  characteristic  discharging 
flash  at  the  adjacent  part  of  the  layer.  At  the  same  time  the  insulating 
layer  around  it  is  quite  destroyed,  in  just  the  same  way  as  the  glass  of 
the  tube,  or,  for  example,  the  lamina  of  the  jasper.  If  on  any  part  ex- 
posed in  this  way  a  fresh  layer  of  oxides  should  be  formed  again  by  the 
action  of  the  electrolysis,  it  will  immediately  be  destroyed  with  a  similar 
discharge.  Meanwhile,  by  each  initial  rupture  the  exposure  of  the  metal 
extends  more  and  more,  by  which  a  sharp  increase  in  the  strength  of  the 
current  in  the  electrolytic  safeties  is  produced,  when  passing  the  critical 
tension. 

But  a  complete  resemblance  of  the  work  of  the  aluminium  electrode 
and  its  "model"  may  be  determined  only  by  observing  them  under 
various  conditions. 

In  order,  on  the  one  hand,  to  demonstrate  that  the  critical  point 
characteristic  with  electrolytic  safeties  depends  on  the  peculiarities  of 
the  layer  of  oxides,  separate  parts  of  which,  as  it  proves,  playing  a  very 
essential  part  in  the  discharge;  on  the  other  hand,  to  become  better 
acquainted  with  the  processes  which  go  on  in  the  layer  itself  or  on  its 
surface;  and,  finally,  to  judge  in  some  way  of  the  movement  of  the  ions 
in  the  close  proximity  of  the  anode,  I  would  pass  on  to  a  description  of 
detailed  experiments. 
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I.  Critical  Tension  with  Solutions  of  Bi-carbonate  of  Soda  of 
Different  Concentrations,  into  which  as  an  Anode  is  Im- 
mersed AT  First  an  Aluminum  Lamina  and  then  a 
Wire,  Fused  into  Glass  (Fig.  i,  a). 

If  we  take  into  consideration  that  aluminum  itself  is  corroded  by  the 
solution  (this  does  not  occur  in  the  case  of  the  Pt.  wire),  which  intro- 
duces a  certain  error,  it  may  be  seen  from  the  series  of  figures  (see  Table 
I.)  that  the  character  of  the  action  of  the  aluminium  electrode  and  the 

Table  I. 


Concentration. 

0.6. 

0.3* 

0.X5*            0.075* 

0.0375. 

Critic,  t.  of  the  safety 

180  volt 
164 

250 
220 

1 
280             350 

420 

Cr.  tens,  of  Pt.  wire 

270 

340 

430 

action  at  the  point  of  contact  of  our  experimental  wire  with  the  glass  are 
the  same.  This  gives  us  a  means  for  determining  the  critical  point  even 
for  solutions  in  which  the  aluminum  anode  is  not  covered  with  an  in- 
soluble layer  of  oxides  (true  in  the  majority  of  cas^) ;  gives  us,  finally, 
the  possibility  of  always  reproducing  the  phenomenon  in  its  pure  state. 
The  advantage  of  this  will  become  especially  clear  if  we  observe  that,  for 
example,  with  an  electrolysis  of  sulphuric  acid  between  aluminum  elec- 
trodes the  destruction  of  the  insulating  layer,  due  to  the  corrosion  of  the 
aluminum,  takes  place  at  a  tension^  lOO  volts  below  the  real  critical 
tension. 

In  view  of  this,  further  experiments  designed  to  explain  the  nature 
of  the  phenomenon  were  carried  out  with  *' models'*  of  the  aluminum 
electrode. 

II.  The  Dependence  of  the  Value  of  Critical  Tension  upon  the 
Concentration  of  the  Electrolyte  for  Different  Solutions. 

For  experiments,  solutions  of  the  following  substances  have  been  used: 
(a)  Caustic  soda  (NaOH) ;  {b)  sodium  bicarbonate  (NaHCOs) ;  {c)  iron 
sulphate  (FeS04) ;  {d)  zinc  sulphate  (ZnS04) ;  {e)  sulphuric  acid  (HjSOi)  ; 
(/)  sodium  chloride  (NaCl) ;  {g)  ammonium  chloride  (NHiCl) ;  (A)  hydro- 
chloric acid  (HCl). 

Into  the  electrolyte  as  an  anode  were  immersed  fine  wires  (platinum 
or  nickel)  at  the  lower  ends  of  which  were  fused  drops  of  glass  of  i  mm. 
diameter  (Fig.  i,  &). 

At  first  a  certain  amount  of  soluble  substance  was  measured  out  and 
after  each  observation  the  solution  was  diluted  with  a  double  quantity 

^  G.  Schultze  has  called  this  "seemable  critical"  tension. 
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of  water,  again  a  double  quantity,  and  so  on .  In  this  way  a  full  concentra- 
tion in  gram-equivalents  (w)  to  the  liter  was  determined. 

With  each  concentration  the  tension  was  observed  at  which  the  bright 
light  flashed  out  round  the  part  of  the  glass  adjacent  to  the  wire. 

The  values  of  Peru  were  marked  off  in  Descartes  coordinates  on  the 
axis  ordinates;  the  quantities  in  were  marked  off  on  the  axis  of  abscissa. 
As  by  decreasing  the  concentration  by  half,  again  by  half,  and  so  on, 
the  critical  tension  rises,  at  first  slowly,  afterwards  very  rapidly,  for 
greater  precision  the  points  were  transferred  to  logarithmic  paper  (on 
the  abscissa  axis  was  marked  off  Lgm,  on  the  ordinate  LgPer)- 

On  doing  this,  a  remarkable  law  became  evident:  all  the  characteristics 
of  all  the  solutions  experimented  with,  without  exception,  were  repre- 
sented on  the  logarithmic  paper  by  straight  lines. 

Let  us  examine  their  peculiarities,  (a)  First  of  all  it  will  be  noticed 
from  the  drawing  (Fig.  2)  that  all  the  straight  lines  are  similar  in  appear- 
ance, being  represented  by  the  equation. 

A'LgPcr  +  B'Lgm  =  C,  (i) 

where  -4,  B  and  C  are  positive  coefficients. 
Hence : 

C      JB 
LgPcr  =  ;4  "  ]4  ^^^  =  ^^^  "  P'Lgm  (2) 

(For  convenience  we  have  introduced  the  symbols: 

C  JB 

2  =Lga  and-^   =  P)- 

Therefore,  it  is  not  difficult  to  see,  for  all  the  solutions: 

^-  =  -^  .  (3) 

(b)  As  the  characteristics  of  ZnSO*  and  FeSOi,  of  NaCl  and  NHiCl 
respectively  coincide,  the  height  of  the  critical  tension,  therefore,  does 
not  depend  on  composition  of  the  cation,  but  depends  only  on  the  anion 

(SOV,  Cl]  OH,  etc.). 

(c)  In  the  diagram  it  is  seen  that  the  critical  tensions  of  the  following 
characteristics  also  coincide : 

NaCl  (or  NH4CI)  -  to  HCl;  and  FeSO*  (or  ZnSOO  -  to  HzSO^. 
But  it  is  known  that  the  dissociated  acids  (HCl,  H2S0i)  are  incom- 
parably stronger  than  their  salts.  With  equal  full  quantities  of  the  dis- 
solved electrolyte  {niacid  =  fn»ait»)  in  the  solution  of  acid  there  are  incom- 
parably more  dissociated  ions  than  in  the  salt  solutions.  Notwithstand- 
ing this,  as  we  see,  the  critical  tension  in  both  cases  is  the  same. 
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Hence  it  may  be  concluded  that  the  value  of  the  critical  tension  does 
not  depend  on  the  number  of  free  ions,  but  depends  on  the  full  amount  of 
the  dissolved  electrolyte.  Evidently,  the  processes  at  the  anode  are 
extremely  violent;  at  its  surface  new  masses  of  the  electrolyte  are  con- 
tinually and  rapidly  dissociated,  depending  upon  the  manner  in  which 
the  discharge  takes  place. 

Upon  the  number  of  free  ions  depends,  it  is  true,  the  decrease  of  tension 
in  the  solution,  but  as  the  critical  tension  attains  hundreds  of  volts,  the 
decrease  of  tension  in  the  solution  may  evidently  be  neglected,  as  com- 
pared with  the  decrease  of  tension  in  the  close  proximity  of  the  anode. 

(d)  As  regards  the  mutual  relations  of  the  different  characteristics 
(for  the  different  anions),  the  following  peculiarities  are  clearly  noticeable : 

The  stronger  the  acid  character  of  the  anion,  the  less  is  the  inclination 
of  the  corresponding  straight  line  on  the  logarithmic  paper  (the  less  is  fi) 
and,  on  the  other  hand,  the  higher  it  intersects  the  ordinate  "Log  w  =  o" 
(w  =  i)  (the  greater  is  a). 

So,  from  the  observations,  the  greatest  a  (the  smallest  0)  corresponds 
to  the  anion  (C/),  the  smallest  a  (the  greatest  P)  to  the  anion  (OH), 


Table  II. 


No.  of  a  Line. 

Anion. 

a. 

0. 

1 

(OH)" 

68 

0.460 

3 

(HCO,)" 

141 

0.336 

4 

(SO4" 

165 

0.304 

5 

(CI) 

186 

0.230 

III.  The  Dependence  of  the  Height  of  Critical  Tension  on  the 
Composition  of  the  Substance  in  Contact  with  the  Wire. 

To  the  ends  of  the  wires  were  fused  drops  of  different  sorts  of  glass, 
of  enamel,  of  jasper,  etc.    The  following  results  were  obtained : 

(a)  The  critical  tension  does  not  depend  on  the  degree  of  fusibility  or 
infusibility  of  the  glass  in  contact  with  the  wire,  which  was  tested  by 
experiments  with  six  sorts  of  glass,  from  the  most  fusible  to  the  most 
insusceptible  to  fusing.^ 

(b)  A  slight  coloring  of  the  glass  (transparent  glass)  does  not  change 
the  critical  tension  appreciably.  A  considerable  admixture  of  metallic 
oxides  (enamel),  however,  affects  the  character  of  the  discharge:  a  de- 
creases considerably,  p  slightly  increases. 

For  an  example  the  characteristic  has  been  set  down  on  the  diagram 

*  Not  to  obscure  the  drawing,  the  points  obtained  from  these  experiments  are  not  marked 
on  the  straight  line. 
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(N2),  corresponding  to  the  little  drops  of  enamel  (dark  blue  or  sky  blue) 
fused  to  the  ends  of  the  fine  wires  immersed  in  the  solution  of  bicarbon- 
ate of  soda  (NaHCOs).  For  this  case  we  obtained  a  =  114;  /5  =  0.34; 
while  for  glass  drops,  a  =  141;  P  =  0.336  (N3).  Similar  results  wer 
obtained  from  the  experiments  with  drops  of  jasper. 

(c)  When  the  wires  come  into  contact  with  such  a  crystal  as  does  n( 
possess  electrolytic,  but  metallic^  conducting  properties,  our  character- 
istic discharge  is  not  observed. 

IV.    MiCROPHOTOGRAPHS. 

In  order  to  be  able  to  determine  in  some  measure  the  form  of  the 
discharge  in  question,  which  is  not  seen  by  the  naked  eye,  micro- 
photographs  were  taken.  As  the  strength  of  the  light  of  the  dis- 
charge, not  withstanding  its  comparatively  great  intensity,  is  still  insuf- 
ficient to  give  a  highly  magnified  representation  in  ordinary  microphoto- 
graphic  chambers,  it  was  necessary  to  take  the  photograph  in  a  somewhat 
different  way.  The  object  was  placed  within  the  range  of  a  small  micro- 
scope (maximum  linear  magnifying,  power — 60  times).  The  weakest 
object  glass  was  used,  giving  a  full  linear  magnification  of  20  times. 
After  the  microscope  (with  external  light)  had  been  focused,  the  eye- 
glass was  unscrewed,  and  on  the  diaphragm  beneath  it  Oust  at  the  spot 
where  the  real  image  is  formed,  was  placed  (with  red  light)  a  small  square 
photographic  plate  (1.5  cm.  X  1.5  cm.).  The  current  was  turned  on 
(for  an  instant),  and  the  discharged  flash  was  recorded  on  the  plate, 
magnified,  for  example,  5  times.  From  the  miniature  negative  thus 
obtained,  the  final  enlargement  was  then  made  with  the  assistance  of  a 
projecting  lantern. 

The  first  photograph  (Fig.  3)  shows  a  discharge  at  the  point  of  contact 
of  the  fine  wire  with  the  drop  of  glass  fused  to  it  and  immersed  in  the 
electrolyte.  The  discharge  encircles  the  wire  with  a  hoop  of  light  (the 
points  of  light  on  the  surface  of  the  drop  are  only  gleams  from  the  refracted 
and  reflected  light  illuminating  the  drop). 

From  the  drop  a  fine  hair  of  glass  attached  to  the  wire  was  drawn  up- 
wards along  the  wire.  On  the  photograph  it  may  be  seen  that  a  discharge 
took  place  on  it  also. 

The  second  (Fig.  4)  photograph  represents  a  part  of  the  aluminum 
electrode  at  critical  tension.  As  the  layer  of  oxides  is  very  thin,  it  is 
very  rapidly  destroyed  by  the  discharges,  which  spread  in  rings  from  the 
points  of  incidental  rupture.  The  representation,  therefore,  is  blurred 
and  dull. 

^  As,  for  example,  rock  salt,  as  shown  by  A.  F.  Joffe. 
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Considerably  clearer,  however,  does  the  discharge  appear  round  the 
artificial  rupture  on  the  third  photograph  (Fig.  5).  The  black  speck  in 
the  middle  is  a  bared  portion  of  the  metal.  In  the  adjacent  layer  of 
oxides  (glass!)  there  was  a  flashing  discharge,  encircling  the  breach  like  a 
ring. 

From  the  material  just  presented  some  conclusions  regarding  the  nature 

of  the  discharge  in  question  may  be  drawn.     First  of  all,  it  is  apparent 

that  at  the  critical  tension  the  path  of  the  discharge  changes.     Namely, 

_     +  -      + 

at  a  lower  tension  its  course  is  "fluid — film  of  gas — ^metal"  (A),  at  a 

higher  tension  it  is  ''fluid — oxides — metal"  .  .  .  (B).  The  decrease  in 
tension  in  each  path  is  so  great  that  henceforth  we  shall  consider  it  equal 
to  the  tension  between  the  electrodes,  ignoring  the  fall  in  tension  in  the 
fluid  on  the  way  from  the  metal  cathode  to  the  film  near  the  anode. 
Combined  with  such  a  great  fall  in  tension  is  the  generation  of  a  consid- 
erable amount  of  heat  at  the  surface  of  the  anode,  and  it  is  quite  natural 
to  assume  that  the  discharge's  change  of  path  is  caused  by  the  heating  of 
the  layer  of  oxides,  which  reaches  a  "critical "  degree  at  "critical  tension." 
Point  I  lie  shows  that  the  discharge  may  take  place  only  at  the  surface 
of  a  solid  electrolyte,  but  not  of  a  crystal  possessing  metallic  conducting 
properties  (rock  salt  NaCl).  Consequently,  an  essential  condition  for 
the  formation  of  a  characteristic  discharge  (change  of  discharge  from 
path  A  to  path  B)  is  the  increase  of  conducting  power  in  a  body  by  heat- 
ing. But  this  condition  alone  is  not  sufficient.  In  fact,  at  the  same 
temperature,  the  mobility  of  ions,  and  consequently  the  conducting 
power,  for  example,  with  easily  fusible  glass  is  greater  than  with  less 
easily  fusible  glass. 

Still,  however,  we  see  from  Ilia  that  the  height  of  critical  tension  does 
not  depend  on  fusibility. 

Let  us  see  what  indications  the  external  appearance  of  the  discharge 
may  give.  The  first  striking  thing  of  all  to  observe  is  that  the  discharge 
flashes  out  suddenly,  with  a  leap,  no  intermediate  stage  being  noticeable; 
the  portion  of  glass  adjacent  to  the  wire  (or  the  portion  of  the  oxide  layer 
surrounding  the  point  of  rupture)  all  at  once  becomes  heated  to  white 
heat.  All  this  reminds  us,  as  nothing  could  more  clearly,  of  the  electric 
arc  phenomenon.  This  similarity  is  especially  emphasized  also  by  the 
appearance  of  the  microphotographs  i  and  j  (Fig.  3  and  Fig.  5),  and  the 
peculiarity  IIU.  But  even  by  the  microphotographs,  taken  as  they  are 
through  a  certain  thickness  of  fluid,  one  cannot  definitely  be  convinced 

that  electric  arcs  really  appeared.     As  these  arcs,  if  they  really  exist, 

-      +  _      + 

can  arise  only  in  the  interval  glass — metal  (or  oxides — metal),  I  endeav- 
ored to  make  an  experiment  of  the  following  character: 
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At  the  ends  of  two  platinum  (or  nickel)  wires,  placed  at  a  distance  of 
0.5  to  I  cm.  from  one  another,  was  fixed  a  *' little  bridge"  of  glass  tubing, 
the  ends  of  which  were  fused  to  the  wires.  If  you  -connect  the  wires^ 
to  the  source  of  a  constant  current  with  a  tension  of  100-200  volts  and 
place  the  ''little  bridge"  over  the  flame  of  a  Bunsen  burner,  after  some 
time  near  the  wire-anode  will  appear  bright  luminous  points. 

The  points  continually  move  about,  going  out  in  one  place  and  appear- 
ing in  another.  Through  a  magnifying  glass  it  may  be  distinctly  seen 
that  these  are  miniature  electric  arcs,  seldom  reaching  the  length  of  i 
mm.  If  we  examine  the  glass  "bridge,"  after  such  a  discharge,  it  will 
be  seen  that  the  glass  around  the  wire-anode  has  acquired  a  spongy  con- 
struction. Inside  the  empty  spaces  which  have  been  formed  move  the 
arcs,  which,  as  it  were,  "lick"  the  glass. 

If  the  current  is  not  switched  off,  but  only  the  heating  by  the  gas 
flame  is  discontinued,  the  arcs  for  some  time  do  not  go  out,  but  the  smal- 
lest movement  of  the  air  is  sufficient  to  extinguish  them,  after  which, 
without  outside  heating,  they  do  not  appear  again. 

Now,  it  seems,  we  may  pass  on  to  an  explanation  of  the  critical  point 
of  the  discharge  in  question. 

The  phenomenon,  most  probably,  proceeds  thus: 

Under  the  influence  of  the  discharges  between  the  fluid  and  the  metal 
anode,  the  layer  of  glass  adjacent  to  the  wire  is  heated,  its  conducting 

power  is  increased,  and  a  part  of  the  current  follows  the  course  of  fluid — 

+      -     + 

glass — metal.     But,  as  shown  by  Nernst,*  in  the  glass  near  the  anode  a 

rapid  evolution  of  gas  takes  place,  which  "polarizes"  the  system,  separ- 
ates the  glass  from  the  metal.    Therefore,  at  a  tension  below  "critical," 

the  current  within  the  glass  may  freely  be  ignored;  the  discharge  pro- 

-     + 
ceeds,  practically,  by  way  of  the  fluid — ^metal. 

But  if  the  tension  is  increased  more  and  more,  the  edges  of  the  glass 

at  last  become  heated  to  such  an  extent  that  they  begin  to  emit  electrons. 

At  this  moment  the  arc  appears  between  the  glciss  and  the  metal. 

-     +     -     + 
The  tension,  accordingly,  at  which  the  arc-path,  fluid — glass — metal,  is 

formed  is  also  the  critical  tension. 

For  a  sufficient  heating  of  the  layer  of  glass,  let  there  be  in  its  proximity, 
in  the  gas  separating  the  fluid  from  the  metal,  a  generation,  under  the 
influence  of  the  discharges,  of  W  joules  of  heat  per  second  to  the  unit  of 
surface. 

The  heat  energy  of  the  discharges  depends  on  the  fall  of  tension,  P, 
and  on  the  number  of  passing  ions,  g. 

1  Essentially  in  accordance  with  a  rheostat  of  about  100  Q, 
*  Ann.  d.  Phys. 
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This  latter  quantity  we  cannot  determine  directly;  neither  can  we 
judge  it  by  the  indications  of  an  ammeter,  as  its  pointer  oscillates  irreg- 
ularly; but  some  observations  of  the  appearance  of  the  discharges  be- 
tween the  liquid  and  the  metallic  wire  give  reason  to  assume  that  g  is 
proportionate  to  P^  and  w.^ 

So  we  suppose: 

q  =  kitnP,  (4) 

where  Ai  is  a  coefficient  of  proportionality. 
The  fundamental  condition  W  =  const,  may  be  set  down  thus: 

W  =  ki'P-q  =  ki-ki-mP^  =  const  (5) 

or 

mP^  =r  const 
Hence: 

Per   =  ~i  (6) 

where  a  is  constant. 

If  we  remember  our  characteristics  of  discharges,  we  see  that,  for 
example,  the  dependence  of  Pcrit  on  m  for  the  system  glass — metal  im- 
mersed in  a  solution  NaOH  is  expressed  thus.  Instead  of  an  exponent 
of  0.5,  we  have  only  fi  =  0.46. 

Why  do  all  the  characteristics,  differing  from  each  other  in  quantity, 
present  nevertheless  such  remarkable  simplicity?  Why  is  there  always 
between  Perit  and  w  such  simple  gradual  dependence,  notwithstanding 
the  fact  that  a  and  /5  for  different  substances  are  different?  Our  assump- 
tion led  us  to  the  exponent  iS  =  0.5;  in  its  turn  Fig.  2  and  formula  (3) 
perhaps,  will  give  some  indication  of  how  in  reality  the  ions  of  the  fluid 
near  the  surface  of  a  solid  electrolyte  move. 

Conclusion. 

1.  The  behavior  of  the  aluminum  anode  up  to  critical  tension  is  ex- 
plained by  a  kinetic,  but  not  a  static  equilibrium.  In  the  layer  of  oxides 
new  ruptures  are  continually  being  formed,  while  the  old  ones  close  up. 

2.  At  tensions  above  the  critical,  the  equilibrium  is  disturbed  by  the 

fact  that  the  layer  of  oxides  adjacent  to  each  rupture  begins  to  take  part 

—     + 

in  the  discharge,  which  from  the  path  "fluid — metal"  passes  over  to 
*'  fluid — oxides — metal." 

As  in  the  first  case  (A),  on  the  way  from  fluid  to  metal,  so  also  in  the 
second  (B),  on  the  way  from  oxides  to  metal,  the  discharge  takes  place 

*  It  is  easy  to  observe  the  increase  in  number  of  the  cluster  of  discharges  with  the  increase 
in  P  or  m. 

*  With  regard  to  m,  see  IIo. 
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in  a  thin  film  of  gas  (oxygen).  In  the  latter  case  the  discharge  has  the 
form  of  an  electric  arc,  heating  the  edge  of  the  layer  of  oxides  (cathode  of 
the  arc)  to  white  heat,  and  rapidly  destroying  it. 

3.  Such  a  form  of  discharge  may  be  produced  also  artificially.  To 
produce  it,  a  metal  conductor  (anode),  touching  below  the  surface  of  the 
fluid  the  surface  of  glass,  marble,  enamel,  or  other  so-called  solid  electro- 
lyte, must  be  immersed  in  the  electrolyte. 

4.  The  critical  tension  at  which  this  discharge  begins,  depends  on  the 
concentration  of  the  solution,  and  on  the  composition  of  the  anion,  the 
dependence  between  Peru  and  w  for  all  the  solutions  experimented  with 
being  expressed  by  the  formula : 

For  the  dependence  of  a  and  fi  on  the  character  of  the  anion  Table  II. 
Peru  does  not  depend  on  the  degree  of  dissociation. 

5.  In  this  article  it  has  been  possible  to  explain  only  roughly  the  reason 
for  this  simple  dependence  so  clearly  obtained  from  the  experiments. 
For  the  investigation  of  the  actual  movement  of  the  ions  near  the  elec- 
trode, it  may,  perhaps,  serve  as  a  thread  for  persons  more  competent  in 
questions  of  electro-chemistry. 

Elbctrotbchnical  Laboratory, 
Higher  Technical  School, 
Moscow,  May,  19 18. 
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MAGNETO-STRICTION     WITH     SPECIAL     REFERENCE     TO 

PURE  COBALT. 

By  Howard  A.  Pidgeon. 

Part  I.    The  Wiedemann  Effect.^ 

THE  inter-relations  between  magnetization  and  mechanical  strain  in 
the  ferro-magnetic  metals  are  widely  varied  in  their  nature  and 
some  of  them  are  extremely  complex  [in  character.  Their  study  has 
formed  such  a  wide  field  of  investigation  that  no  attempt  will  be  made 
here  to  more  than  briefly  outline  some  of  the  more  salient  features  of  the 
extensive  literature  on  the  subject.* 

The  Joule  Effect. 

In  1847  Joule*  found  that  the  length  of  a  soft-iron  bar  was  slightly  in- 
creased when  magnetized,  and  at  about  the  same  time  Matteucci*  discov- 
ered that  the  longitudinal  magnetism  in  an  iron  rod  was  increased  by  the 
application  of  a  longitudinal  pull.  It  was  later  discovered  by  Vallari* 
that  this  effect  is  reversed  in  sufficiently  strong  magnetic  fields,  and  is 
commonly  known  as  the  Vallari  reversal.  The  reciprocal  relations 
between  magnetization  and  mechanical  strain  discovered  by  Joule  and 
Matteucci  were  shown  by  the  work  of  later  investigators  to  extend 
throughout  the  field  of  magneto-striction  and  have  been  dealt  with  from 
theoretical  considerations  by  J.  J.  Thomson,*  Kirchhoff,^  Heydweiller,® 
Cans,'  Houstoun*®  and  others,  who  have  derived  mathematical  relations 

^  This  is  the  first  of  a  series  of  articles  in  preparation  under  the  general  title  given  above. 

*  For  a  fuller  discussion  of  these  effects  the  reader  is  referred  to  the  following:  Poynting  and 
ThooMon,  Electricity  and  Magnetism;  Ewing.  Magnetic  Induction  in  Iron  and  Other  Metals; 
Maxwell,  Electricity  and  Magnetism,  Vol.  II..  3d  edition,  pp.  90-94;  Wiedemann,  Electricit^lt, 
Vol.  3,  p.  519.  A  fairly  comprehensive  bibliography  of  the  subject  up  to  that  date  is  given 
at  the  end  of  an  article  by  H.  G.  Dorsey,  Phys.  Rev.,  Vol.  30,  p.  718.  1910. 

»  Phil.  Mag..  Vol.  30,  pp.  76,  225,  1847. 

*  Comptes  Rend  us,  1847. 

*  Pogg.  Ann.,  1868. 

*  Thomson,  Applications  of  Djrnamics  to  Physics  and  Chemistry. 
^  Wied.  Annalen,  1885,  Vol.  24,  p.  52. 

•A.  Heydweiller,  Ann.  d.  Phjrs.,  Vol.  11,  p.  602,  1903. 

*  R.  Gans,  Ann.  d.  Phys.,  Vol.  13,  p.  634,  1904. 
>*Phil.  Mag.,  Vol.  21,  p.78,1911. 
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for  these  reciprocal  relations,  which,  however,  have  been  only  very 
roughly  verified  by  data,^  due  no  doubt  largely  at  least  to  magnetic  and 
elastic  hysteresis  which  play  a  very  important  role  in  all  magneto-elastic 
phenomena. 

The  first  really  comprehensive  view  of  the  Joule  effect,  as  the  change 
in  length  due  to  magnetization  is  called,  is  due  to  the  extensive  work  of 
Shelford  Bidwell*  who  worked  with  specimens  of  iron,  nickel  and  cobalt, 
and  also  studied  the  change  in  the  effect  produced  by  the  application  of 
longitudinal  stress.  As  a  result  of  his  work  and  also  that  of  more  recent 
investigators,  especially  of  Honda  and  his  co-laborers,*  the  general 
relations  between  longitudinal  magnetization  and  strain  in  iron  and  nickel 
have  been  quite  definitely  established,  and  with  considerably  less  cer- 
tainty in  cobalt. 

The  principal  features  of  the  work  done  may  be  summarized  as  follows: 
soft  iron  elongates  when  subjected  to  a  magnetic  field  of  weak  or  moderate 
strength,  retracts  in  larger  fields  and  in  strong  fields  becomes  shorter 
than  its  original  length.  The  effect  of  pull  is  to  increase  the  intensity 
of  magnetization  in  weak  or  moderate  fields,  and  to  decrease  it  in  strong 
fields.  The  results  for  steel  are  similar,  but  the  initial  magnetic  elonga- 
tion is  less  in  general. 

In  the  case  of  nickel,  longitudinal  magnetization  is  always  accompanied 
by  a  decrease  in  length  which  approaches  an  asymptotic  value  in  strong 
fields,  while  the  effect  of  longitudinal  tension  is  to  diminish  the  magneti- 
zation for  all  values  of  the  magnetic  field. 

In  the  case  of  cobalt  the  results  have  been  far  less  conclusive.  Bidwell* 
experimenting  with  a  short  rod  of  cast  cobalt  found  a  decrease  in  length 
with  increasing  magnetic  field,  followed  by  a  retraction  reaching  the 
original  length  at  about  750  gauss,  and  in  still  stronger  fields  the  specimen 
became  longer  than  its  original  length.  Thus  we  see  that  the  effect  in 
cobalt  was  found  to  be  the  exact  reverse  of  that  in  iron.  This  result 
was  later  confirmed  by  Nagaoka  and  Honda*  for  cast  cobalt,  but  a 
similar  annealed  specimen  was  found  to  decrease  in  length  gradually 
and  did  not  reach  a  maximum  shortening  even  in  a  magnetic  field  of 
2,000  gauss.  It  was  found  as  expected  that  the  effect  of  longitudinal 
tension  upon  the  cast  cobalt  was  to  diminish  the  magnetization  in  fields 
of  moderate  strength  and  to  increase  it  in  very  strong  fields,  while  longi- 

^  Honda  and  Tereda,  Phil.  Mag.,  Vol.  14,  1907,  pp.  65-107. 

*Proc.  Roy.  Soc..  1886,  Vol.  40.  pp.  109,  257;  Phil.  Trans.,  1888,  Vol.  149.  p.  205;  Proc. 
Roy.  Soc.,  1890,  Vol.  47,  p.  469. 

»  Phil.  Mag..  1898,  Vol.  46,  p.  261;  1900.  Vol.  49,  p.  329;  1902.  S.  6.  Vol.  4.  PP.  45.  338,  459, 
537;  1903.  S.  6.  Vol.  6,  p.  392;  1905,  S.  6,  Vol.  10.  p.  548,  642. 

*  Phil.  Trans.,  vol.  149. 

•  Phil.  Mag.,  Vol.  4,  p.  51.  1902. 
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tudinal  pull  always  diminished  the  intensity  of  magnetization  in  annealed 
cobalt. 

Now  all  of  these  specimens  were  undoubtedly  of  very  impure  cobalt, 
so  there  has  remained  some  doubt  as  to  what  the  character  of  the  effect 
would  be  in  specimens  of  pure  cobalt,  since  it  is  known  that  a  marked 
change  may  be  produced  by  relatively  small  quantities  of  impurities. 
Bidwell  gives  no  analysis  of  his  specimen  but  makes  the  statement  that 
it  was  soft  and  easily  worked  which  indicates  a  considerable  amount  of 
impurity  since  pure  cobalt  is  hard  and  brittle  and  not  easily  worked 
without  special  heat  treatment.  Honda,^  however,  gives  an  analysis  of 
his  specimens  which  contained  from  four  to  five  per  cent,  of  nickel,  more 
than  one  per  cent,  of  iron,  and  a  very  high  carbon  content  of  from  1.38 
to  1.64  per  cent. 

It  was  shown  by  the  work  of  Kelvin,*  Ewing*  and  others  that  the  effect 
of  longitudinal  compression  upon  magnetization  is  just  the  reverse  of 
that  produced  by  longitudinal  pull,  and  that  the  effect  of  transverse 
stress  upon  longitudinal  magnetization  is  just  the  reverse  of  that  pro- 
duced by  longitudinal  stre^. 

The  work  of  Nagoaka  and  Honda*  has  shown  that  magnetization  is 
also  attended  by  a  change  in  volume  which  is,  in  general,  of  a  much  smaller 
order  than  the  change  in  dimensions. 

The  Wiedemann  Effect. 

Some  years  previous  to  Joule's  discovery  Wiedemann*  experimenting 
with  iron  wires  made  the  interesting  discovery  that  when  the  specimen 
was  suspended  in  a  very  small  vertical  magnetic  field,  while  at  the  same 
time  an  electric  current  flowed  through  the  specimen,  its  free  end  was 
observed  to  twist  in  such  a  direction  that  to  an  observer  looking  along 
the  specimen  in  the  direction  of  the  flow  of  current  and  also  in  the  direc- 
tion of  the  magnetic  lines  of  force,  the  lines  of  twist  were  in  the  direction 
of  a  right-handed  screw,  that  is  the  twist  was  positive  in  direction.  The 
direction  of  twist  was  reversed  upon  the  reversal  of  either  the  current  or 
the  longitudinal  field.  If  the  current  in  the  specimen  remained  constant 
and  the  longitudinal  field  was  gradually  increased,  the  twist  reached  a 
maximum  in  fields  of  from  15  to  36  gauss,  gradually  decreased  in  stronger 
fields  until  in  very  strong  fields  the  direction  of  twist  changed  and  became 
negative  or  left  handed.  This  is  commonly  known  as  the  Wiedemann 
effect. 

»  Phil.  Mag.,  S.  6.  Vol.  4,  p.  48. 

*  Kelvin.  Reprint  of  Papers,  Vol.  II.,  pp.  332-407. 

*  Loc,  cil,,  p.  202. 

*  Phil.  Mag.,  S.  s,  Vol.  46,  p.  261;  S.  5.  Vol.  49,  p.  329. 

*  Electricitat.  Bd.  3. 
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Wiedemann  also  found  that  the  reciprocal  relations  already  referred 
to  hold  here  too,  for  if  a  wire  in  which  a  current  was  flowing  was  twisted 
it  was  found  that  longitudinal  magnetization  was  developed,  or  if  a 
specimen  was  subjected  to  a  longitudinal  field  and  then  twisted  circular 
magnetization  resulted. 

Investigation  by  Knott,^  and  Nagoaka  and  Honda*  with  nickel  wires 
showed  that  the  twist  was  always  negative  in  direction  and  much  larger 
than  in  iron. 

The  inability  to  draw  cobalt  into  the  form  of  wires  until  recently 
proved  an  almost  insurmountable  obstacle  to  the  study  of  the  Wiede- 
mann effect  in  that  metal.  However,  Honda  and  Shimizu'  did  succeed 
in  making  some  measurements  on  two  cobalt  rods  21  cm.  in  length  and 
approximately  one  centimeter  in  diameter.  They  found  that  for  cast 
cobalt  the  twist  in  small  magnetic  fields  was  in  the  same  direction  as  for 
nickel.  It  reached  a  maximum  in  a  somewhat  higher  field  and  then  de- 
creased, finally  reversing  its  direction  in  very  strong  fields.  The  magni- 
tude of  maximum  twist  was  found  to  be  approximately  the  same  as  that 
in  similar  specimens  of  iron.  In  the  case  of  annealed  cobalt  the  twist 
was  very  small  and  did  not  reach  a  maximum  until  a  field  of  about  200 
gauss  was  reached ;  it  then  gradually  decreased  but  did  not  reverse  even 
in  very  strong  fields. 

Beside  the  uncertainty  due  to  the  use  of  impure  cobalt,  there  is  still  an 
additional  uncertainty  here  because  it  was  found  that  the  curves  ob- 
tained for  the  twist  in  similar  rods  of  iron  and  nickel  varied  considerably 
from  those  obtained  when  wires  approximately  one  millimeter  in  diameter 
were  used.  It  would  therefore  seem  especially  desirable  in  this  case  to 
obtain  data  using  specimens  of  as  nearly  pure  cobalt  as  possible.  Al- 
though there  are  many  other  interesting  magneto-elastic  effects  we  shall 
not  discuss  them  here  since  the  Joule  and  Wiedemann  effects  are  the 
fundamental  ones  and  the  only  ones  studied  in  this  work. 

As  the  result  of  a  detailed  study  of  his  own  work  and  that  of  others, 
Kelvin  was  able  to  explain  many  of  the  magneto-elastic  effects  on  the 
basis  of  magnetic  aeolotropy  produced  by  stress.  In  the  case  of  iron  in 
moderate  fields  he  showed  that  the  effect  of  a  simple  pulling  stress  is  to 
produce  a  greater  permeability  along  than  across  the  lines  of  strain,  while 
a  compressional  stress  has  just  the  opposite  effect.  Above  the  Vallari 
reversal  point  the  effect  is  reversed.  Kelvin  further  showed  that  the 
idea  of  magnetic  aeolotropy  may  be  employed  to  explain  the  Wiedemann 
effect  and  its  reciprocal  relations.     In  this  case  by  the  super-position  of 

*  Trans.  Roy.  Soc.  Edin.,  Vol.  32,  p.  193,  1883. 

*  Phil.  Mag.,  S.  6,  Vol.  4,  p.  61. 

*  Phil.  Mag.,  S.  6,  Vol.  5,  p.  650. 
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the  circular  field  due  to  the  current  in  the  specimen,  upon  the  longitudinal 
field,  the  direction  of  the  resultant  field  in  any  given  element  is  a  diagonal 
lying  in  a  plane  tangent  to  the  element  and  making  an  ang^  with  the 
transverse  plane,  which  varies  from  zero  at  die  center  to  a  maximum  at 
the  circumference.  According  to  Kelvin's  theory  this  must  result  (for 
moderate  fields)  in  an  elongation  in  the  direction  of  the  resultant  field 
and  a  shortening  in  a  direction  at  right  angles  to  it.  Since  the  change  in 
volume  is  of  a  smaller  order,  there  must  result  a  shearing  strain  in  a  plane 
making  an  angle  of  45  degrees  with  the  resultant  field  and,  consequently, 
this  strain  will  have  a  component  in  a  direction  tangent  to  the  element 
and  in  a  plane  perpendicular  to  the  axis  of  the  wire.  Such  a  strain  must 
result  in  a  twist  of  the  specimen.  Appljdng  similar  reasoning  one  can 
predict  the  nature  of  the  effect  produced  by  stress  upon  circular  or  longi- 
tudinal magnetization. 

Although  the  conception  of  magnetic  aeolotropy  is  sufficient  to  ^cplain 
many  of  the  magneto-elastic  effects  qualitatively  at  least,  after  making 
due  allowance  for  hysteresis  effects,  it  does  not  afford  a  satisfactory 
explanation  of  many  of  the  experimental  facts.*  For  example,  according 
to  this  theory  the  Wiedemann  effect  may  be  regarded  as  only  a  special 
case  of  the  Joule  effect,  and  one  would  accordingly  expect  to  find  a  com- 
paratively simple  relation. between  the  two.  However,  this  is  not  the 
case,  as  has  been  pointed  out  by  S.  R.  Williams.* 

Object  of  This  Work. 

The  object  of  this  work  is  two-fold :  first,  to  study  the  Joule  and  Wiede- 
mann effects  in  specimens  of  pure  cobalt  wire  and  if  possible  to  establish 
a  definite  relation  between  the  two  effects;  second,  to  make  a  comparative 
study  of  these  effects  in  specimens  of  cobalt,  iron  and  nickel  wire  pre- 
viously subjected  to  exactly  the  same  heat  treatment.  As  has  already 
been  indicated,  previous  investigation  of  the  Wiedemann  effect  in  cobalt 
has  been  of  such  a  meager  character  and  all  work  on  cobalt  with  such 
impure  specimens  that  it  seemed  highly  desirable  to  repeat  the  work 
with  pure  specimens  now  available. 

Moreover,  as  has  been  pointed  out  by  S.  R.  Williams,*  there  has  been 
a  great  lack  of  codrdination  in  the  work  done  in  this  field.  Much  of  the 
experimentation  has  been  upon  specimens  of  whose  chemical  composition 
or  previous  history  but  little  or  nothing  is  known,  and  since  both  have  a 
very  important  influence  upon  the  magneto-elastic  effects,  much  of  the 
data  taken  has  a  questionable  value  so  far  as  making  a  comparative  study 

^  See  Ewing'8  Magnetic  Induction  in  Iron  and  Other  Metals,  pp.  244  and  246. 

*  Phys.  Rev.,  Vol.  32,  p.  295. 

•  Phys.  Rev..  Vol.  34.  p.  258. 
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is  concerned.  It  is  evidently  highly  desirable  that  as  many  as  possible 
of  these  effects  be  studied  in  the  same  specimens  which  have  previously 
been  subjected  to  the  same  heat  treatment.  It  was  with  this  object  in 
view  that  a  considerable  portion  of  this  work  was  undertaken.  This 
paper  will  deal  with  the  Wiedemann  effect  in  cobalt  and  for  comparison, 
also  in  iron  and  nickel;  while  a  later  paper  will  deal  with  the  Joule  effect 
and  a  comparative  study  of  these  and  other  magnetic  phenomena. 

Specimens. 

The  specimens  of  cobalt  used  were  obtained  from  the  laboratory  of 
the  School  of  Mining  in  Queen's  University,  through  the  generosity  of 
Eugene  Haanel,  director  of  the  Mines  Branch,  under  whose  direction 
H.  T.  Kalmus  and  others  made  an  extensive  study  of  cobalt^  and  suc- 
ceeded not  only  in  producing  very  pure  metal  on  a  commercial  basis  but 
also  by  special  heat  treatment,  in  drawing  it  into  wires  suitable  for  many 
tests  otherwise  almost  impossible.  As  will  be  seen  from  the  following 
analysis  given  by  the  School  of  Mining,  the  specimens  were  compara- 
tively pure. 

Specimen  A.  Specimens  B  end  C. 

Co  =  99.73  Co  =  98.71 

Fe  -    0.14 
Ni  «    0.00 

C  -    9.00 

S  -    0.019 
Si  =    0.02 

Table  I. 


Fe  -    1.15 

Ni  -    0.00 

C  -    0.039 

S  «    0.012 

• 

P  -    0.01 

Si  -    0.14 

No.  of 
Specimen. 

MateriaL 

Condition. 

Lenj^in 

Diam.  in  CM. 

A 

Cobalt 
Cobalt 
Cobalt 
Nickel 
Nickel 
Iron 

Annealed  in  hydrogen 

25.02 
24.92 
25.06 
25.01 
25.10 
25.00 

0.0884 

B 

Unannealed 

0.0914 

c 

Annealed  in  hydroiren 

0.0912 

E 

Annealed  in  hydroeen 

0.1003 

F 

Unannealed 

0.1002 

H 

Annealed  in  hydrogen 

0.1023 

The  nickel  specimens  were  from  wire  labelled  **pure  nickel"  and  the 
iron  from  the  core  of  an  old  induction  coil,  so  although  no  chemical 
analysis  has  thus  far  been  made  they  are  undoubtedly  of  fairly  pure 
material.  All  of  the  specimens  tested  were  approximately  25  centimeters 
in  length  and  varied  from  0.85  mm.  to  i.oo  mm.  in  diameter.  The 
exact  dimensions  are  given  in  Table  I. 

1  See  Bulletin  entitled,  The  Physical  Properties  of  the  Metal  Cobalt,  Canadian  Depart- 
ment of  Mines,  Part  II.,  by  H.  T.  Kalmus  and  C.  Harper. 
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Specimens  A,  C,  E  and  H  were  annealed  at  800  degrees  centigrade  (or 
three  hours,  after  which  the  temperature  was  very  slowly  reduced  to  that 
of  the  room,  the  process  occupying  several  hours.  Oxidation  was  pre- 
vented by  keeping  a  stream  of  hydrogen  flowing  through  the  furnace. 
After  this  treatment  the  iron  and  nickel  were  extremely  soft  and  flexible 
but  the  cobalt  was  still  hard  and  showed  a  decidedly  crystalline  structure. 
Cobalt  specimen  B  has  the  same  composition  as  C  but  was  left  in  the 
original  condition.  Nickel  specimen  F  is  the  same  as  E  except  that  it 
was  not  annealed.  Data  was  also  obtained  from  specimens  of  iron  and 
nickel  annealed  by  alternating  current,  but  the  results  are  not  given  as 
they  did  not  differ  materially  from  those  for  specimens  E  and  H. 

Apparatus. 

The  arrangement  of  apparatus  is  shown  diagrammatically  in  Fig.  i. 

The  solenoid,  S,  was  attached  to  the  plank,  Pi,  supported  firmly  between 

two  massive  brick  pillars  about  three  feet  apart.    The  specimen,  W,  was 


Fig.  1. 

soldered  to  two  brass  rod  extensions  and  the  whole  suspended  by  means 
of  the  knife-edge  support,  0,  from  the  plank,  Pt,  which  was  supported  by 
the  brick  piers  entirely  independent  of  the  plank,  Pi.  This  was  to  guard 
against  any  possible  disturbance  due  to  mechanical  displacement  pro- 
duced by  the  field  in  the  solenoid. 

The  earth's  held  was  determined  and  the  vertical  component  com- 
pensated for  by  an  additional  winding  on  the  outside  of  the  solenoid. 
As  it  was  found  in  some  cases  that  the  rise  in  temperature  of  the  specimen 
due  to  the  heating  of  the  solenoid  produced  quite  an  appreciable  effect 
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Upon  the  readings,  a  double-walled  water  jacket,  /,  made  of  brass  tubing 
was  placed  inside  the  solenoid  and  water  from  a  hydrant  kept  flowing 
through  it  during  the  experiment.  Electrical  connection  with  the  speci- 
men was  made  by  means  of  the  mercury  cups,  Vi  and  Vt,  into  which 
dipped  copper  contacts  attached  to  the  specimen.  By  means  of  a  special 
construction  illustrated  in  the  figure,  a  small  weight,  F,  could  be  sus- 
pended from  the  specimen  without  interfering  with  its  freedom  of  motion. 
The  weight  was  made  just  large  enough  to  keep  the  wire  accurately 
vertical  in  the  central  line  of  the  solenoid,  and  to  prevent  the  weight  from 
vibrating  it  was  suspended  in  oil  at  the  end  of  a  long  flexible  cord.  The 
entire  suspended  system  was  enclosed  to  prevent  the  disturbing  influence 
of  currents  of  air  in  the  room. 

As  it  was  desired  to  measure  angles  varying  from  zero  to  considerably 
more  than  one  degree  in  magnitude  with  an  accuracy  of  at  least  one  second 
for  the  smaller  angles,  a  special  device  was  necessary  for  the  purpose. 
After  trying  several  methods,  the  very  simple  one  illustrated  in  Fig.  i 
was  chosen.  Lengthwise  in  the  fairly  narrow  slit  of  the  collimator,  C, 
was  mounted  a  fine  glass  fiber.  A  Nemst  glower,  N,  brilliantly  illumi- 
nated the  slit,  rays  from  which  after  being  rendered  parallel  by  the  colli- 
mator lens  fell  upon  the  plane  mirror,  M,  mounted  upon  the  brass  rod 
attached  to  the  lower  end  of  the  specimen.  The  reflected  parallel  rays 
were  focussed  by  an  achromatic  lens,  L,  forming  an  image  at  /,  which 
was  viewed  by  the  traveling  microscope,  T.  This  image  when  viewed 
through  the  microscope  showed  a  very  well-defined  diffraction  pattern 
produced  by  the  double  slit,  and  consisted  of  a  large  number  of  alternate 
light  and  dark  parallel  bands.  By  special  adjustment  two  or  three  of 
these  lines  could  be  made  to  appear  predominantly  clear  and  well  defined, 
and  upon  these  very  good  settings  could  be  made  by  means  of  double 
cross-hairs  in  the  eye-piece  of  the  microscope. 

The  system  was  calibrated  by  replacing  the  specimen  and  mirror,  Jf , 
with  another  mirror  mounted  in  the  axis  of  a  lever  approximately  65  cm. 
in  length  moved  by  a  micrometer  screw.  It  was  found  that  one  division 
of  the  micrometer  screw  of  the  microscope  corresponded  to  approximately 
one  second  of  twist  of  the  specimen.  By  taking  an  average  of  two  or 
three  settings  it  was  possible  to  set  within  one  half  division,  corresponding 
to  0.5"  of  arc  or  0.02"  per  centimeter  length  of  specimen,  for  small 
angles.  With  larger  deflections  the  image  became  less  distinct  so  that 
the  accuracy  of  setting  was  not  quite  as  great  but  in  all  cases  amply 
suflicient.  Considerable  difficulty  in  obtaining  measurements  was 
experienced  due  to  vibrations  in  the  building  or  produced  by  passing 
street  cars,  so  that  it  was  found  necessary  to  take  data  at  night  when 
traffic  was  reduced. 
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A  diagram  of  the  electrical  connections  is  shown  in  Fig.  i.  A  special 
form  of  rheostat,  2?i,  made  of  carbon  lamps  was  selected,  which  although 
it  did  not  have  the  ease  of  manipulation  nor  advantage  of  continuous 
change  of  resistance  possessed  by  a  liquid  or  slide-wire  rheostat,  had 
the  very  decided  advantage  of  certainty  of  setting  permitting  readings  to 
be  easily  repeated,  which  was  very  desirable  in  this  work.  The  rheostat 
was  so  constructed  that  all  the  lamps  could  easily  be  placed  in  series,  in 
parallel,  or  in  various  combinations  of  lamps  in  parallel  with  a  group  of 
lamps.  For  example,  with  switches  a,  b  and  c  closed,  lamp  i  was  con- 
nected directly  across  the  line  in  parallel  with  j,  4  and  5  in  series.  This 
arrangement  made  it  possible  to  increase  the  current  from  zero  to  a 
maximum  by  as  few  or  as  many  steps  as  desired.  The  adjustable  rheos- 
tat, Rt,  was  connected  in  parallel  with  Ri  to  obtain  the  higher  values  of 
current. 

Current  through  the  specimen  was  controlled  by  means  of  two  field 
rheostats,  Rz  and  Ri,  in  parallel  with  a  slide  wire  rheostat,  R$.  The 
latter  provided  for  fine  adjustment  necessary  to  keep  the  current  con- 
stant during  a  run. 

The  current  was  read  by  means  of  Weston  milli-voltmeters  provided 
with  one  and  five  ampere  shunts.  They  were  frequently  calibrated  by 
means  of  a  potentiometer,  standard  cell  and  standard  resistances. 

The  solenoid  was  38  cm.  in  length  and  hence  the  field  was  not  quite 
uniform  throughout  the  25  cm.  length  of  the  specimen.  From  approxi- 
mate dimensions  the  variation  from  the  maximum,  of  the  average  field 
over  the  length  of  the  specimen  was  computed.  As  no  accurate  data  for 
the  solenoid  were  obtainable  it  was  necessary  to  determine  its  constant 
experimentally.  This  was  done  by  means  of  a  ballistic  galvanometer 
and  a  ballistic  coil  whose  dimensions  were  accurately  known.  The  gal- 
vanometer was  calibrated  by  means  of  a  standard  condenser.  The 
constant  after  applying  the  correction  indicated  above  was  found  to  be 
210.5  g^uss  per  square  cm.  per  ampere.  A  later  determination  using  a 
mutual  inductance  instead  of  the  condenser  gave  a  result  differing  from 
that  given  above  by  only  a  small  fraction  of  one  per  cent. 

Method  of  Observation. 

The  specimen  was  thoroughly  demagnetized  before  each  run  by  gradu- 
ally decreasing  an  alternating  current  flowing  through  the  solenoid,  which 
process  was  repeated  several  times  with  decreasing  voltages  applied. 
Demagnetization  by  less  frequent  reversals  made  by  hand  and  also  by  a 
mechanical  commutator  constructed  for  the  purpose,  was  also  tried  and 
as  no  difference  was  observed  it  was  concluded  that  the  demagnetization 
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by  A.C.  was  complete  in  most  cases.     (Certain  exceptions  will  be  noted 
later.) 

Keeping  the  circular  field  constant  four  runs  were  made  as  follows: 
both  longitudinal  and  circular  fields  direct;  both  reversed;  circular  field 
direct,  longitudinal  field  reversed;  circular  field  reversed,  longitudinal 
field  direct.  In  many  cases  one  or  more  repetitions  of  these  runs  were 
made.  When  both  fields  were  direct  the  relation  of  circular  and  longi- 
tudinal fields  and  of  twist  for  iron,  was  right  handed  or  positive  according 
to  the  convention  previously  mentioned. 

Data  and  Results. 

Examination  of  the  plotted  results  showed  that  these  four  runs  gave 
two  distinct  curves,  one  when  both  fields  were  direct  or  reversed,  the 
other  when  either  one  was  reversed.  Which  one  of  the  curves  was  ob- 
tained evidently  depended  upon  the  direction  of  twist  in  the  specimen 
since  the  agreement  between  the  curves  of  each  pair  seems  to  eliminate 
other  possibilities.  This  lack  of  agreement  has  been  noticed  by  other 
investigators  and  ascribed  to  various  causes,  consequently  a  study  of  this 
effect  was  made  to  determine  its  origin. 

Curves  i  and  2,  Fig.  2,  show  typical  results  for  cobalt  specimen  A, 
when  both  fields  are  direct  and  when  one  is  reversed  respectively.  Curve 
J  is  the  average  of  curves  i  and  2.  • 

Curves  5,  6  and  7  show  the  same  thing  for  iron  specimen  H ;  and  curves 
p,  10  and  II  for  nickel  specimen  E. 

It  was  found  in  the  case  of  every  specimen  that  after  careful  demag- 
netization the  application  of  either  the  longitudinal  or  circular  field  alone 
produced  a  small  twist,  whose  value  varied  with  different  specimens  and 
the  magnitude  of  the  magnetizing  field.  The  initial  twist  due  to  the 
circular  field  was,  however,  extremely  small  for  most  of  the  specimens. 
The  maximum  value  of  the  twist  produced  by  the  longitudinal  field 
varied  from  0.18"  to  4.33''  per  cm.  in  different  specimens  and,  although 
its  value  varied  somewhat  with  different  runs  on  the  same  specimen,  it 
was  always  in  the  same  direction  and  seemed  to  be  practically  independent 
of  the  previous  condition  of  magnetization  or  of  demagnetization  so  long 
as  the  latter  was  reasonably  thorough.  In  general  the  twist  was  greater 
in  unannealed  than  in  annealed  specimens  of  the  same  material.  Curves 
4,  8  and  12  show  average  results  for  these  correction  curves  for  specimens 
A,  H  and  E  respectively. 

In  the  case  of  nickel  the  initial  twist  due  to  the  circular  field  varied 
quite  erratically  with  different  runs  both  in  magnitude  and  direction. 
However,  if  the  twist,  as  measured  from  the  original  zero  when  neither 
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field  was  operating,  be  plotted  from  the  correction  curve  obtained  when 
the  longitudinal  field  alone  was  operating,  as  a  new  zero  axis  of  twist  the 
resulting  corrected  curves  almost  coincide.  An  example  of  the  result 
of  this  operation  is  shown  in  Fig.  2  by  the  double  row  of  dots,  obtained 


"SSo         TSSS 

LOMITUOmAL 


Fig.  2. 


by  applying  curve  12  as  a  correction  to  curves  g  and  10.  It  is  seen  the 
dots  almost  coincide  with  curve  11  which  is  the  average  of  curves  Q  and 
JO.  In  some  cases  there  was  some  divergence  near  the  peaks  of  the  curves 
but  the  agreement  was  always  good  for  higher  values  of  the  longitudinal 
field. 

Treating  the  data  for  iron  in  the  same  manner  gave  even  better  results, 
an.  example  of  which  is  shown  by  the  dots  almost  coinciding  with  curve 
7,  obtained  by  applying  curve  5  as  a  correction  to  curves  5  and  6. 

In  the  case  of  cobalt,  however,  the  best  agreement  was  obtained  by 
measuring  the  twist  not  from  the  initial  zero  but  from  that  obtained  after 
the  application  of  the  circular  field. 

An  analysis  of  these  rather  complex  results  indicates  that  the  lack  of 
symmetry  in  twist  is  apparently  due  to  various  combinations  of  the  three 
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following  factors:  imperfect  demagnetizatioxii  change  in  temperature  of 
the  specimen  due  to  the  heating  eflfect  of  the  current  in  it,  and  aeolotropic 
structure  of  the  specimen. 

Imperfect  demagnetization  was  in  evidence  in  the  annealed  nickel 
specimens  only,  which  apparently  accounts  for  the  initial  twist  of  erratic 
character  due  to  circular  field.  This  is  not  at  all  surprising  in  this  case 
since  for  very  small  values  of  the  longitudinal  field,  not  only  is  the  sus- 
ceptibility relatively  high  making  perfect  demagnetization  difficult,  but 
the  twist  is  also  very  large,  thus  greatly  magnifying  the  effect  of  even  an 
extremely  small  amount  of  residual  magnetism.  Indeed,  it  may  be 
added  that  this  method  affords  an  extremely  delicate  means  of  detecting 
residual  magnetism  in  annealed  nickel.  No  such  effect  is  observed  in 
hard  drawn  nickel  since  both  the  initial  susceptibility  and  the  twist  are 
very  low  for  small  values  of  the  longitudinal  field. 

The  fact  that  this  initial  twist  in  cobalt  and  iron  due  to  the  circular 
field  alone,  was  always  in  the  same  direction  and  of  about  the  same  mag- 
nitude for  any  given  specimen  seems  to  indicate  that  if  residual  mag- 
netism were  present  it  was  so  small  that  its  effect  could  not  be  observed. 
The  observed  twist  was  evidently  due  to  heating  and  aeolotropy  in  these 
cases. 

Twist  caused  by  either  of  these  two  effects  alone  could  be  distinguished 
by  the  fact  that  aeolotropy  produces  a  true  magnetic  twist  for  which 
correction  is  necessary  as  in  the  case  of  iron ;  while  the  effect  of  heating 
is  merely  to  change  the  zero  of  twist  by  producing  a  shift  in  the  equi- 
librium configuration  of  the  specimen  allowing  a  partial  adjustment  of 
residual  strains.  Such  was  the  case  with  cobalt.  However,  if  both  of 
the  above  effects  be  present,  the  net  twist  due  to  circular  field  is  the  alge- 
braic sum  of  the  two  components,  correction  for  only  one  of  which  should 
be  made.  Consequently,  the  application  of  the  corrections  in  the  manner 
previously  described  results,  in  general,  in  two  parallel  curves,  the  inter* 
cept  between  which  is  twice  the  variation  of  the  correction  actually  made 
for  the  circular  field  (it  was  zero  in  the  case  of  cobalt)  from  the  compo- 
nent due  to  aeolotropy  alone. 

Since  the  corrected  curves  for  iron  and  cobalt  almost  coincide  as  shown 
by  the  curves,  we  conclude  that  the  twist  due  to  circular  field  in  the  case 
of  the  former  is  due  almost  wholly  to  aeolotropy,  and  to  rise  of  temperature 
in  the  case  of  the  latter. 

That  this  initial  effect  in  cobalt  is  due  primarily  to  change  in  tem- 
perature is  further  supported  by  the  following  facts.  Not  only  did  the 
maximum  twist  show  a  very  marked  increase  with  rise  of  temperature, 
but  in  one  case  after  making  a  run  at  approximately  60  degrees  centi- 
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grade  and  demagnetizing,  a  twist  of  approximately  4.0"  per  cm.  was 
observed  on  reducing  the  temperature  to  approximately  15  degrees. 

Furthermore,  the  initial  twist  in  cobalt  seemed  to  increase  approxi- 
mately as  a  parabolic  function  of  the  current  which  one  would  expect  if 
due  to  the  heating  effect. 

On  the  other  hand  the  effect  of  temperature  change  in  iron  and  nickel 
was  so  small  as  to  be  almost  completely  masked  by  the  other  factors. 

The  twist  produced  in  all  specimens  by  the  application  of  the  longi- 
tudinal field  alone  is  apparently  due  almost  wholly  to  eeolotropy  caused 
perhaps  by  permanent  residual  strains  sustained  in  drawing,  by  subse- 
quent coiling  of  the  wire,  etc.  As  we  have  seen,  such  an  effect  may  give 
a  circular  component  to  longitudinal  magnetism. 

This  view  is  supported  by  the  fact  that  annealing  reduced  the  eflfect, 
and  by  the  following  experiment.    One  end  of  an  iron  specimen  which 


Table  II. 

Annealed  Iran  Specimen  H,    Current,  Ic,  in  Specimen  in  Amperes  per  Square  Millimeters. 
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7.96 
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25.9 
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6.41 
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18.42 
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5.43 
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6.01 
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23.88 

4.42 
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3.49 
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3.41 
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2.16 
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0.79 
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0.50 
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0.30 
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0.61 
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0.23 
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0.81 
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0.38 
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0.15 
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0.54 
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1.71 
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0.00 
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0.08 
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0.30 
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0.07 
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0.16 
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0.76 
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0.02 
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0.10 

169.1 

0.48 
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-0.34 
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0.00 

223 
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0.33 
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362.5 
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0.23 
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392 
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32.6 
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4.1 
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5.7 
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38.85 

7.8 

35.42 

39.62 

10.5 

39.50 

37.27 

14.1 

40.52 

33.92 

17.8 

39.23 

30.25 

21.5 

36.17 

25.80 

27.1 

31.95 

20.62 

35.1 

26.35 

16.01 

44.9 

20.87 

12.61 

66.0 

13.53 

9.95 

88.1 

8.98 

8.59 

106.3 

6.76 

6.39 

126.1 

4.86 

4.68 

154.0 

3.01 

3.36 

190.9 

1.55 

2.10 

242.5 

0.25 

1.09 

300 

-0.60 

0.24 

353.5 

-1.05 

-0.56 

400 

-1.33 

-0.92 

445 

-1.45 

-1.05 

492 

-1.45 

-0.99 

544 

-1.42 

-0.90 

593 

-1.37 

-0.80 

637 

-1.35 

700 

-1.28 

779 

-1.19 

had  been  tested  previously,  was  twisted  through  360  degrees,  leaving  a 
permanent  twist  of  180  degrees.  Subsequent  tests  showed  that  the 
average  maximum  twist  was  reduced  and  in  strong  fields  the  twist  was 
increased  in  one  direction  and  decreased  in  the  other.  The  twist  due  to 
either  circular  or  longitudinal  field  alone  was  greatly  increased,  the  latter 
being  almost  doubled  as  shown  by  curves  13  and  14,  Fig.  2.  Data  for 
curve  13  were  taken  before  and  for  curve  14  after  twisting. 

One  peculiarity  still  remains  unexplained.  In  some  cases  the  cor- 
rected curves  showed  a  considerable  divergence  in  the  region  of  maximum 
twist.  It  is  perhaps  due  to  a  difference  in  the  modulus  of  rigidity  for 
direct  and  reversed  twist,  as  magnetic  twist  must  always  be  accompanied 
by  actual  mechanical  strain  since  the  tangential  component  of  shear  due 
to  the  magnetic  fields  does  not  vary  uniformly  from  the  center  to  the 
circumference  of  the  wire. 

At  any  rate  it  seems  that  one  may  safely  conclude  that  the  average 
curve  for  any  given  specimen  gives  very  closely  at  least,  the  single  curve 
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that  would  be  obtained  if  experimental  conditions  could  be  better  con- 
trolled and  the  specimen  freed  from  accidental  eccentricities. 

In  this  work  the  data  and  curves  shown  are  the  result  of  selecting  data 
from  runs  giving  nearly  average  results  for  twist  in  the  two  directions 
and  averaging  these  results.  Where  runs  could  not  be  found  very  closely 
approximating  the  average  result  an  actual  average  of  the  different  runs 
is  given. 

The  results  for  iron  are  shown  in  Table  II.  and  in  Fig.  3  for  several 
values  of  current  as  indicated.     In  general  characteristics  the  results 
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Fig.  3. 

agree  quite  well  with  those  obtained  by  other  observers;  in  fact  they  show 
a  striking  similarity  to  results  obtained  for  steel  tubes  by  S.  R.  Williams.* 
It  will  be  observed  that  the  values  of  the  maximum  twist  increase  roughly 
proportional  to  the  current  in  the  specimen  at  first  then  seemingly  ap- 
proach a  maximum.  This  is  what  one  would  expect  if  the  Wiedemann 
effect  is  a  special  case  of  the  Joule  effect,  since  the  elongation  in  iron 
reaches  a  maximum  in  fairly  low  fields,  and  consequently  with  large 
circular  fields  the  magnitude  of  the  resultant  field  and  its  angle  with  the 
axis  of  the  wire  do  not  combine  to  form  a  condition  so  favorable  for  a 
large  twist. 

The  maxima  which  gradually  move  into  higher  longitudinal  fields  with 
increase  of  circular  field,  are  not  only  very  sharp  in  this  specimen  but 
also  occur  at  somewhat  lower  fields  than  observed  by  others.    This  is 
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doubtless  due  to  the  extremely  soft,  well-annealed  condition  of  the  iron, 
since  in  another  specimen  evidently  not  so  well  annealed  by  alternating 
current,  the  maxima  were  broader  and  came  in  stronger  fields. 

The  curves  show  rather  striking  characteristics  in  stronger  fields. 
Not  only  do  they  all  reverse  their  direction  of  twist  at  approximately  the 
same  value  of  longitudinal  field, — a  fact  the  reason  for  which  is  not  ap- 
parent,— but  in  still  higher  fields  they  reach  a  maximum  negative  twist 
and  at  the  highest  values  of  field  obtained,  seem  to  be  very  gradually 
approaching  the  axis  of  zero  twist.  So  far  as  the  author  knows  this 
characteristic  has  never  been  previously  observed.  Apparently  in  only 
one  other  instance^  has  the  Wiedemann  effect  been  studied  with  values  of 
longitudinal  field  above  400  or  500  gauss,  and  that  was  with  rods  about 
one  centimeter  in  diameter  whose  characteristics  were  quite  different. 
A  further  study  of  this  feature, — for  which  the  Joule  effect  offers  no 
apparent  explanation, — ^will  be  necessary  to  determine  its  cause  and 
whether  it  is  characteristic  of  all  well  annealed  iron  specimens. 

The  results  for  annealed  nickel  specimen  E  are  given  in  Table  III. 

Table  III. 

Annealed  Nickel  Specimen  E.    Current,  Ic,  in  Specimen  in  Amperes  per  Square  Millimeters, 
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H. 
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2.9 
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2.9 
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55.0 

4.6 

79.0 

6.5 

32.97 

6.5 

63.8 

6.6 
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64.6 
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12.7 
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12.7 
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12.8 
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23.17 

17.1 
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17.1 
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21.4 

37.4 

21.6 
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25.7 

15.61 

25.8 

31.5 

26.1 

59.4 

32.1 

12.68 

32.2 

25.6 

32.7 

49.0 

41.7 

9.90 

41.8 

20.1 

42.4 

39.0 

52.9 

7.86 

53.2 

16.07 

66.8 
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5.80 

77.4 

11.39 

78.3 

22.43 
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4.36 
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8.81 
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124.3 

3.64 
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7.34 

126.4 

14.32 

146.0 

3.16 

146.6 

6.23 

148.3 

12.18 

179.7 

2.64 

180.2 

5.12 

182.3 

9.83 

223.2 

2.10 

224 

4.13 

216.4 

8.40 

279 

1.80 

280 

3.33 

289.5 

6.30 

349 

1.38 

406 

2.32 

392 

4.69 

405 

1.18 

508 

1.86 

503 

3.66 

507 

1.00 

619 

1.54 

620 

3.03 

619 

0.84 

721 

1.36 

720 

2.59 

718 

0.80 

867 

1.15 

866 

2.19 

867 

0.66 

>  Honda  and  Shimizu,  Phil.  Mag.,  Vol.  5,  S.  6,  p.  650. 


Vol.  XIlI.l 
No.  3.       J 


MAGNETOSTRICTION, 


225 
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Table  IV. 

Unannealed  Nickel  Specimen  F.    Curr^t^  Ic,  in  Specimen  in  Amperes  per  Square  Millimeters, 
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and  Fig.  4.  They  agree  remarkably  well  with  results  obtained  by  other 
observers.  It  will  be  observed  that  for  nickel  the  twist  is  opposite  in 
direction  to  that  in  iron,  does  not  reverse  its  direction  and  the  maximum 
value  is  more  than  four  and  one  half  times  as  great  as  in  iron.  The 
maximum  twist  in  iron  for  the  highest  value  of  current  used  is  approxi- 
mately 40.5"  per  cm.,  while  for  a  slightly  higher  value  of  current  in  nickel 
it  is  190"  per  cm.    As  in  iron  the  peaks  advance  at  first  slowly,  then  more 
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Table  V. 

Annealed  CobaU  Specimen  A.    Current,  Ic,  in  Specimen  in  Amperes  per  Square  MiUimeUrs. 
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18.98 

123.3 

10.20 

145.0 

13.67 

200.5 

17.47 

144.5 

9.45 

178.1 

12.18 

275 

13.94 

177.5 

8.48 

202.8 

11.26 

341 

11.76 

219.8 

7.40 

276 

9.04 

393 

10.45 

276 

6.36 

344 

7.66 

489 

8.61 

342 

5.37 

399 

6.82 

590 

7.30 

396 

4.77 

498 

5.66 

680 

6.37 

494 

4.00 

603 

4.83 

807 

5.42 

596 

3.40 

695 

4.24 

687 

3.00 

827 

3.57 

8.9 

4.78 

817 

2.55 

16.8 

11.93 

rapidly  into  higher  longitudinal  fields  with  increasing  circular  field. 
However,  the  peaks  of  the  curves  seem  to  approach  a  maximum  value  of 
twist  much  less  rapidly  than  in  the  case  of  iron.  Here  again  the  sharply 
defined  maxima  occurring  in  comparatively  low  fields  are  an  indication 
of  good  annealing.  A  specimen  of  the  same  wire  not  so  well  annealed  by 
alternating  current  gave  curves  (not  shown)  having  flatter  maxima  of  less 
magnitude  and  occurring  in  higher  longitudinal  fields  as  in  the  case  of 
iron. 

This  is  very  strikingly  illustrated  by  the  results  for  specimen  F,  shown 
in  Table  IV.  and  Fig.  5,  which  was  a  hard  drawn  nickel  wire  exactly  the 
same  as  specimen  E  except  that  it  was  not  annealed.  Here  the  broad 
flat  maxima,  not  only  occur  in  very  much  higher  fields,  but  have  only 
about  one  thirteenth  the  magnitude  of  the  former.  It  clearly  shows  the 
importance  in  work  on  magneto-striction  of  knowing  the  previous 
history  of  the  specimen,  especially  the  heat  treatment. 

In  Table  V.  and  Fig.  6  are  shown  the  results  for  cobalt  specimen.  A, 
and  in  Table  VI.  and  Fig.  7  for  the  less  pure  specimen,  C.    A  comparison 
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Fig.  6. 

Table  VI. 

Annealed  Cobalt  Specimen  C.     Current,  Ic,  in  Specimen  in  Amperes  per  Square  Millimeters. 


/.- 

0.308. 

/.= 

0.771. 

/« =  1.54a. 

H. 

e. 

H. 

e. 

H.* 

$. 

2.7 

0.02 

2.7 

0.04 

2.7 

0.04 

4.3 

0.03 

4.3 

0.06 

4.3 

0.10 

6.4 

0.05 

6.4 

0.09 

6.4 

0.17 

9.0 

0.06 

9.0 

0.16 

9.0 

0.31 

12.5 

0.12 

12.54 

0.32 

12.5 

0.65 

16.8 

0.35 

16.90 

0.92 

16.8 

1.92 

21.1 

0.75 

21.2 

1.90 

21.2 

4.01 

25.5 

1.13 

25.5 

2.83 

25.5 

5.78 

31.8 

1.51 

31.8 

3.77 

31.8 

7.61 

41.2 

1.77 

41.2 

4.40 

41.3 

8.92 

52.3 

1.84 

52.4 

4.62 

52.6 

9.22 

65.0 

1.80 

65.1 

4.52 

65.3 

9.02 

76.1 

1.74 

76.3 

4.34 

76.4 

8.63 

86.9 

1.62 

87.0 

4.12 

87.2 

8.21 

100.9 

1.54 

101.2 

3.83 

101.2 

7.66 

122.6 

1.37 

123.1 

3.43 

123.1 

6.84 

144.2 

1.24 

144.7 

3.06 

144.7 

6.14 

177.2 

1.07 

177.5 

2.62 

177.7 

5.28 

201.5 

0.94 

202.1 

2.37 

202.2 

4.74 

275.7 

0.73 

276.2 

1.83 

276.2 

3.60 

343.6 

0.57 

345 

1.47 

346 

2.92 

399 

0.49 

400 

1.27 

399 

2.54 

499 

0.41 

500 

1.01 

498 

2.03 

608 

0.32 

608 

0.84 

608 

1.65 

705 

0.28 

704 

0.71 

703 

1.41 

852 

0.23 

850 

0.59 

847 

1.17 
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/e  = 

3.083. 

/«  = 

4.451. 

It  =  O.OTT. 

H. 

9. 

H. 

0. 

H, 

9. 

2.7 

0.12 

2.7 

0.27 

•2.7 

1.20 

4.5 

0.23 

4.5 

0.53 

4.5 

2.52 

6.4 

0.42 

6.4 

0.94 

6.4 

4.66 

9.1 

0.80 

9.1 

1.83 

9.08 

9.00 

12.6 

1.78 

12.6 

4.23 

13.5 

16.32 

16.9 

5.00 

16.96 

10.20 

16.9 

26.55 

21.2 

9.33 

21.2 

16.58 

21.2 

35.60 

25.6 

12.93 

25.6 

21.40 

25.5 

42.25 

31.9 

16.68 

32.0 

25.85 

31.85 

48.42 

415 

18.53 

41.6 

28.69 

41.3 

51.88 

52.7 

19.07 

52.9 

29.13 

52.4 

51.68 

65.5 

18.57 

65.6 

28.08 

65.1 

49.10 

76.5 

17.72 

76.5 

26.67 

76.3 

46.10 

97.3 

16.81 

87.2 

25.25 

87.0 

43.18 

101.6 

15.62 

101.7 

23.32 

101.1 

39.40 

123.2 

13.93 

123.3 

20.73 

122.9 

34.49 

144.7 

12.46 

144.8 

18.41 

144.4 

30.15 

177.8 

10.64 

177.9 

15.65 

177.1 

25.23 

210.8 

9.27 

202.2 

14.01 

201.6 

22.34 

276 

7.25 

276.1 

10.51 

275.8 

16.28 

341 

5.89 

344 

8.49 

343 

12.83 

397 

5.06 

398 

7.29 

398 

10.92 

497 

4.01 

496 

5.78 

498 

8.46 

602 

3.31 

601 

4.73 

604 

6.78 

695 

2.82 

694 

4.01 

696 

5.71 

832 

2.32 

828 

3.28 

833 

4.60 

CmM  I,  Ji»  A  J0t  Amp-  ^r  mmt, 
CvtYtt,  ^m  0.77/  Am^  ^arfnm.* 
Ctrve  9,  J^«  /^^  Amp  Ptr  mm» 
C¥rv»  4,  l^  3.0S9  Ai^  Ptr  mtm* 
Cvrri  5. 1,"  4<.45t  Ai^  Ptt  tmrnf 
Cvritn  6,  If  Sjt77  Am^  Prr  imm^ 
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of  the  curves  shows  that  the  maximum  twist  for  the  purer  specimen  is 
much  less  than  for  the  other  and  occurs  at  higher  values  of  the  longi- 
tudinal field.  This  is  not  surprising  when  we  consider  that  the  purer 
cobalt  is  more  highly  crystalline  and  consequently  exhibits  a  greater 
magnetic  hardness  and  a  correspondingly  lower  susceptibility;  properties 
which  as  we  have  seen  in  the  case  of  nickel,  produce  exactly  this  sort  of 
an  effect. 
These  results  for  pure  cobalt  differ  very  materially  from  those  obtained 
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Fig.  8. 


by  Honda,^  for  not  only  is  there  no  reversal  of  twist  in  strong  fields  such 
as  he  found  for  a  cast  cobalt  rod,  but  the  curves  show  very  little  resem- 
blance to  those  he  obtained  for  an  annealed  cobalt  rod.  The  difference 
is  doubtless  due  to  the  difference  in  purity  of  cobalt. 

Examination  of  the  curves  also  shows  that  there  is  a  very  marked 
similarity  between  the  results  for  cobalt  and  nickel,  making  due  allowance 
for  the  difference  in  the  magnitude  of  twist  in  the  two  cases.  In  fact, 
there  is  actually  less  difference  between  the  curves  for  annealed  specimens 
of  cobalt  and  nickel  than  between  those  for  annealed  and  unannealed 
nickel.  (It  will  be  shown  in  a  later  publication  that  this  similarity  holds 
also  for  the  Joule  eflfect.)  This  suggests  the  possibility  that,  if  a  more 
satisfactory  method  of  annealing  cobalt  could  be  found  reducing  it  to  a 
less  marked  crystalline  condition  or  at  least  to  a  finer  crystalline  texture, 

1  Honda  and  Shimiza,  Phil.  Mag..  Vol.  5.  S.  6,  p.  650. 
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the  results  might  compare  even  more  favorably  with  those  for  nickel. 
Such  a  suggestion  receives  some  support  from  the  results  for  cobalt 
specimen  B,  given  in  Table  VII.  and  Fig.  8.  This  specimen  differs  from 
specimen  C,  only  in  not  being  subjected  to  further  annealing. 

Here  again  we  see  the  marked  effect  of  annealing  and  that  the  result 
corresponds  exactly  with  that  found  in  iron  and  nickel.  Indeed  it  may 
be  stated  as  a  general  characteristic  of  all  three  metals  that,  the  more 
thorough  the  annealing  the  greater  is  the  magnitude  of  the  maximum 
twist,  the  sharper  the  peaks  of  the  curves,  and  the  lower  the  values  of 
the  longitudinal  field  in  which  they  occur.  Now  this  is  exactly  the  sort 
of  effect  that  annealing  has  upon  the  susceptibility.    So,  qualitatively 


Table  VII. 

UnanneaUd  Cobalt  Specimen  B.    Current,  Ic,  in  Specimen  in  Amperes  per  Square  Millimeters 


It ""  0.308. 

/.= 

0.7^. 

/.= 

1.539. 

H. 

9. 

H, 

9, 

H. 

9, 

4.3 

0.008 

2.6. 

0.01 

2.6 

0.02 

9.0 

0.02 

4.4 

0.03 

4.5 

0.04 

16.6 

0.04 

6.4 

0.04 

6.4 

0.06 

20.9 

0.07 

9.0 

0.05 

9.0 

0.08 

25.4 

0.15 

12.4 

0.06 

12.5 

0.13 

31.7 

0.34 

16.7 

0.11 

16.7 

0.21 

40.8 

0.58 

21.0 

0.20 

21.1 

0.40 

52.0 

0.80 

25.4 

0.40 

25.5 

0.82 

64.5 

0.94 

31.8 

0.84 

31.8 

1.74 

75.7 

1.02 

40.97 

1.49 

40.9 

3.05 

86.2 

1.03 

52.1 

2.04 

52.2 

4.07 

94.5 

1.04 

64.7 

2  37 

64.7 

4.71 

100.2 

1.02 

75.9 

2.52 

76.1 

5.01 

106.8 

1.02 

86.5 

2.57 

86.6 

5.09 

121.7 

0.98 

94.8 

2.57 

95.0 

5.08 

133.7 

0.95 

100.5 

2.55 

100.6 

5.05 

143.0 

0.92 

107.1 

2.52 

107.1 

5.00 

160.4 

0.86 

122.1 

2.44 

122.2 

4.84 

175.5 

0.81 

134.1 

2.34 

134.1 

4.64 

199.7 

0.74 

143.7 

2.26 

145.6 

4.49 

216.4 

0.69 

161.2 

2.11 

161.0 

4.20 

272.5 

0.56 

176.2 

1.98 

176.5 

3.95 

340 

0.45 

200.6 

1.81 

200.6 

3.58 

393 

0.39 

218.7 

1.69 

217.9 

3.34 

493 

0.28 

274.5 

1.36 

275 

2.69 

599 

0.24 

343 

1.10 

342 

2.12 

695 

0.20 

397 

0.93 

395 

1.82 

839 

0.16 

498 

0.73 

497 

1.41 

607 

0.58 

606 

1.12 

704 

0.47 

704 

0.93 

853 

0.38 

849 

0.78 
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/e  = 

3.008. 

/.= 

4-447. 

/.- 

3.008. 

/.- 

4.447. 

H, 

B. 

H. 

B. 

H. 

0. 

H. 

9. 

2.6 

0.05 

2.6 

0.10 

106.9 

10.27 

107.1 

15.00 

4.4 

0.08 

4.3 

0.18 

121.8 

9.83 

115.3 

14.57 

6.4 

0.13 

6.4 

0.26 

133.8 

9.42 

122.2 

14.17 

9.00 

0.22 

9.0 

0.44 

143.2 

9.07 

143.7 

12.90 

12.4 

0.35 

12.5 

0.75 

160.7 

8.45 

161.2 

11.93 

16.8 

0.61 

16.7 

1.46 

176.0 

7.90 

176.5 

11.12 

21.0 

1.20 

21.0 

3.08 

200.2 

7.11 

200.9 

9.96 

25.5 

2.30 

25.4 

5.35 

217.9 

6.64 

218.7 

9.22 

31.7 

4A2 

31.7 

8.68 

273.6 

5.34 

275 

7.34 

40.9 

7.02 

40.97 

12.21 

342 

4.20 

343 

5.75 

52.1 

8.99 

52.1 

14.55 

396 

3.50 

397 

4.87 

64.7 

10.11 

64.7 

15.73 

495 

2.72 

498 

3.74 

75.7 

10.50 

76.0 

15.98 

602 

2.15 

608 

2.97 

86.5 

10.59 

86.6 

15.82 

697 

1.79 

705 

2.46 

94.6 

10.54 

95.0 

15.55 

841 

1.40 

854 

1.93 

100.4 

10.42 

100.7 

15.31 

at  least,  there  seems  to  be  a  close  connection  between  the  susceptibility 
and  the  Wiedemann  effect.     However,  the  latter  is  so  complex  that  the 
relation  is  far  from  being  a  simple  one.     It  is  hoped  that  further  study 
may  bring  out  more  definite  relations. 
The  results  for  iron  specimen  H,  nickel  specimen  E,  and  cobalt  speci- 
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Fig.  9. 

men  C  are  presented  in  a  somewhat  different  way  in  Figs.  9,  10  and  11 
respectively,  where  for  several  values  of  the  longitudinal  field,  values  of 
current  in  the  specimen  are  plotted  as  abscissae  and  the  corresponding 
twist  as  ordinates.  In  the  case  of  nickel  and  cobalt  it  is  seen  that  for 
values  of  the  longitudinal  field  very  large  compared  with  the  circular 
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field,  the  twist  is  approximately  proportional  to  the  latter.  This  is 
exactly  what  would  be  expected  if  the  Wiedemann  effect  be  a  modifica- 
tion of  the  Joule  effect.     For,  let  P,  Fig.  12,  be  any  particle  in  a  cylin- 
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Fig.   10. 


drical  element  of  the  wire.  The  approximate  net  effect  of  combined 
longitudinal  and  circular  magnetization  is  to  displace  the  particle  through 
the  distance  X,  in  the  direction  PP'  of  the  resultant  magnetic  field,  making 
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Fig.  11. 


<f4>0  soo 
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too 


the  angle  $  with  the  length  of  the  element  in  the  direction  of  the  axis  of 
the  wire.    The  twist,  $,  is  given  by, 

X  . 

^  =  -  sm  ^ 
r 

-  X        He 
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where  He  is  the  circular  field,  H  the  longitudinal  field  and  r  the  distance 
of  the  particle  from  the  axis.     If  H  is  very  large  compared  to  He  then 

X  „ 

e  =  -^He. 

Previous  study  of  the  Joule  effect  has  shown  that  X  in  nickel,  reaches 
practically  a  constant  value  in  moderately  strong  magnetic  fields.  From 
the  equation  it  is  seen  that  for  constant  values  of  H,  6  is  very  nearly  a 
linear  function  of  He.  This  result,  derived  only  for  high  values  of  mag- 
netic field  in  a  cylindrical  element,  at  least  gives  an  indication  of  what 
may  be  expected  in  a  wire.  For  any  given  value  of  He  the  twist  varies 
inversely  as  H,  if  H  is  very  large,  and  consequently  approaches  zero  as  a 


// 


Fig.  12. 

limit  as  H  is  increased  indefinitely.  The  curves  indicate  that  this  is 
•perhaps  the  case  for  nickel  and  cobalt. 

These  results  correspond  quite  well  with  what  one  might  predict  from 
the  molecular  theory  of  magnetism ;  for  in  strong  longitudinal  fields  which 
magnetize  the  material  almost  to  saturation,  the  molecular  magnets  are 
almost  all  aligned  in  the  direction  of  the  field  so  that  the  only  effect  of 
the  circular  field  is  to  produce  a  deflection  of  these  molecular  magnets 
proportional  to  the  deflecting  field  with  a  corresponding  deformation 
of  the  magnetized  material. 

Cobalt  becomes  saturated  only  in  much  stronger  fields  than  nickel 
and  consequently  the  agreement  is  not  so  good. 

In  this  case  as  in  that  of  all  the  magneto-elastic  effects  in  iron,  the 
results  are  very  complex  and  any  attempt  to  explain  them  without  further 
study  is  fruitless. 

Any  analysis  of  magneto-elastic  effects  is  made  much  more  difficult  by 
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the  marked  hysteresis  occurring  in  all  of  them.  In  Figs.  13,  14  and  15 
are  shown  hysteresis  curves  for  iron,  nickel  and  cobalt  respectively,  ob- 
tained by  keeping  the  circular  field  constant  and  cyclically  varying  the 
longitudinal  field.    The  comparatively  large  area  inclosed  in  the  hys- 
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Fig.  13. 

teresis  loop  for  cobalt  indicates  its  rather  extreme  magnetic  hardness 
and  low  susceptibility,  which  has  been  previously  mentioned. 

Some  of  the  features  of  the  Wiedemann  effect  will  be  still  further  dis- 


Fig.  14. 

cussed  in  a  later  publication  in  connection  with  the  Joule  effect  and  other 
magnetic  phenomena. 
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Experimental  curves  are  shown  for  the  Wiedemann  effect  in  specimens 
of  pure  cobalt  wire,  and  for  the  purpose  of  comparison,  results  are  also 
shown  for  specimens  of  iron  and  nickel  subjected  to  the  same  heat  treat- 
ment. A  comparison  of  the  results  is  made  and  certain  features  of  the 
Wiedemann  effect  discussed. 

The  results  for  pure  cobalt  differ  materially  from  those  obtained  by 
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Fig.  15. 

other  observers  working  with  impure  specimens,  and  show  a  close  simi- 
larity to  the  results  for  nickel,  the  twist,  however  being  much  less. 

Certain  eccentricities  of  twist  observed  in  all  specimens  are  studied 
and  an  explanation  given  which  seems  to  account  for  nearly  all  of  the 
observed  facts. 

Hysteresis  curves  for  iron,  nickel  and  cobalt  are  shown. 

Experimental  results  for  the  Joule  effect  and  other  magnetic  phenom- 
ena will  be  presented  in  a  later  publication. 

The  writer  wishes  to  express  his  thanks  to  various  members  of  the 
department  staff  for  helpful  suggestions  given,  and  especially  to  Pro- 
fessor E.  L.  Nichols  through  whom  the  specimens  were  obtained  and 
under  whose  direction  the  work  was  done. 
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I 


By  Megh  Nad  Saha. 

T  appears  that  the  relation 

6  Q12         %3         %1         ^14         %4         ^S4 


which  was  given  in  my  paper^  **  On  the  Mechanical  and  Electrodynam- 
ical  Properties  of  the  Electron  "  and  which  was  obtained  from  the  deter- 
minant 

I  /12  +  M^12     /is  +  A*QlS     /l4  +  Mi^l4    =  O 

I 

/2I  +  MQ2I  /2s  +  M^S      /24  +  MQ24 

/31  +  M^^si    /a2  +  Mi^a2  fu  +  M^M 

/ll  +  M^41      /42  +  MQ42      /48  +  M^48 

or 

(/12  +  mOi2)(/84  +  f^u)  +  {fu  +  fJi^l){fu  +  mQm) 

+  (/Sl  +  M«8l)(/24  +  itA4)  =  O, 

cannot  hold.  For,  from  the  principle  of  least  action  written  in  Min- 
kowski's form, 

dftnac^ds  —  fdW-ds  =  o, 

we  obtain  the  relation 

J  J  [(/12  +  fi!^n){dxdy  —  dxdy)]  +  5  other  similar  terms  =»  o. 

But  it  is  not  possible  to  equate  to  zero  the  coefficients  of  the  six-com- 
ponents {dx8y  —  dxdy)  of  the  area-six- vector  (dSxds)  as  was  done  in  that 
paper,  for  though  {dx,  by,  6z,  dl)  represent  an  arbitrary  displacement  (dx, 
dy,  dZf  dl),  is  not  so,  but  represent  the  actual  displacements.  We  have, 
therefore,  to  collect  the  coefficients  of  (5a:,  6y,  6z,  dt)  and  put  them  separ- 
ately equal  to  zero.     In  this  way  we  obtain 
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fnoc^      fnW2  +  fizoz  +  /14W4        /21W1  +  f2zm  +  /mW4 


^12^2  +  ^ltC»>t  +  O14W4         021^  +  Q23WS  +  Q2A(i)i 

fzi<^  +  /82W2  +  /S4W4  /41W1  +  /42C«>2  +  /48W8 


^81^1  +  1282^  "I"  ^84^4         Q41W1  +  0420)2  +  iUz<^Z  * 

which  are  simply  another  form  of  the  Minkowskian  equations 


(A) 


(Px  cPy  d^z  dH 

for 

(Px 

j^  =»  —  {oi^n  +  ^8^18  +  «4fii4),    etc. 

The  form  (-4)  as  it  involves  the  acceleration  six- vector  may  for  certain 
purposes  prove  more  convenient  than  the  form  (-4'). 
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NEW  BOOKS. 

The  Theory  of  the  Relativity  of  Motion.     By  Richard  C.  Tolman.     Berkeley: 
University  of  California  Press,  191 7.     Pp.  ix  +  225. 

This  is  ah  introduction  to  Einstein's  physical  theory  of  relativity  and  its 
developments,  of  a  scope  about  like  that  of  Cunningham's  book. 

The  first  chapter  gives  a  historical  review,  a  mere  sketch  but  enough  to 
hint  at  the  development  of  the  physical  setting  from  Galileo  and  Newton  to 
Michelson  and  Morley.  Chapters  two  to  six  give  an  elementary  account  of 
the  new  kinematics  and  dynamics  of  a  particle  together  with  the  optical  matters 
of  aberration,  Doppler  effect,  and  Fresnel  convection.  The  material  here  is 
about  that  of  Einstein's  pioneer  papers  with  one  important  and  undoubtedly 
wise  change,  in  that  the  introduction  of  the  concept  of  mass  in  connection  with 
phenomena  of  impact  gives  direct  access  to  dynamics  without  requiring  refer- 
ence to  particles  electrically  charged,  though  the  field  of  a  moving  charge  and 
the  relations  of  mass  and  energy  are  reached  as  corollaries.  This  earlier  portion 
of  the  book,  nearly  half,  uses  only  elementary  mathematical  notions. 

The  rest  of  the  volume  is  naturally  less  elementary.  Chapters  seven  to 
eleven  deal  with  dynamics  of  systems,  some  aspects  of  thermodynamics  and 
statistical  mechanics,  and  elastic  bodies.  In  each  case  the  principle  of  least 
action  and  Lagrange's  equat'ons  have  a  fundamental  place,  in  the  last  case 
with  a  frank  avowal  of  the  questions  left  open  because  of  the  lack  of  unique 
determination  of  the  kinetic  potential.  Chapter  twelve  outlines  the  theory 
of  the  electromagnet *c  field,  including  brief  reference  to  moving  dielectrics. 
Here  the  whole  development  is  based  on  an  assumed  form  for  the  electromag- 
netic kinetic  potential,  giving  an  elegance  of  treatment  that  one  would  not 
like  to  miss.  It  may  be  asked  however  whether  it  would  not  have  been  more 
appealing  to  most  readers  to  exhibit  first,  as  Einstein  did,  the  in  variance  of 
the  Maxwell-Lorentz  equations,  and  then  pass  over  to  the  variational  deduction, 
giving  an  order  of  thought  more  like  that  used  for  the  dynamics.  The  final 
chapter  is  an  outline  of  vector  analysis  in  four  dimensions,  with  a  few  examples 
of  its  use  in  formulating  the  theory  previously  given. 

The  book  deserves  hearty  commendation  as  an  interesting  introduction  to  a 
subject  often  considered  difficult  of  access,  and  will  win  the  reader's  thanks 
after  he  has  pruned  away  a  few  obvious  blemishes.  Some  passing  remarks 
are  distinctly  irritating;  for  example,  the  reference  to  physical  **  model-making," 
one  of  the  glories  of  physics,  especially  in  the  nineteenth  century,  as  a  "de- 
bauch." The  reviewer  was  once  reminded  however  by  a  biological  friend  that 
irritation  and  stimulation  are  not  sharply  distinct. 

I\»  v^.  L/t 
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ON  THE  IRREGULARITIES  OF  MOTION  OF  THE  FOUCAULT 

PENDULUM. 

By  a.  C.  Longdbn. 

Synopsis.  In  a  brief  historical  statement,  emphasis  is  put  upon  the  current 
opinion  that  a  Foucault  pendulum  must  be  very  long  and  very  heavy  in  order  to 
be  successful.  It  is  then  shown  that  the  elliptical  motion  so  common  in  Foucault 
pendulum  experiments  is  not  due  to  insufficient  length  or  weight,  or  even  to  atmos- 
pheric disturbances,  but  simply  and  solely  to  unequal  freedom  of  motion  in  dif- 
ferent directions.  The  disturbing  influences  are  within  the  pendulum  itself.  Dif- 
ferent forms  of  support  and  suspension  are  discussed,  and  methods  of  eliminating 
the  disturbing  influences  are  suggested.  What  the  author  describes  as  a  double 
roller  support  is  shown  to  be  superior  to  any  other  form  of  support  thus  far  proposed. 
With  this  support  and  a  perfectly  annealed  double  bifilar  suspension,  a  2>^-meter 
pendulum  weighing  a  single  kilogram  succeeds  perfectly.  • 

THE  pendulum  experiment  of  Lfen  Foucault,  by  means  of  which  he 
demonstrated  the  axial  rotation  of  the  earth,  is  held  in  reverence 
by  physicists  and  astronomers,  not  simply  as  one  of  the  successful  experi- 
ments of  the  nineteenth  century,  but  as  one  of  the  brilliant  experiments 
of  all  time. 

Foucault  began  his  work  on  this  problem  with  a  pendulum  not  more 
than  2  meters  long,  but  finding  the  results  unsatisfactory,  he  increased 
the  length  to  ii  meters,  and  finally,  under  the  great  dome  of  the  Pantheon, 
to  67  meters.  Taking  advantage  of  the  height  of  the  great  cathedral 
towers  of  Europe,  the  experiment  was  more  or  less  successfully  repeated 
at  Cologne,  Reims,  Amiens,  St.  Jacques,  and  elsewhere,  where  towers  of 
great  height  could  be  made  available. 

Many  attempts  have  been  made  to  reduce  this  classic  experiment  to 
lecture  room  dimensions,  but  by  common  consent  the  short  wire  and 
small  mass  have  been  condemned  as  unsatisfactory.  More  than  a  score 
of  well-known  physicists  and  astronomers  are  on  record  as  affirming 
that  the  Foucault  pendulum  must  be  very  long  and  very  heavy  in  order  to 
give  satisfactory  results — some  say,  to  prevent  cross  vibrations  or  to 
keep  the  pendulum  from  falling  into  an  elliptical  path.     Many  insist 
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that  it  must  be  set  in  motion  with  great  care  and  protected  from  external 
disturbances,  which,  it  is  said,  develop  irregularities  in  its  motion.  In  a 
recent  article  in  a  scientific  journal  on  "A  Laboratory  Method  of  Demon- 
strating the  Earth's  Rotation,"  it  is  stated  that  the  Foucault  pendulum 
method  is  inapplicable  in  many  laboratories  because  there  is  no  con- 
venient place  to  hang  a  sufficiently  long  and  heavy  pendulum. 

We  shall  probably  never  be  quite  certain  of  the  exact  conditions  under 
which  Foucault's  celebrated  experiment  was  performed.  Our  sources 
of  information,  in  addition  to  the  very  brief  records  of  the  French  Acad- 
emy of  Sciences,^  are  the  papers  published  by  Mme.  Foucault,'  ten  years 
after  Foucault's  death,  and  the  contributions  of  Lissajous"  and  Flam- 
marion,*  published  still  later. 

Most  of  the  important  information  concerning  the  pendulum  of  the 
Pantheon  in  its  final  form,  is  found  in  one  of  the  papers  in  Mme.  Fou- 
cault's "Recuile,"  entitled  ''Explications  sur  I'experience  relative  au 
mouvement  de  la  terre."  This  paper  was  without  date  and  had  not 
been  published  by  Foucault  himself,  though  he  is  said  to  have  published 
a  similar  paper  in  le  Journal  des  Debats  in  March,  1851. 

That  the  work  was  rushed  through  in  great  haste  is  indicated  by 
Flanunarion's  statement  that  it  was  undertaken  'n  January,  1851,  and 
Mme.  Foucault's  statement  that  it  was  presented  to  the  French  Academy 
of  Sciences,  February  3  of  the  same  year. 

The  records  are  not  in  perfect  agreement  concerning  the  dimensions 
of  the  pendulum  in  its  final  form,  but  the  evidence  is  abundant  that  it 
consisted  of  a  mass  of  28  kilograms,  suspended  by  a  steel  wire  about  67 
meters  long,  strained  somewhat  beyond  its  elastic  limit.  The  fact  that 
the  wire  was  greatly  strained  is  important  later  on. 

A  few  years  ago  I  set  up  a  60-foot  Foucault  pendulum  consisting  of 
an  iron  ball  weighing  about  8  kilograms,  suspended  by  a  No.  18  brass 
wire,  from  a  tolerably  good  though  by  no  means  perfect  double  knife- 
edge  support.  The  ball  was  provided  with  a  spike  at  the  bottoni  to 
enable  the  observer  to  determine  its  position,  as  it  moved  back  and  forth 
over  a  chart  provided  with  a  circular  scale  calibrated  in  degrees. 

The  performances  of  this  pendulum  were  not  very  satisfactory  and  I 
attributed  its  partial  failure  to  the  presence  of  air  currents  in  the  shaft. 
However,  after  trying  the  pendulum  a  number  of  times,  I  found  that  its 
eccentric  behavior  was  repeated  over  and  over  again  in  much  the  same 

^  Compte  Rendu,  t.  XXXI I.,  p.  135. 

'Recuile  des  Travaux  Scientifiques  de  L^n  Foucault.  Publi6  par  Madame  Veuve 
Foucault,  Sa  M^.    Paris,  1878. 

*  Notice  Historique  sur  la  vie  et  les  travaux  de  L€on  Foucault. 

*  Notice  sdentifique  sur  la  pendule  du  Panthton. 
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way.  I  could  not  convince  myself  that  such  regular  "irregularities" 
were  accidental,  and  I  was  quite  sure  they  were  not  due  to  the  uncertain 
shifting  of  air  currents. 

For  the  purpose  of  making  a  closer  study  of  the  Foucault  pendulum 
and  its  behavior,  I  moved  this  pendulum  to  the  lecture  room,  suspending 
the  8  kilogram  ball  from  a  more  carefully  constructed  double  knife-edge 
support  attached  to  one  of  the  ceiling  beams  over  the  lecture  table. 
The  pendulum  was  now  a  little  more  than  2yi  meters  long.  It  was 
started  swinging  by  tying  the  ball  back  and  burning  the  thread,  in  the 
usual  way.    It  was  allowed  to  swing  through  an  arc  of  about  10^. 

A  few  preliminary  experiments  gave  me  reason  to  believe  that  none 
of  the  seemingly  irregular  movements  of  the  pendulum  were  in  any  way 
chance  or  accidental,  but  that  they  could  all  be  produced  and  reproduced 
under  perfectly  definite  conditions. 

The  double  knife-edge  support  used  is  shown  in  detail  in  Figs,  i  and  2. 
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Figs.  1  and  2. 


£1  and  £s  are  the  knife-edges,  ABCD,  the  rocker,  consisting  of  hardened 
and  polished  steel  plates  bolted  together  at  the  comers,  and  F,  a  brass 
hanger,  carrying  the  wire  in  a  machine  screw,  G,  which  facilitates  sub- 
stituting one  wire  for  another. 

The  upper  knife-edge  could  be  raised  or  lowered  by  varying  the  vertical 
distance  between  the  plates  of  which  the  rocker  was  made.  This  might 
be  done  by  means  of  micrometer  screws,  but  in  these  experiments  it 
was  done  by  inserting  thin  metal  plates  between  the  upper  and  lower 
halves  of  the  rocker,  as  at  H,  in  Figs,  i  and  2. 

With  this  support  the  behavior  was  that  of  a  Blackburn  pendulum 
with  slightly  different  periods  in  two  directions  at  right  angles  to  each 
other.  Since  the  elliptical  motion  of  a  Blackburn  pendulum  depends 
upon  the  ratio  of  these  two  periods,  it  ought  to  be  possible  to  adjust 
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the  distance  between  the  planes  of  the  double  knife-edge  support  in 

such  a  way  as  to  get  any  deured  amount  of  eccentricity,  or  to  eliminate 

it  altogether. 

In  one  of  the  preliminary  experiments  with  the  double  knife-edge 

support  adjusted  at  random,  the  pendulum  stfirted  on  its  elliptical  path, 
rotating  cloclcwtse  as  viewed  from 
above;  and  I  noticed  that  as  the 
minor  axis  of  the  ellipse  increased  in 
length,  the  shift  of  the  plane  of  vibra- 
tion of  the  pendulum,  as  marked  by 
the  position  of  the  major  axis  of  the 
I  ellipse,  increased  at  an  abnormal  rate. 
After  verifying  this  fact  by  repeated 
observations,  I  undertook  to  investi- 
gate the  relation  of  the  length  of  the 
minor  axis  of  the  ellipse,  to  the  posi- 
tion of  the  major  axis. 

I  placed  a  movable  indec,  A,  Fig. 
3,  upon  the  circular  scale  over  which 
the  pendulum  was  swinging  and 
mounted  a  scale  of  millimeters,  B,  at 
right  angles  to  it  at  the  center  of 
the  circle.     The  index  consisted  of  a 

light  wooden  bar  with  a  screw  running  through  it  at  the  center,  and  with 

a  fine  black  line  running  lengthwise  along  the  bar  from  zero  to  l8o* 

on  the  scale. 
With  a  pendulum  provided  with  a  sharp  spike  travelling  close  to  the 

black  line  on  the  movable  index,  and  with  a  suitable  lens  placed  as  at 


Fig.  3. 


Fig.  4. 
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C,  in  Fig.  3,  it  is  always  possible  to  read  the  length  of  the  minor  axis 
of  the  ellipse  to  single  millimeters  and  in  many  cases  to  approximate 
tenths  of  millimeters;  while  the  position  of  the  major  axis  can  be  read 
to  within  ^j^^  with  ease  and  certainty,  or  to  j^*  approximately. 

Starting  the  pendulum  swinging  from  north  to  south,  with  an  amplitude 
of  20  centimeters  (an  arc  of  about  9^),  I  read  the  length  of  the  minor 
axis  of  the  ellipse,  and  the  angle  between  the  major  axis  and  the  meridian 
every  5  minutes  for  an  hour  and  three  quarters.  The  results  are  tabu- 
lated below  and  plotted  in  the  curves  shown  in  Fig.  4.  In  the  colunm 
marked  "Direction  of  Rotation,"  clockwise  or  direct  is  marked  "2?," 
and  counterclockwise  or  reverse  is  marked  "2?."  In  the  plot,  the  minor 
axis  curve  is  above  and  the  curve  representing  the  position  of  the  major 
axis  in  angular  displacement  from  the  meridian,  and  which  we  shall 
hereafter  call  the  Foucault  angle  curve,  is  below.  The  length  of  the 
minor  axis  is  in  millimeters  and  the  Foucault  angle  is  in  degrees,  on  the 
Y  axis.  Both  are  in  minutes  on  the  X  axis.  The  full  curves  are  not 
actually  drawn,  because  the  points  plotted  are  so  close  together  that  it 
was  not  thought  necessary  to  connect  them. 
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The  minor  axis  curve  is  certainly  a  close  approach  to  a  simple  sine  curve. 
It  probably  would  be  a  perfect  sine  curve  if  it  were  not  for  the  fact  that 
the  amplitude  of  the  pendulum  is  diminishing  all  the  time  and  this 
affects  the  length  of  the  minor  axis  of  the  ellipse  as  well  as  the  major  axis. 
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Note  that  the  length  of  the  minor  axis  increased  to  32.5  millimeters 
in  35  minutes  and  then  diminished  to  zero  at  the  end  of  75  minutes, 
when  it  crossed  the  X  axis  of  the  plot  and  the  pendulum  began  to  rotate 
counterclockwise.  Note  also  that  while  the  pendulum  was  rotating 
clockwise,  the  Foucault  angle  increased  abnormally ;  but  that  when  the 
pendulum  began  to  rotate  counterclockwise,  the  Foucault  angle  began 
to  diminish. 

The  calculated  value  of  the  Foucault  angle  for  the  latitude  of  Galesbuig 
is  9.83°  per  hour.  The  straight  line  in  the  Foucault  angle  plot,  running 
from  the  origin  to  the  9.83°  point  at  the  60-minute  line,  represents  this 
value.  It  will  be  noted  that  the  plotted  curve  is  much  above  this  line 
most  of  the  time,  but  that  it  reaches  its  greatest  height  and  starts  down 
again  when  the  minor  axis  curve  falls  below  the  X  axis  of  the  plot, 
that  is,  when  the  pendulum  begins  to  rotate  counterclockwise. 

At  the  end  of  this  series  of  observations  the  pendulum  was  accidentally 
thrown  out  of  adjustment.  After  readjusting,  it  was  started  swinging 
in  the  usual  way,  but  this  time  It  started  rotating  counterclockwise, 
and  continued  rotating  in  that  direction  during  the  entire  series  of 


Fig.  5. 

observations  which  followed.  That  is,  it  did  not  complete  a  half  cycle 
and  reverse  its  direction  of  rotation  as  it  did  in  the  preceding  series. 

The  curves  for  this  series  are  shown  in  Fig,  5. 

Our  first  glance  at  these  curves  failed  to  reveal  the  fact  that  they  had 
anything  in  common  with  those  in  Fig.  4,  but  further  inspection  shows 
that  they  are  alike  in  the  fact  that  they  both  show  that  counterclockwise 
rotation  of  the  pendulum  tends  to  reverse  the  direction  in  which  its 
plane  of  vibration  is  shifting. 

However,  I  had  in  Fig.  4  a  part  of  a  cycle  in  which  the  rotation  of  the 
pendulum  was  mostly  clockwise,  and  in  Fig.  5  a  part  of  a  cycle  in  which 
the  rotation  was  entirely  counterclockwise. 
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It  then  occurred  to  me  to  shorten  the  cycle,  90  that  I  might  have  aa 
opportunity  to  compare  the  minor  axis  curve  with  the  Foucault  angle 
curve  through  several  complete  cycles,  before  the  amplitude  of  the 
pendulum  became  very  greatly  reduced.  This  was  easily  accomplished 
by  readjusting  the  distance  between  the  planes  of  the  double  knife- 
edge  support,  BO  as  to  change  the  length  of  the  pendulum  in  one  direction 
without  changing  it  in  the  other. 

After  adjusting  the  support  for  about  3  or  4  cycles  per  hour,  I  made 
the  series  of  observations  represented  in  the  curves  shown  in  Fig.  6. 


Fig,  6. 

In  this  series,  both  readings  were  made  every  minute  for  an  hour  and  a 
quarter.  Also  occasional  readings  of  the  amplitude  of  vibration  of  the 
pendulum,  along  the  major  axis  of  the  ellipse,  for  the  purpose  of  deter- 
mining the  decrement. 

These  curves  show  in  a  most  striking  manner,  the  relation  of  the 
elliptical  motion  of  the  pendulum  to  the  shift  in  its  plane  of  vibration. 
In  every  case,  when  the  direction  of  rotation  changes  (when  the  minor 
axis  curve  changes  sign)  the  direction  of  the  shift  in  the  plane  of  vibra- 
tion also  changes.  Expressing  it  in  another  way,  whenever  the  rotation 
of  the  pendulum  is  clockwise,  the  Foucault  angle  is  increasing,  and  when- 
ever the  rotation  is  counterclockwise,  the  Foucault  angle  is  decreasing. 
There  is  a  slight  time  lag  as  the  Foucault  angle  curve  rises,  and  the 
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reverse  as  it  falls,  because  the  net  effect  plotted  is  the  minor  axis  effect 
plus  or  minus  the  real  Foucault  effect. 

At  this  point  I  thought  my  troubles  were  over,  for  it  now  seemed 
that  in  order  to  get  a  normal  Foucault  angle,  it  would  only  be  necessary 

to  adjust  the  double  knife-edge  support  for  equal 
lengths  of  the  pendulum  in  both  directions.  Then 
there  would  be  no  elliptical  motion,  and  consequently 
no  shifting  of  the  plane  of  vibration  except  that  due 
to  the  rotation  of  the  earth  on  its  axis, — the  normal 
Foucault  angle. 

I  expected  to  arrive  with  very  little  difficulty  at  an 
adjustment  which  would  eliminate  the  elliptical  mo- 
tion, but  all  my  efforts  in  this  direction  were  futile.    In 
Fig.  7.  sheer  desperation  I  abandoned  the  double  knife-edge 

and  designed  the  following  ball  and  plane  support: 
In  Fig.  7,  i4,  is  the  edge  of  a  hardened  steel  plate  30  millimeters  square. 
The  lower  surface  of  this  plate  is  plane  and  highly  polished.  It  rests 
at  its  center  upon  a  polished  steel  ball,  B,  which  in  turn  rests  in  a  de- 
pression drilled  in  the  upper  side  of  a  square  steel  rod,  the  end  of  which 
is  shown  at  C  The  hanger,  F,  is  symmetrical,  having  four  arms  (only 
two  are  shown  in  the  drawing)  running  obliquely  down  from  the  four 
comers  of  the  plate  to  the  small  brass  plate  carrying  the  machine  screw, 
G,  through  which  the  suspension  wire  passes. 

As  this  hanger  was  perfectly  synunetrical,  and  the  pendulum  free  to 
swing  in  any  direction  from  the  upper  surface  of  the  ball  as  its  point  of 
suspension,  it  seemed  that  there  could  be  no  possibility  of  elliptical 
motion  due  to  difference  of  length  in  two  directions.  Still  the  elliptical 
motion  persisted. 

In  the  first  experiment  with  the  ball  and  plane  support,  the  minor 
axis  of  the  elliptical  path  of  the  pendulum  would  increase  to  a  maximum, 
the  rotation  being  in  one  direction,  then  the  axis  would  shorten  to  zero 
and  rotation  would  begin  in  the  opposite  direction.  These  changes  in 
the  length  of  the  minor  axis  of  the  ellipse,  accompanied  by  corresponding 
changes  in  the  direction  of  rotation  of  the  pendulum,  followed  each  other 
with  great  regularity. 

This  elliptical  path  seemed  to  be  a  splendid  example  of  a  resultant 
of  two  simple  harmonic  motions  at  right  angles  to  each  other  and  differing 
in  period  by  a  small  amount  which  could  be  easily  calculated,  or  which 
could  be  determined  experimentally.  Since  I  had  eliminated  the  possi- 
bility of  the  pendulum  having  two  lengths  in  different  directions,  by  the 
use  of  the  ball  and  plane  support,  I  wrongly  attributed  the  elliptical 
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motion  to  unevenness  in  the  wire,  although  numerous  measurements 
failed  to  reveal  any  great  lack  of  roundness  and  there  was  nothing  to 
indicate  imperfections  of  any  kind.  I  could  not  see  that  it  would  have 
made  any  difference  if  the  wire  had  not  been  round  or  even  if  it  had  been 
more  flexible  in  one  direction  than  in  the  other,  for  with  the  ball  and 
plane  support,  the  pendulum  was  perfectly  free  to  swing  in  any  direction 
and  the  wire  was  not  expected  to  bend  at  all.  It  was  expected  to  swing 
with  perfect  freedom  from  the  point  of  contact  between  the  ball  and 
plane.  The  correctness  of  this  assumption  was  demonstrated  later  by 
substituting  a  flat  steel  ribbon  for  a  round  wire. 

Nevertheless  the  pendulum  behaved  as  if  it  had  two  periods.  Further- 
more it  always  started  rotating  clockwise,  never  counterclockwise.  This 
fact  remained  a  puzzle  until  another  wire  was  substituted  for  the  wire 
which  I  had  been  using.  The  two  wires  were  cut  from  the  same  piece, 
and  were  certainly  as  nearly  alike  as  two  wires  could  well  be,  and  yet 
the  pendulum  now  invariably  started  rotating  counterclockwise — never 
clockwise. 

I  immediately  hit  upon  the  curl  in  the  wire  as  the  cause  of  the  elliptical 
motion.  The  wire  was  brass  spring  wire,  and  had  been  lying  in  a  coil 
about  25  centimeters  in  diameter,  until  the  "set"  in  it  was  very  pro- 
nounced. 

After  starting  the  pendulum  a  number  of  times  with  the  new  wire  and 
getting  always  the  same  results,  counterclockwise  motion  at  the  start, 
I  rotated  the  tvire  180  degrees  on  its  own  axis,  without  disturbing  either 
the  pendulum  ball  or  the  support.  The  wire  may  be  rotated  by  turning 
the  screw  G,  Fig.  7,  without  disturbing  the  hanger,  and  a  similar  arrange- 
ment at  the  bottom  enables  us  to  rotate  the  wire  without  rotating  the 
ball.     Now,  the  pendulum  started  rotating  clockwise. 

In  a  series  of  experiments  which  followed,  for  the  purpose  of  studying 
the  effects  of  the  curl  in  the  wire,  I  decided  not  to  use  the  ball  and  plane 
support  on  account  of  its  tendency  to  rotate  at  the  upper  surface  of  the 
ball. 

The  ball  and  plane  support  has  no  advantage  oyer  a  perfectly  con- 
structed double  knife-edge  support.  It  even  has  some  disadvantages  ; 
but  it  at  least  proved  valuable  in  detecting  some  of  the  defects  in  the 
wire,  which  perhaps  would  not  have  been  detected  otherwise. 

In  order  to  eliminate  the  effects  due  to  the  rotation  of  the  hanger  in 
the  ball  and  plane  support,  and  also  the  possibility  of  two  periods, 
resulting  from  lack  of  perfect  adjustment  of  the  double  knife-edge 
support,  and  yet  to  retain  a  rotary  adjustment  of  the  wire,  I  designed 
the  following  torsion  head  plate  support. 
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A,  in  Fig.  8,  is  a  cast  iron  cylinder,  30  millimeters  long  and  having  an 
internal  diameter  of  30  millimeters.  It  is  bored  true  on  the  inside  and 
faced  at  the  ends.  B,  B,  are  steel  rods,  13  millimeters  in  diameter, 
screwed  into  shoulders  on  opposite  sides  of  the  cylinder.  These  rods 
are  held  in  strong  clamps  attached  to  the  ceiling  beam.  C  is  a  brass 
head  plate  10  millimeters  thick,  and  turned  in  the  lathe  to  fit  into  the 
cylinder  as  shown.    A  circular  scale,  not  shown  in  the  drawing,  is  cut 


Fig. ». 

upon  the  edge  of  the  head  plate,  and  a  reference  mark  is  placed  on  the 
fflde  of  the  cylinder,  so  that  when  the  head  plate,  carrying  the  wire,  is 
rotated,  its  position  can  be  read  on  the  scale  on  its  edge.  Z7  is  a  set 
screw,  to  hold  the  bead  plate  firmly  in  any  desired  position.  There  are 
three  of  these  set  screws,  placed  120  degrees  apart,  in  order  to  prevent 
any  slight  tendency  to  wabble. 
As  the  wire  must  bend  at  the  lower  edge  of  the  head  plate  when  the 


Fig.  9. 

pendulum  swings,  it  is  important  that  there  should  be  no  looseness  at 
this  point,  and  particularly  that  there  should  be  no  greater  freedom  of 
motion  in  one  direction  than  in  another. 

To  realize  these  conditions,  the  hole  in  the  head  plate  was  drilled 
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from  the  upper  side  and  the  plate  was  faced  on  the  lower  side  afterwards, 
leaving  the  edges  of  the  hole  perfectly  sharp  at  the  drciunference  of  the 
wire.  The  hole  was  made  with  a  drill  a  size  smaller  than  the  wire. 
The  plate  was  then  heated  and  put  in  place  on  the  wire  by  the  "  shrinking 
on  "  process.  Finally,  the  wire  was  bent  over  and  soldered  at  the  upper 
surface  of  the  plate,  to  prevent  its  being  pulled  out  when  the  weight  was 
placed  upon  it. 

It  is  also  important  that  the  ceiling  beam  or  other  structural  element 
to  which  this  support  is  clamped,  should  be  as  rigid  as  possible,  for  it  is 
obvious  that  any  lack  of  rigidity  in  the  support  would  be  likely  to  offer 
greater  freedom  of  motion  in  one  direction  than  in  another. 

The  experiments  with  this  form  of  support  were  conducted  with  a 
steel  piano  wire  a  trifle  more  than  a  millimeter  in  diameter,  as  a  suspen- 
sion. The  wire  had  been  lying  in  a  closely  bound  coil,  10  centimeters  in 
diameter,  and  when  opened  up,  the  coil  expanded  to  a  diameter  of  19 
centimeters. 

In  the  first  experiment  it  was  my  intention  to  adjust  the  torsion  head 
so  that  the  convex  side  of  the  wire  would  be  in  some  particular  direction, 
— say  north;  but,  as  the  wire,  2}^  meters  long,  curled  several  times  be- 
tween its  extremities,  the  position  of  the  convex  side  was  different  at 
different  points.  It  would  be  difficult  to  determine  the  direction  in 
which  the  resultant  of  all  the  forces  exerted  by  the  wire  acted  upon  the 
pendulum.  However,  assuming  that  such  a  resultant  acted  in  some 
direction  and  produced  a  definite  effect  upon  the  motion  of  the  pendulum, 
an  index  was  placed  upon  the  torsion  head,  so  that  any  position  arbi- 
trarily chosen  could  be  noted. 

A  series  of  observations  was  then  made,  on  the  position  of  the  plane  of 
vibration  of  the  pendulum,  and  the  length  of  the  minor  axis  of  its  elliptical 
path,  with  the  index  on  the  torsion  head  pointing  north.  The  results 
are  shown  in  Fig.  9.  The  wire  was  then  rotated  45**  clockwise  (index 
northeast),  and  another  series  of  observations  made.  The  results  are 
shown  in  Fig.  10.  In  Fig.  10  and  the  succeeding  figures,  the  minor  axis 
curve  is  marked  i4,  and  the  Foucault  angle  curve,  B.  Other  observa- 
tions were  made  with  the  index  in  other  positions  as  shown  in  the  curves 
down  to  and  including  Fig.  16. 

A  simple  inspection  of  these  curves  in  pairs  leaves  no  room  for  doubt 
about  the  correctness  of  our  inference  from  the  curves  in  Fig.  6.  In 
every  case,  the  dependence  of  the  Foucault  angle  curve  upon  the  minor 
axis  curve  is  obvious.  Whatever  the  cause  of  the  elliptical  motion,  the 
effect  is  a  perfectly  definite  shift  in  the  plane  of  vibration.  In  the  present 
case,  the  elliptical  motion  was  due  to  elastic  reactions  in  a  highly 
tempered  steel  wire. 
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To  produce  a  perfect  Foucault  pendulum  the  disturbing  effect  de- 
pendent upon  the  double  knife-edge  is  easily  controlled  by  adjustment. 
The  effect  due  to  the  elastic  reactions  within  the  wire,  ought  to  be 
eliminated  by  annealing  the  wire.  A  number  of  more  or  less  sucx^ssful 
attempts  in  this  direction  were  made. 

In  one  experiment  with  the  torsion  head  plate  support  I  used  a  rather 
poorly  annealed  iron  wire.  The  observations  on  this  wire  are  shown  in 
Fig.  17.  I  could  not  believe  my  observations  had  been  so  careless  as 
the  kinks  in  these  curves  indicated,  but  I  repeated  the  series  about 


Figa.  10,  11,  12. 

sixteen  hours  later,  the  pendulum  having  remained  undisturbed  during 
the  interval.     This  time  I  got  the  results  indicated  in  Fig.  18. 

The  curves  in  Fig.  18  show  the  same  irregularities  as  those  in  Fig.  17, 
but  in  a  less  pronounced  degree.  The  wire  was  gradually  straightening 
out,  under  the  influence  of  the  weight  which  was  upon.  it.  The  ir- 
regularities are  less  conspicuous  in  the  Foucault  angle  curves  than  in  the 
minor  axis  curves.  In  fact  they  are  not  perceptible  in  the  Foucault  angle 
curve  in  Fig.  18.  I  have  drawn  a  smooth  curve  through  both  the 
Foucault  angle  curves  from  the  39  minute  point  to  the  82  minute  point. 
This  hits  practically  every  point  on  the  Foucault  angle  curve  in  Fig.  18, 
but  shows  perceptible  variations  from  it  in  Fig.  17,  at  about  58,  73,  and 
78  minutes. 
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I  then  ran  a  Bunsen  burner  flame  up  and  down  the  entire  length  of 
the  wire  several  times  as  it  hung  with  the  8  kilogram  weight  upon  it; 
after  which,  a  third  series  of  observations  resulted  as  shown  in  Fig.  19. 
The  kinks  are  entirely  smoothed  out  of  both  curves.  Evidently  I  had 
finished  annealing  the  wire.  If  this  wire  had  not  been  required  to  bend 
at  the  point  of  suspension,  that  is,  if  it  had  been  used  with  a  double 
knife-edge  support  instead  of  a  torsion  head  plate  support,  it  might 
have  been  a  good  Foucault  pendulum  after  it  was  perfectly  annealed. 

To  illustiate  the  effect  of  continued  bending  upon  very  soft  wire  I 
cite  the  following  case:  The  8  kilc^jam  ball  was  suspended  by  a  No.  18 


Figs.  13,  14. 

(B.  &  S.  gauge)  soft  copper  wire  capable  of  sustaining  a  steady  pull  of 
about  30  kilograms.  The  upper  end  of  this  wire  was  soldered  into  a  No. 
60  hole  (drill  gauge  size)  in  a  brass  torsion  head  plate.  This  pendulum 
was  started  swinging  with  an  amplitude  of  20  centimeters  and  ran  with 
no  perceptible  tendency  toward  elliptical  motion  and  with  no  perceptible 
variation  from  the  true  Foucault  angle,  but  the  wire  became  brittle  and 
broke  off  close  up  to  the  plate  after  running  about  five  minutes. 

Any  wire  which  is  required  to  bend  at  the  point  of  suspension  must 
not  only  be  perfectly  annealed  and  perfectly  round  and  perfectly  homo- 
geneous in  all  respects,  but  it  must  also  be  free  from  wear  at  the  point  of 
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suspension  and  it  must  not  be  allowed  to  become  brittle  at  the  point 
where  it  bends.  There  are  so  many  chances  of  violating  one  or  more  of 
these  requirements  that  we  may  hardly  expect  success  with  a  torsion 
head  plate  support. 

The  double  knife-edge  support  is  ideal  in  some  respects  but  it  has 
one  defect  which  must  be  looked  upon  as  serious.  The  knife-edges 
must  be  perfectly  sharp  and  the  planes  upon  which  they  rest  must  be  so 
hard  that  the  knife-edges  will  not  cut  them  in  any  degree  whatever. 
These  are  conditions  which  can  not  be  fully  realized,  and  if  realized, 
could  not  be  maintained.  Any  wear  on  the  knife-edges  converts  them 
into  cylindrical  bearings,  and  any  wear  on  the  planes  upon  which  they 


Fig.  15,  16. 

rest  converts  them  into  cylindrical  troughs,  so  that  after  a  time  we  have 
a  cylinder  rolling  inade  of  a  lai^r  cylinder  instead  of  a  knife-edge 
resting  upon  a  plane.  The  axis  of  suspension  of  a  pendulum  with  a 
knife-edge  support  is  at  the  surface  of  the  plane  upon  which  the  knife- 
edge  rests;  but  if  a  cylindrical  roller  be  substituted  for  the  knife-edge, 
the  axis  of  suspension  of  the  pendulum  is  no  longer  at  the  surface  of  the 
plane  but  at  the  center  of  the  roller.  We  have  therefore  changed  the 
length  of  the  pendulum  by  an  amount  equal  to  the  radius  of  the  cylindrical 
roller.    As  the  knife-edges  wear,  the  effective  length  of  the  pendulum  is 
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increased  in  one  direction  £ind  diminished  in  the  other  and  our  Foucault 
pendulum  is  gradually  converted  into  a  Blackburn  pendulum. 

Of  course  the  wear  can  be  compensated  for  by  readjusting  the  distance 
between  the  planes,  or  in  some  cases  by  means  of  a  counterpoise  above 
the  support;  but  these  adjustments  are  really  somewhat  difficult  to 
make,  and  as  the  wear  continues  the  pendulum  is  never  in  a  perfectly 
satisfactory  condition. 

The  most  satisfactory  support  which  I  have  been  able  to  construct  is 
a  double  roller  support,  in  which  hard  polished  steel  rollers  of  consider- 
able size  have  been  deliberately  substituted  for  knife-edges.    The  wear 


FigB.  17, 18, 19. 

is  thus  reduced  to  an  inappreciable  minimum,  the  radius  of  curvature  is 
perfectly  definite  and  constant  and  the  adjustment  when  once  made  is 
permanent. 

This  support  is  simple  and  easily  constructed  and  possesses  a  number 
of  features  which  ought  to  recommend  it.  The  details  of  construction 
are  shown  in  Fig.  20. 

j4  is  a  hard  steel  plate,  25  millimeters  square  and  3  millimeters  thick, 
with  shallow  grooves  in  the  upper  and  lower  surfaces  at  right  angles  to 
each  other  as  shown  at  B.  The  bearing  surfaces,  C,  and  the  hardened 
steel  rollers,  D  and  E,  which  are  in  contact  with  them,  are  highly  polished. 
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A  double  bifilar  suspension,  F,  is  used,  consisting  of  soft  copper  wire  small 
enough  to  be  easily  stretched  when  the  weight  of  the  ball,  L,  rests  upon 
it.  No.  30  (B.  &  S.  gauge)  is  a  suitable  size  for  a  i  kilogram  ball.  The 
wire  is  simply  looped  over  the  ends  of  the  upper  roller,  and  under  the 
ends  of  a  short  crossbar,  K,  at  the  top  of  the  ball,  L.  Shallow  grooves 
may  be  cut  near  the  ends  of  the  roller  and  crossbar,  to  keep  the  wire 
from  slipping.  If  the  wires  are  not  quite  equal  in  length,  they  may  be 
equalized  by  carefully  administering  a  gentle  pressure  directly  down- 
ward upon  the  ball,  while  the  upper  roller  is  held  rigidly  in  a  horizontal 


Fig.  20. 


position.  The  lower  roller,  D,  acts  as  fixed  support  and  ^should  be 
rigidly  held  in  its  position  by  means  of  a  strong  clamp  of  some  kind. 
If  D  is  mounted  in  an  east  and  west  position,  when  the  pendulum  is 
swinging  east  and  west,  the  upper  roller,  £,  rolls  on  the  plate,  A.  When 
the  pendulum  is  swinging  north  and  south,  the  plate,  A ,  rocks  upon  the 
lower  roller,  D.  J?  is  a  counterpoise  to  compensate  for  the  diflference  of 
length  of  the  pendulum  in  the  two  directions.  This  counterpoise  may 
be  run  up  or  down  on  the  threaded  rod,  Af.  (Threads  not  shown  in  the 
drawing.)  When  H  is  properly  adjusted,  the  period  of  the  pendulmn  is 
the  same  in  both  directions.    There  is  then  no  elliptical  motion  and  no 
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shift  in  the  plane  of  vibration  of  the  pendulum,  except  that  due  to  the 
rotation  of  the  earth  upon  its  axis. 

In  the  apparatus  which  I  have  just  described,  the  rollers  are  6.35 
millimeters  in  diameter  and  the  counterpoise  weighs  140  grams.  The 
counterpoise  is  provided  with  a  circular  scale  to  facilitate  fine  adjustment. 
Of  course  the  adjustment  is  affected  not  only  by  the  mass  and  position 
of  the  counterpoise,  but  also  by  the  thickness  of  the  rollers  and  the 
thickness  of  the  plate.  It  is  also  true  that  changing  the  angle  between 
the  rollers  will  disturb  the  adjustment.  For  this  reason,  great  care 
should  be  exercised  in  making  other  adjustments,  not  to  shift  the  position 
of  the  upper  roller  or  the  plate.  Within  small  limits,  canting  the  upper 
roller  might  be  used  as  a  method  of  adjusting. 

It  has  been  shown  that  the  tendency  of  the  pendulum  to  run  in  an 
elliptical  path  may  be  the  result  of  any  one  or  more  of  a  variety  of  causes, 
but  whatever  the  cause,  we  may  always  develop  a  counter  tendency  by 
raising  or  lowering  the  counterpoise  in  the  device  now  under  considera- 
tion, and  perfect  compensation  is  always  possible.  Of  course,  the  final 
adjustment  must  always  be  made  by  experiment,  and  although  the 
process  may  be  a  little  tedious,  it  is  not  difficult,  and  when  once  made, 
the  results  are  all  that  could  be  desired. 

If  the  amplitude  of  the  pendulum  is  large,  there  is  a  tendency  of  the 
rollers  to  slip  on  the  polished  surfaces  of  the  plate.  I  find  an  amplitude 
of  20  centimeters  (40  centimeter  path)  is  very  satisfactory  for  a  pendulum 
2j/i  meters  long. 

The  double  roller  support  used  in  connection  with  a  double  bifilar 
suspension  of  soft  copper  wire  is  so  satisfactory  that  I  do  not  find  it 
necessary  to  use  a  pendulum  having  a  length  of  more  than  2}4  meters 
or  a  mass  of  more  than  i  kilogram.  In  fact  I  have  been  quite  successful 
with  a  pendulum  only  one  meter  long  and  weighing  only  240  grams,  but 
of  course  there  is  no  need  of  going  to  such  an  extreme  as  this,  except  to 
demonstrate  that  it  can  be  done.  A  pendulum  weighing  a  kilogram, 
and  swinging  over  the  lecture  table,  from  a  rigid  beam  in  the  ceiling  of 
the  lecture  room,  is  ideal. 

Foucault  unquestionably  succeeded  in  minimizing  his  difficulties  by 
using  a  very  long  and  very  heavy  pendulum,  but  his  results  may  not 
have  been  as  exact  as  some  of  us  have  supposed.  I  find  nothing  in  any 
of  the  original  papers  or  early  comments  upon  them,  to  indicate  a  high 
degree  of  accuracy.  Indeed  the  only  statements  bearing  upon  this  point 
indicate  that  the  results  of  the  experiment  were  only  approximately 
correct.  For  example:  "Quoique  ces  oscillations  diminuent  d'amplitude 
assez  rapidement,  au  bout  de  cinq  k  six  heures  elles  sont  encore  assez 
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grandes  pour  permettre  d'observer  la  deviation  que  est  alors  de  60  k  7- 
degrfe."     Or,  "La  montre  k  la  main,  ou  voit  que,  k  Paris,  la  deviation 
est  du  un  degr6  en  cinq  minutes." 

Such  statements  can  not  be  thought  of  as  representing  pr  '«^  me  sure- 
ments.    They  are  good  enough  to  leave  no  doubt  in  regan  le  g<  neral 

proposition  that  the  earth  rotates  on  its  axis,  but  they  ar<-  of  by  any 
means  exact.  If  success  de(>ends  upon  great  length  and  g.^eat  mass, 
Foucault's  results  ought  to  have  been  very  exact.  The  fact  that  they 
were  not,  indicates  that  there  was  something  else  to  be  reckoned  with. 
I  have  already  referred  to  the  fact  that  his  wire  was  strained  beyond  its 
elastic  limit,  and  I  have  no  doubt  this  condition  of  the  wire  contributed 
to  his  success  quite  as  much  as  its  great  length.  Of  course  the  great 
mass  of  the  ball  was  responsible  for  the  strain  upon  the  wire,  but  if  the 
wire  had  been  annealed,  the  great  mass  would  not  have  been  necessary. 

To  use  a  pendulum  of  very  great  mass  in  order  to  prevent  atmospheric 
disturbances  is  also  quite  unnecessary.  Air  currents,  if  forcible  enough, 
do  disturb  the  pendulum  slightly,  but  such  disturbances  never  "develop 
large  irregularities"  in  the  motion  of  the  pendulum,  in  spite  of  certain 
ingenious  theories  intended  to  explain  how  they  do  it.  In  fact  they  never 
develop  any  irregularities  at  all.  They  always  die  out  gradually,  and  at 
the  same  rate  as  the  decrement  in  the  principal  motion  of  the  pendulum 
along  the  major  £txts  of  the  ellipse,  when  the  amplitude  has  been  reduced 
to  the  same  value.  Would  you  dare  present  any  other  view  of  the  case 
to  your  students  if  you  were  discussing  the  second  law  of  motion? 

How  unimportant  slight  atmospheric  disturbances  are,  may  be  indi- 
cated  by  the  fact  that  I  have  succeeded  perfectly  with  a  i  kilogram 
pendulum  in  an  ordinary  lecture  room  with  all  the  doors  and  windows 
open  (2  doors  and  7  windows)  and  a  good  breeze  flowing  through  the 
room. 

The  majestic  oscillations  of  the  Pendulum  of  the  Pantheon,  as  Flam- 
marion  fittingly  describes  them,  must  have  produced  a  profound  impres- 
sion upon  those  who  had  the  good  fortune  to  observe  them;  but  it  is  not 
possible  to  repeat  the  experiment  in  every  lecture  room  on  such  a 
magnificent  scale.  To  reduce  the  experiment  to  convenient  lecture 
room  dimensions,  ought  to  greatly  extend  its  field  of  usefulness. 

Knox  College, 

Galbsburg,  III., 
October,  1918. 
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Oh     [i        DIFFRACTION-FIGURES    DUE   TO   AN    ELLIPTIC 

APERTURE. 

By  C.  V.  RABfAN. 

Synopsis.  Photographs  are  shown  of  the  diffraction  pattern  obtained  near  the 
focus  of  a  converging  pencil  of  rays  from  an  elliptic  aperture.  The  transiton  from 
the  Fresnel  to  the  Fraunhofer  class  of  diffraction  figure  is  traced  and  attention 
drawn  to  the  geometric  law  to  which  the  pattern  conforms,  namely,  that  the  bright- 
est part  of  the  diffraction  pattern  outside  the  elliptic  cross-section  of  the  beam 
lies  within  the  geometric  evolute  of  this  cross-section  and  is  bounded  by  it. 

TT  IS  well  known  that  the  diffraction  pattern  at  the  focus  of  a  con- 
-■•  vergent  pencil  of  rays  limited  by  an  elliptic  aperture  is  made  up  of  a 
central  spot  of  light  surrounded  by  alternate  dark  and  bright  rings 
which  are  all  elliptical  in  shape,  the  direction  of  the  major  axis  of  the 
rings  being  the  same  as  that  of  the  minor  axis  of  the  aperture  and  vice 
versa}  The  distribution  of  luminosity  in  the  focal  plane  may  be  readily 
deduced  from  the  known  results  for  the  case  of  the  circular  aperture  by 
a  simple  transformation  of  co5rdinates.  The  theory  of  the  phenomena 
observed  in  ultra-focal  planes  is,  however,  considerably  more  complicated, 
and  so  far  as  the  present  writer  is  aware,  has  never  been  fully  worked  out 
for  the  case  of  elliptic  apertures.  Recently,  while  working  in  collabora- 
tion with  Mr.  R.  S.  Deoras,  the  writer  made  some  observations  on  the 
diffraction  of  light  by  elliptic  apertures  for  convergent  and  also  for  di- 
vergent pencils,  and  has  noticed  that  the  configuration  of  the-  fringes 
presents  some  rather  striking  geometrical  features,  particularly  in  the 
cases  in  which  the  eccentricity  of  the  elliptic  aperture  is  considerable. 
It  is  thought  that  a  brief  account  of  the  observations,  and  the  reproduc- 
tions of  some  of  the  photographs  of  the  diffraction-figures  secured  in  the 
course  of  the  work  (Figs.  2  to  11)  may  be  of  interest  to  the  readers  of  the 
Physical  Review. 

Figs.  2  to  9  represent  the  gradual  transition  from  the  Fresnel  to  the 
Fraunhofer  class  as  the  focus  of  the  convergent  pencil  is  approached. 
In  all  these  cases,  the  aperture  limiting  the  pencil  was  of  considerable 
eccentricity  and  had  its  major  axis  vertical.  The  interesting  feature  to 
which  the  writer  wishes  to  draw  attention  is  the  following  simple  geom- 
etrical law  to  which  the  diffraction-pattern  is  found  to  conform.     In 

» Airy's  Tract  on  the  Undulatory  Theory  of  Optics,  Section  86. 
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Fig.  I  the  heavy  lines  represent  the  elliptic  cross-section  of  the  geometric 
pencil  of  rays  by  the  plane  of  observation,  and  also  the  geometric  evolute 
of  this  cross-section.  [The  ratio  of  the  major  to  the  minor  axis  of  the 
ellipse  is  taken  to  be  greater  than  V2,  so  that  two  of  the  cusps  of  the 
evolute  lie  outside  the  cross-section.]  Observation  shows  that  the 
brightest  part  of  the  diflfraction-pattem  outside  the  elliptic  cross-section 
lies  within  the  evolute  and  is,  in  fact,  bounded  by  it.  The  complete 
figure  of  the  evolute  may  be  observed  visually  cw  even  photographed 
with  sufficiently  long  exposures.  Beyond  the  two  cusps  of  the  evolute, 
a  horizontal  brush  or  extension  may  also  be  seen  on  each  side,  as  shown 
in  Fig.  I.  The  evolute  boundary  is  clearly  seen  in  Figs.  3,  4  and  6, 
though  in  all  these  cases,  the  size  of  the  photographic  plate  and  the 
exposure  were  insufficient  to  record  the  whole  of  it. 

Obviously,  as  the  plane  of  observation  approaches  the  focus  of  the 
convergent  pencil,  the  cross-section  of  the  pencil  and  the  evolute  both 
contract  and  ultimately  reduce  to  a  point.  The  horizontal  brushes 
extending  from  the  two  cusps  of  the  evolute,  however,  persist  (vide 
Figs.  7  and  8)  and  break  up  into  beads  on  both  sides  which,  when  the 
focal  plane  is  further  approached,  ultimately  join  up  and  form  the 
elliptic  rings  observed  in  the  Fraunhofer  pattern.  Altogether,  the  case 
presents  unusually  interesting  features  in  the  transition  from  the  Fresnel 
to  the  Fraunhofer  class  of  diffraction-figure.     * 

Fig.  10  represents  the  elliptic  rings  at  the  focus,  for  the  case  in  which 
the  eccentricity  is  small.  Fig.  11  represents  the  rings  observed  in  the 
focal  plane  when  a  circular  reflecting  surface  held  very  obliquely  forms 
the  diffracting  aperture.  Some  degree  of  asymmetry  is  observable  in 
this  figure. 

The  writer  hopes  to  be  able  to  present  a  fuller  study  and  mathematical 
treatment  in  due  course. 

210   BOWBAZAAR  StRBBT, 

Calcutta.  India, 
October  20,  19 18. 
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REFINEMENTS  IN  SPHEROMETRY.* 

By  G.  W.  Mofpitt. 

Synopsis.  Mechanical  Methods. — ^The  shortcomings  of  the  ring  spherometer  are 
discussed  and  a  new  type  of  contact  ring  with  selected  ball  bearings  for  contact 
members,  giving  greater  precision  and  reliability,  is  described.  A  modified  instru- 
ment having  but  one  contact  is  also  described.  It  has  certain  advantages  in  some 
cases. 

Optical  Methods. — The  auto-coUimating  method,  as  often  used,  is  limited  in  its 
precision  because  of  the  depth  of  focus  of  the  optical  system.  The  improvement 
described  consists  in  placing  the  kns  on  a  nodal  slide  and  adjusting  until  lateral 
motion  of  the  image  in  the  field  of  view  is  no  longer  noticeable  when  the  slide  is 
rotated  through  an  angle.  In  the  caustic  curve  methods  use  is  made  of  the  aber- 
rations introduced  on  oblique  reflection  from  a  spherical  surface.  By  measuring 
the  distance  from  the  primary  to  the  secondary  image  and  multiplying  by  a  factor 
depending  upon  the  arrangement  of  the  apparatus  the  radius  is  determined  with 
high  precision  for  concave  suriaces  or  for  convex  surfaces  of  short  radius.  This 
method  is  especially  valuable  when  the  element  of  suriaoe  is  small. 

Summary. — Suriace  measured  with  precision  by  the  various  methods  described 
are  as  follows:  (i)  Mechanical  Methods:  Concave  and  convex  suriaces  of  short 
and  medium  radius,  the  precision  decreasing  rapidly  as  the  radius  becomes  larger. 
(2)  Auto-collimating  Method:  Concave  and  convex  suriaces  of  short  or  medium 
radius  up  to  the  limit  of  the  slide  on  the  turntable,  the  precision  being  high  and 
practically  independent  of  the  radius.  (3)  Caustic  Curve  Methods:  Concave 
suriaces  of  any  radius  to  a  high  degree  of  precision,  even  when  the  element  of  suriace 
available  is  too  small  to  be  measured  by  other  methods.  Convex  suriaces  of  short 
and  medium  radius  to  a  degree  of  precision  decreasing  with  increase  of  radius. 

IMPROVEMENTS  in  methods  for  the  measurement  of  spherical  lens 
surfaces  do  not  seem  to  have  kept  pace  with  the  development  of 
processes  for  shaping  the  surfaces.  To  verify  the  execution  of  a  formula, 
or  to  ascertain  the  constructional  data  of  a  given  lens  system  without 
destroying  it,  requires  a  precise  determination  of  the  thicknesses,  radii, 
and  focal  lengths  of  the  individual  elements  of  which  the  system  is 
composed.  One  can  measure  the  thicknesses  with  an  ordinary  microm- 
eter gauge.  The  focal  lengths  and  color  curves  may  be  found  by  the 
use  of  a  good  optical  bench  equipped  with  a  nodal  slide.  But  with 
methods  now  in  common  use  it  is  usually  difficult,  often  impossible,  to 
determine  the  radii  with  a  satisfactory  degree  of  precision.  I  have  been 
led,  therefore,  to  a  study  of  existing  methods  in  spherometry,  and  in 
consequence,  make  a  few  suggestions  for  their  improvement.    Some 

>  Communication  No.  78  from  the  Research  Laboratory  of  the  Eastman  Kodak  Company. 
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methods  are  also  given  in  this  paper  which  seem  to  possess  elements  of 
novelty  and  a  limit  of  precision  surpassing  that  of  those  now  in  use. 

I.  Mechanical  Methods. 
The  Ring  Spherometer. 

Those  who  may  have  attempted  to  verify  the  curvatures  of  a  lens 
system  are  familiar  with  the  shortcomings  of  spherometers  even  of  the 
best  ring  type,  such  as  that  illustrated  in  Fig.  i. 

A  vertical  section  through  the  axis  of  a  theoretically  ideal  spherometer 
ring  is  shown  in  Fig.  2a.  But  for  mechanical  reasons  such  a  ring  cannot 
be  made.    The  cross-section  usually  employed  is  that  shown  in  Fig.  2ft. 


o 


Figs.  2a,  2b,  2c,  2d. 

There  are  really  two  diameters,  one  for  convex  surfaces,  the  other  for 
concave.  But  the  comers  are  always  more  or  less  rounded  and  ir- 
regular, making  it  practically  impossible  to  determine  the  true  value  of 
the  diameter  of  the  contact  circle  because  it  varies  in  an  unknown  manner 
with  the  radius  being  measured.  Being  made  of  soft  metal  to  prevent 
injury  to  the  lens  surfaces  the  ring  is  easily  damaged  unless  the  edge  be 
especially  protected  against  rough  usage.  Even  if  carefully  handled 
the  ring  will  soon  show  indentations  and  bends  under  the  microscope  and 
these  defects  introduce  further  uncertainty  in  the  constants  of  the  ring 
as  there  is  no  way  of  telling  to  what  extent  they  affect  a  given  deter- 
mination. 

The  Ball  Ring  Spherometer. 

The  question  naturally  arises  whether  it  is  possible  to  give  the  sphe- 
rometer ring  such  form  that  the  size  and  position  of  the  contact  circle 
may  be  accurately  stated  in  every  case. 

One  answer  to  the  question  would  be  to  make  the  vertical  section  of  the 
ring  circular  in  form  as  in  Fig.  2c.  The  formula  for  reducing  the  readings 
would  be  of  the  same  general  type  as  before,  but  the  ring  would  be  of 
sturdy  form  not  easily  damaged,  and  not  detrimental  to  the  surfaces 
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measured  upon  it.  On  the  other  hand  the  mechanical  difficulties  standing 
in  the  way  of  making  such  a  ring  of  truly  circular  form  and  cross-section 
make  its  realization  hardly  possible.  One  can,  however,  accomplish 
the  same  end  by  the  use  of  three  or  four  selected  ball  bearings  whose 
sphericity  and  uniformity  of  size  fall  within  the  required  limits  of  exact- 
ness, conditions  which  may  be  easily  met. 

A  V-shaped  circular  groove  may  be  turned  in  a  disk  of  metal  whose 
base  fits  the  spherometer  as  does  the  usual  type  of  ring  (Fig.  2d),  After 
the  ring  has  been  ground  until  true  the  balls  may  be  laid  in  the  groove 
with  the  disk  in  place  and  the  instrument  is  ready  for  use.  It  may  be 
desirable  to  fasten  the  balls  in  position  in  the  groove  by  some  means 
which  will  not  distort  the  upper  part  of  the  balls. 

With  a  ring  of  this  type  the  determination  of  the  constants  involves 
nothing  but  readings  that  can  be  made  with  a  high  degree  of  precision. 
In  the  measurement  of  the  radius  of  the  ball  ring  there  is  no  guessing 
as  to  the  point  on  which  to  set  the  reading  microscope — no  setting  on  ill- 
defined  edges  whose  position  seems  to  change  with  every  change  in 
lighting.  The  personal  error  in  bringing  the  sharply  defined  image  of  a 
ball  tangent  to  the  cross  wire  may  be  easily  determined  by  comparing 
the  results  for  the  diameter  of  a  ball  with  the  results  of  direct  micrometer 
gauge  measurements.  But  by  taking  the  distance  from  one  side  of  a 
ball  to  the  same  side  of  one  on  the  other  end  of  the  diameter  of  the  ring 
the  personal  equation  vanishes  in  the  determination  of  the  diameter  of 
the  circle  through  the  center  of  the  balls. 

For  the  ordinary  ring  spherometer  the  equation  is 

2h      2* 

where  R  is  the  radius  to  be  determined,  d  the  radius  of  the  contact  circle 
— different  for  concave  and  for  convex  surfaces — ^and  h  is  the  sagitta  of 
the  arc  of  radius  R  subtended  by  the  diameter  of  the  contact  circle. 
For  the  ball-bearing  contact  ring  the  equation  becomes 

where  r  is  the  radius  of  the  ball  bearings  and  the  double  sign  is  to  be 
interpreted  as  meaning  two  separate  cases  in  which  the  negative  sign  is 
used  for  convex  and  the  positive  sign  for  concave  surfaces.  Here  d 
represents  the  radius  of  the  circle  passing  through  the  centers  of  the  balls. 
For  either  type  of  ring  the  error  in  a  determination  may  be  written 

d  /i       d^\ 


264  G.   W.  MOPPITT.  ^^ 

for  concave  and  convex  surfaces  respectively.  For  the  ordinary  type 
of  ring  the  last  term  becomes  zero.  Other  sources  of  instrumental  error 
have  been  considered,  but  their  effect  on  the  results  with  any  well  made 
instrument  are  small  compared  to  the  error  from  the  sources  already 
considered.  Among  those  considered  were  the  errors  due  to  lack  of 
centering  of  the  ring  with  respect  to  the  center  contact,  obliquity  of  the 
plane  of  the  ring  with  respect  to  the  direction  of  motion  of  the  center 
contact,  and  form  of  the  center  contact.  All  these  sources  of  error 
would  be  negligible  in  any  instrument  constructed  with  a  reasonable 
amount  of  care. 

The  relative  merits  of  the  two  rings  may  be  compared  by  assuming  an 
average  case  and  determining  the  maximum  error  to  be  expected  in  a 
determination,  obtaining  the  maximum  error  by  sununing  the  numerical 
values  of  all  the  terms  on  the  right-hand  side  of  the  above  equation. 
Take,  for  example,  the  case  where  d  =  10  mm.,  A  =  i  nun.  For  the 
ordinary  ring  d  may  be  determined  to  o.oi  nmi.,  or  0.02  mm.  Assume 
that  the  settings  for  h  can  be  read  to  0.0005  ^i^n.  Then  the  error  in  the 
determination  of  h  would  probably  be  about  o.ooi  nmi.  In  the  ball 
ring  instrument  the  error  in  the  determinations  of  d  and  r  need  not  exceed 
O.OOI  mm.  and  the  error  in  the  determination  of  h  would  be  as  in  the 
first  case  about  o.ooi  mm.  On  the  basis  of  these  assumptions  the 
maximum  error  to  be  expected  in  the  determination  of  the  radius  of 
average  metgnitude  would  be  about  0.15  mm.  for  the  ordinary  ring  and 
about  0.06  nun.  for  the  ball-bearing  ring. 

The  gain  in  precision  is  not  all  that  could  be  desired,  but  it  is  only  one 
of  the  advantages  realized  by  this  modification  of  the  instrument.  When 
it  is  remembered  that  the  error  has  been  reduced  to  less  than  half  its 
former  value,  and  that  the  ball-bearing  ring  will  maintain  its  constants 
for  a  long  time  and  even  stand  considerable  rough  usage  without  injury, 
the  gain  is  seen  to  be  considerable. 

The  error  equation  shows  that  for  a  given  value  of  R  the  error  will  be 
smaller  the  smaller  d/h  becomes,  or  for  a  given  lens  the  larger  the  value 
of  d.  But  this  is  limited  by  the  aperture  of  the  lens  while  h  is  limited  by 
the  radius  of  the  lens  face.  For  a  given  contact  circle  the  size  of  the 
ball  bearings  used  does  not  affect  the  precision  of  the  measurements. 
Therefore  it  is  possible  to  use  the  balls  most  easily  obtained  or  for  other 
reasons  most  suitable  for  the  purpose.  If  the  lenses  to  be  measured 
are  small  the  balls  must  be  small  in  order  that  a  ball  ring  of  small  diameter 
may  be  constructed. 

While  it  may  be  best  to  fasten  the  balls  rigidly  in  place  a  very  service- 
able ring  may  be  made  by  simply  placing  the  loose  balls  in  the  groove 
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if  care  be  taken  to  see  that  balls  and  groove  are  well  cleaned.    One  set 

of  balls  and  a  disk  with  several  concentric  grooves  will  serve  for  practically 

all  lenses  whose  curvatures  are  adapted  to  measurement  on  the  sphe- 

rometer. 

The  Single  Contact  Sliding  Stage  Spherometer, 

A  modification  of  the  ball-bearing  ring  spherometer  which  is  excellent 
for  nearly  all  measurements  made  with  a  spherometer  is  what  I  have 
called  the  single  contact  slide  spherometer.  The  details  of  this  instru- 
ment are  shown  in  Fig.  3.  The  troublesome  contact  ring  has  been  en- 
tirely dispensed  with  and  the  center  contact  rod  is  inverted  so  that  the 
contact  member  is  at  the  lower  end.  In 
the  base  of  the  instrument  is  a  sliding 
stage  actuated  by  a  micrometer  screw 
capable  of  a  range  or  motion  about  as 
great  as  the  aperture  of  the  largest  lens 
to  be  measured  on  the  instrument.  On 
the  stage  is  mounted  the  lens  carriage 
which  should  have  a  short  screw-actu- 
ated cross  slide  which  need  not  be  cali- 
brated in  any  way,  as  it  is  used  only  to 
bring  the  center  of  curvature  of  the  lens 
face  into  line  with  the  axis  of  the  con- 
tact shaft.  The  center  contact  of  this 
instrument  must  be  of  truly  spherical 
form.  A  carefully  selected  ball  bearing  of  small  diameter  serves  very 
well.  As  a  means  of  reading  the  instrument  the  microscope  method  is 
entirely  satisfactory. 

To  use  the  instrument  place  the  lens  on  the  carriage  and  clamp  in 
place,  paying  little  attention  to  centering  or  leveling.  Adjust  the  cross- 
slide  until  the  contact  rod  reading  in  the  microscope  is  a  maximum — 
or  minimum.  After  this  has  been  done  any  movement  of  the  main 
slide  will  cause  the  contact  to  move  along  the  circumference  of  a  great 
circle  of  the  lens  face.  The  main  slide  is  then  set  so  that  the  contact  is 
at  some  point  near  the  edge  of  the  lens  and  slide  and  microscope  read. 
The  slide  is  then  moved  until  the  microscope  reading  becomes  a  maximum 
or  a  minimum  and  slide  and  microscope  readings  again  taken.  Then 
the  slide  is  an  additional  distance  equal  to  that  already  moved  and  the 
readings  taken  again.  The  radius  may  be  computed  by  means  of  the 
ball-bearing  ring  spherometer  formula.  The  last  reading  made  was 
not  essential  but  served  as  a  check  on  those  already  taken.  On  the 
other  hand  a  number  of  distributed  readings  may  be  taken  and  several 
determinations  of  the  radius  made  from  one  set  of  readings. 


Fig.  3. 
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The  advantages  of  this  type  of  instrument  are: 

1.  In  construction  it  is  much  easier  to  select  one  ball  of  precise 
sphericity  than  it  is  to  select  three  or  four  balls  of  the  same  size  and  of 
sufficiently  precise  sphericity. 

2.  There  are  no  instrumental  constants  to  be  determined,  or  rather, 
the  constants  are  determined  in  the  making  of  the  readings. 

3.  The  instrument  affords  a  means  of  studying  the  deviation  of  a 
surface  from  the  spherical  form. 

4.  Will  measure  the  radius  of  curvature  when  the  area  of  the  lens  is 
too  small  to  be  determined  on  the  ring  spherometer. 

Against  these  advantages  may  be  placed  the  following  disadvantages: 

1.  Not  as  rapid  as  the  ring- type  instrument. 

2.  Side  motion  of  the  contact  shaft  must  be  reduced  to  a  minimum. 

II.  Optical  Methods. 

AuUhCoUimating  Methods, 

A  number  of  variations  of  the  auto-coUimating  methods  have  been 
proposed  from  time  to  time.  Of  these  the  one  shown  in  Fig.  4  is  perhaps 
the  most  satisfactory.  A  short  distance  in  front  of  the  objective  of  a 
simple  reading  telescope  is  placed  a  lens  similar  to  the  objective  of  the 
telescope  itself  but  in  a  reversed  position.  Between  the  two  lenses  is 
placed  a  partly  silvered  mirror  which  may  be  adjusted  to  reflect  the 
light  from  a  distant  small  source  through  the  front  lens  onto  the  face 
of  the  lens  to  be  measured  which  is  carried  in  a  holder  at  L.    This 


Fig.  4. 

arrangement  gives  a  better  field  of  view  than  can  be  had  by  the  use  of 
an  auto-collimating  eyepiece.  It  may  be  shown  that  the  illumination 
at  the  eyepiece  will  be  a  maximum  when  the  product  of  the  transmission 
and  the  reflection  of  the  mirror  is  a  maximum.  If  the  point  of  con- 
vergence of  the  light  pencil  and  the  center  of  curvature  of  the  lens  face 
coincide  a  part  of  the  light  will  be  reflected  back  through  the  telescope 
and  an  image  of  the  source  formed  at  the  cross-wires.  The  lens  is 
carried  on  a  slide  fitted  with  scale  and  vernier  by  means  of  which  the 
displacement  of  the  lens  between  settings  may  be  determined. 

In  use  the  slide  is  first  adjusted  so  that  fine  dust  particles  on  the  face 
of  the  lens  are  in  sharp  focus.    The  slide  is  then  moved  until  the  source 
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IS  sharply  imaged  on  the  cross-wires.  The  displacement  of  the  slide 
from  one  reading  to  the  next  is  equal  to  the  radius  of  curvature  of  the 
lens  face. 

Several  difficulties  are  encountered  in  the  application  of  this  method. 
The  presence  of  spherical  aberration  in  the  lenses  of  the  instrument  may 
cause  considerable  uncertainty  in  the  settings.  The  spherical  aberration 
may  be  reduced  to  a  minimum  by  correct  design  of  the  lenses,  but  even 
then  the  depth  of  focus  naturally  inherent  in  an  optical  system  of  this 
kind  renders  precise  focusing  practically  impossible.  With  this  in  mind 
I  have  modified  the  method  of  determining  the  correct  setting,  and  have 
investigated  the  precision  obtainable  with  what  may  be  called  the 

Auto-CoUimating  Nodal  Slide  Method, 

The  lens  to  be  measured  is  mounted  on  a  nodal  slide  arrangement 
similar  to  that  used  for  determining  the  position  of  the  gauss  points  of  a 
lens  (see  Fig.  5).  In  other  respects  the  apparatus  is  the  same  as  before 
except  that  the  scale  and  vernier  for  measuring  the  displacement  between 
settings  are  now  on  the  turntable  of  the  nodal  slide  whose  support  is 
stationary.  The  method  may  be  applied  to  a  T  testing  bench  by  placing 
the  telescope  on  a  carriage  mounted  on  one  of  the  cross-tracks  of  the 
bench  and  using  the  regular  turntable. 

In  use  the  apparatus  is  first  adjusted  as  well  as  may  be  by  focusing. 
Then  the  turntable  is  rotated  back  and  forth  through  an  angle  limited 
by  the  aperture  of  the  lens  and  further  adjustment  made  until  there  is 
no  side  shift  of  the  image  with  respect  to  the  cross-wires  during  the 
rotation.  When  this  adjustment  has  been  completed  the  center  of 
curvature  of  the  lens  face  coincides  with  the  axis  of  rotation  of  the  turn- 
table. To  find  the  reading  when  the  face  of  the  lens  is  tangent  to  the 
axis  of  rotation  of  the  turntable  the  carriage  is  moved  until  fine  dust  on 
the  surface  of  the  lens  is  in  focus.  The  final  adjustment  is  made  by 
rotating  the  turntable  back  and  forth  and  further  adjusting  the  slide 
until  there  is  no  relative  motion  of  image  and  cross-wires  at  the  center 
of  the  field.  If  this  setting  cannot  be  made  with  sufficient  accuracy  by 
means  of  the  telescope,  because  of  its  low  magnification,  it  may  be  made 
with  the  regular  high-power  microscope  on  the  main  track  of  the  bench. 
The  distance  through  which  the  slide  has  been  moved  is,  as  in  the  pre- 
ceding case,  equal  to  the  radius  of  curvature  of  the  lens  face. 

The  error  in  a  determination  of  a  radius  by  this  method  will  be  due 
almost  entirely  to  the  error  in  the  setting  for  the  center  of  curvature 
provided  the  setting  on  the  axis  of  rotation  has  been  made  with  a  high 
power  microscope.    To  evaluate  this  error  assume  that  the  center  of 
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curvature,  C,  fails  to  coincide  with  the  axis  of  rotation  of  the  turntable 
by  a  small  distance  e  (Fig.  6).  Let  R  be  the  true  radius  of  curvature 
of  the  lens  face  and  A  the  maximum  angle  through  which  the  turntable 
may  be  rotated  before  the  image  disappears.  Since  e  will  always  be 
small  in  comparison  to  R  the  position  of  the  image  of  0  formed  by 

reflection  from  the  lens  face  may  be  assumed  to  be  at 
a  distance  2e  from  0.    Then  if  x  represent  the  lateral 
A^  shift  for  a  rotation  through  an  angle  A 


(X 


4e  sm  — ,    or 


X      A 

4         2 


•^-i^  •-> 


If  the  two  lenses  of  the  apparatus  be  of  the  same 
focal  length  x  is  also  the  lateral  shift  of  the  image 
with  respect  to  the  cross-wires.  Assuming  that  a  shift 
of  0.02  mm.  may  be  detected  and  that  a  rotation  of 
30^  is  possible  the  smallest  error  in  a  setting  which 
could  be  detected  would  be  about  0.02  mm.  Since 
the  lens  surface  may  be  placed  very  accurately  tan- 
gent to  the  axis  of  rotation  of  the  turntable  by  means 
of  a  high-power  microscope  the  above  value  may  be 
taken  as  a  fair  estimate  of  the  precision  attainable 
with  this  method  for  any  surface  measurable  on  the 
apparatus.  It  is  interesting  to  note  that  the  magni- 
tude of  the  radius  has  little  effect  on  the  precision 


Fig.  6. 
for  all  surfaces  measurable  on  the  instrument. 


Caustic  Curve  Methods. 

Unlike  the  auto-collimating  methods  just  described  where  spherical 
aberration  in  the  instrument  itself  entered  as  a  disturbing  factor,  these 
methods  are  based  upon  the  aberrations  introduced  by  oblique  reflection 
from  a  spherical  surface.  I  have  devised  several  variations  of  the  general 
method  to  suit  different  sets  of  apparatus  from  the  elaborate  lens  testing 
bench  to  a  simple  travelling  microscope,  pivot  stand,  and  distant  source, 
but  the  one  whose  description  follows  seems  best  suited  to  the  purpose 
as  it  involves  only  measurements  of  distances.  Caustic  curve  methods 
are  especially  valuable  in  cases  where  the  element  of  lens  surface  is  too 
small  to  be  measured  by  other  methods.  In  favorable  cases  the  precision 
seems  to  be  limited  more  by  the  errors  of  adjustment  of  the  apparatus 
than  by  those  of  making  the  readings. 

Fig.  7  shows  the  general  arrangement.  The  light  is  assumed  to  be 
coming  from  the  left  and  to  be  reflected  from  the  lens  face  whose  center 
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of  curvature  is  at  C.  The  continuation  of  the  spherical  surface  is  repre- 
sented by  the  dotted  line.  FN  is  the  caustic  curve  of  reflection  in  this 
case.  It  is  a  portion  of  a  twx)-arched  epicycloid.  The  axis  of  the  reading 
microscope  is  perpendicular  to  the  incident  light.  Lens,  light,  and 
microscope  are  so  arranged  that  the  chief  incident  ray  is  reflected  along 
the  axis  of  the  microscope.  Now  if  the  microscope  be  moved  along  its 
axis  the  two  astigmatic  images  formed  by  the  reflection  from  the  spherical 
surface  will  be  seen  one  after  the  other.  The  primary  image  is  per- 
pendicular to  the  plane  of  the  paper  at  PP',  while  the  secondary  image 
lies  in  the  plane  of  the  paper  and  parallel  to  the  incident  rays  at  SS', 
that  is,  the  secondary  image  is  located 
along  the  principal  axis  of  the  con- 
cave mirror  of  which  the  lens  surface  ^ 
forms  an  element.  The  measurement  ' 
consists  in  finding  the  distance  be-- 
tween  the  primary  and  the  secondary 
images.    It  will  be  seen  that  this  dis-  /'' 

taace  multiplied  by  the  proper  con- 
stant, which  comes  out  to  be  2 1/2, 
gives  directly  the  radius  sought.     It 

may  also  be  easily  shown  from  the     ^.;'. .F 

properties  of  the  curves  that  the  dis-  C 
tance  from  the  primary  image  to  the 
lens  surface,  measured  along  the  axis 
of  the  microscope  produced,  is  equal 
to  the  distance  between  the  primary 
and  the  secondary  images.    This  val- 


uable check  relation  is  one  of  the  ad- 


Fig.  7. 


vantages  realized  by  choosing  the  per- 
pendicular relation  between  chief  incident  and  reflected  rays.  If  a  mod- 
erate magnification  be  chosen,  and  there  seems  to  be  little  gain  in  pre- 
cision by  pushing  the  magnification  beyond  a  refksonable  limit,  one  is 
able  to  focus  on  the  lens  face  and  so  measure  both  these  distances. 

The  procedure  in  making  a  determination  by  means  of  this  method 
would  be  about  as  follows:  Having  placed  the  lens  in  rough  position  the 
secondary  image  is  thrown  into  the  field  of  the  microscope  and  examined. 
If  the  image  rises  or  falls  in  the  field  of  view  of  the  instrument  as  the 
sharp  focus  position  is  passed  it  is  an  indication  that  the  center  of  curva- 
ture of  the  lens  face  does  not  lie  in  the  plane  defined  by  the  axis  of  the 
microscope  and  the  chief  incident  ray.  The  lens  must  be  adjusted  by 
tipping  it  in  its  holder  until  the  secondary  image  does  not  rise  or  fall  in 
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the  field  as  the  working  plane  of  the  microscope  is  moved  through  the 
position  of  sharp  focus,  but  simply  diminishes  in  width  and  fuzziness, 
passes  through  sharp  focus,  and  widens  again.  As  will  be  seen  later  the 
microscope  should  be  raised  or  lowered  until  the  sharp  image  falls  across 
the  middle  of  the  field.  When  so  adjusted  the  center  of  curvature  of 
the  lens  face  lies  in  the  plane  defined  by  the  incident  and  reflected  chief 
ray.  The  microscope  is  next  placed  so  as  to  receive  the  primary  image. 
This  may  require  a  bodily  movement  of  the  lens  carriage  toward  or 
away  from  the  source  if  a  simple  rotation  does  not  suffice.  The  focusing 
of  the  primary  is  not  at  all  the  finding  of  the  best  image  of  a  sharp  line. 
The  line  is  never  sharp  on  one  side.  The  case  is  illustrated  in  Fig.  7, 
in  which  the  image  sought  is  in  the  plane  PP\  The  image  will  be 
quite  sharp  and  bright  on  the  edge  touching  the  caustic  and  will  gradually 
fade  off  toward  the  other  edge  which  will  be  limited  by  the  aperture  of 
the  microscope.  As  the  microscope  is  moved  either  way  from  the 
position  of  correct  focus  it  is  evident  that  the  image  will  move  across  the 
field  of  view,  the  sharp  bright  edge  leading.  Therefore  as  the  true 
position  of  focus  is  approached  and  passed  the  image  moves  into  the 
field  of  view  with  its  faint  side  leading,  then,  as  the  true  position  is 
passed,  it  reverses  its  motion  and  the  bright  edge  leads  the  procession 
back.  The  true  position  of  the  focus  is  not  easy  to  locate  precisely  by  a 
simple  estimate  of  the  position  at  which  the  reversal  of  motion  occurs  for 
at  this- position  the  lateral  movement  of  the  image  for  a  given  movement 
of  the  microscope  is  small.  But  at  a  short  distance  to  either  side  of  the 
point  of  reversal  the  motion  is  easily  detected.  By  making  a  reading 
when  the  bright  edge,  or  the  first  fringe  if  diffraction  fringes  show,  is  on 
a  certain  mark  in  the  micrometer,  and  then  moving  the  microscope  until 
the  true  position  has  been  passed  and  the  edge,  or  bright  line,  is  again 
on  the  chosen  mark  the  mean  of  the  two  readings  will  give  a  good  deter- 
mination of  the  setting.  The  adjustment  of  the  apparatus  should  be 
so  made  that  the  true  focus  on  the  primary  image  occurs  when  the 
bright  edge  of  the  image  is  in  the  center  of  the  field  of  view.  The  micro- 
scope is  then  moved  back  and  the  reading  for  the  secondary  taken.  The 
focusing  in  this  case  is  simply  the  determination  of  the  sharpest  focus 
of  a  well-defined  straight  line  which  should  be  in  focus  all  the  way  across 
the  field  since  the  secondary,  being  parallel  to  the  incident  light,  lies 
parallel  to  the  working  plane  of  the  microscope.  The  microscope  is  then 
moved  up  and  focused  on  fine  dust  on  the  surface  of  the  lens.  As  the 
lens  surface  is  at  an  angle  to  the  working  plane  of  the  microscope  only  a 
part  of  the  field  will  be  in  focus  at  a  time.  The  proper  vertical  part  of 
the  field  to  focus  sharply  is  that  in  which  the  bright  edge  of  the  primary 
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image  was  focused.  Since  the  lens  is  curved  in  a  vertical  plane  as  well 
as  in  the  horizontal  care  is  also  required  in  choosing  the  horizontal  portion 
of  the  field  on  which  to  focus.  Evidently  the  correct  portion  is  that  in 
which  the  secondary  was  focused  when  the  setting  was  made  on  it.  If, 
as  above  noted,  the  center  of  the  field  was  used  then  the  focusing  on  the 
lens  face  should  be  made  for  the  center  of  the  field  also. 

The  radius  may  be  computed  from  the  measured  distances  between  the 
primary  and  the  secondary  images  by  simply  multiplying  by  2  VT, 
using  the  distance  from  the  lens  to  the  primary  as  a  check  on  the  work. 
Or  the  reading  on  the  primary  may  be  disregarded,  using  only  the 
readings  on  the  lens  face  and  on  the  secondary  and  multiplying  the 
difference  by  V2.  Care  must  be  taken,  however,  that  the  setting  on 
the  lens  face  is  focused  in  the  proper  part  of  the  field  and  this  can  only 
be  determined  by  a  careful  observation  of  the  primary  focus.  The  work 
of  making  the  settings  is,  therefore,  not  reduced.  Various  factors  affect 
the  precision  obtainable  with  the  two  methods  and  the  one  giving  the 
best  results  in  any  case  can  be  determined  only  by  trial. 

On  concave  faces  where  high  magnification  may  be  used  results  of  high 
precision  may  be  obtained.  A  radius  of  100  mm.  may  be  determined  to 
within  a  few  hundredths  of  a  millimeter.  On  convex  faces  where  the 
images  are  virtual  and  lie  at  a  considerable  distance  back  of  the  surface 
the  working  distance  of  the  microscope  must  be  almost  as  great  as  the 
radius  to  be  determined.  The  precision  of  focusing  would  be  considerably 
reduced.  For  such  surfaces  the  auto-coUimating  method  previously 
described  would  probably  be  preferable. 

Several  other  adaptations  of  the  caustic  curve  method  have  been  tried. 
One  in  particular  in  which  the  angle  between  incident  and  reflected  chief 
rays  was  so  chosen  that  the  distance  between  the  primary  and  the 
secondary  images  was  equal  to  the  radius  sought.  But  errors  introduced 
by  a  small  error  in  the  adjustment  of  the  angle  were  much  greater  than 
in  the  right-angled  case.  This,  and  other  limitations  seemed  to  indicate 
that  the  right-angled  position  would  give  better  results  and  at  the  same 
time  afford  the  check  readings  on  the  face  of  the  lens.  Fig.  8  shows  the 
arrangement  of  the  apparatus  used  in  the  tests  on  caustic  curve  methods. 

By  the  use  of  the  methods  described  above  one  may  determine  the 
radius  of  curvature  of  a  polished  spherical  surface  to  a  degree  of  precision 
usually  quite  satisfactory  for  the  needs  of  optical  design.  In  the  case  of 
convex  surfaces  of  long  radius  the  precision  is  sometimes  not  all  that 
could  be  desired. 

ROCHBSTBR,   N.   Ym 

September,  1918. 
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ON  THE  AUTOMATIC  REGISTRATION  OF  a-PARTICLES. 
jS-PARTICLES  AND   7-RAY  AND  X-RAY  PULSES. 

By  Alois  F.  Kovarik. 

Synopsis.  A  device  is  described  which  makes  it  possible  for  a-partides.  /3-par- 
tides  and  7-ray  and  X-nyu  pulses  to  make  records  automatically  on  chronograph 
paper,  which  records  can  be  conveniently  and  accurately  studied  at  leisure.  His- 
torically, the  method  developed  from  Rutherford's  method  of  counting  a-partides 
and  the  last  previously  described  development  was  by  the  writer  in  which  he  used 
a  telephone  recdver  whose  diaphragm  was  actuated  by  the  current  to  a  needle  elec- 
trode, after  amplification  by  means  of  a  3-dectrode  vacuum  tube.  In  the  present 
method  the  amplified  current  actuates  a  sensitive  relay  which  in  turn  operates  the 
chronograph  pen  by  means  of  a  local  circuit.  The  accuracy  of  the  records  was 
checked  up  for  the  a-particles  by  the  scintillation  method  of  counting  and  for  the 
/S-partides  by  determining  the  charge  carried  by  the  /8-particles.  Records  of  7-ray8 
and  X-rays  are  similar  to  those  of  the  a-  and  ^-partides  and  some  arguments  are 
given  supporting  the  idea  that  the  records  represent  individual  pulses  or  short 
trains  of  pulses.  A  record  of  /3-partides  taken  over  a  7-hour  period  was  studied 
and  condusion  deduced  that  the  variations  in  the  number  of  /8-particles  emitted  in 
a  given  time  interval  follow  the  probability  law. 

Introduction. 

THE  method  of  counting  individual  a-particles  by  tiie  scintillations 
tiiey  produce  on  a  fluorescent  screen  is  well  established.  The 
a-particles  have  also  been  counted  by  the  method  of  ionization  by 
collision  at  low  pressures,  devised  by  Rutherford^  in  connection  with  his 
experiments  on  the  charge  of  an  a-particle.  Rutherford  and  Geiger* 
modified  this  method,  later,  by  using  a  spherical  electrode  in  helium  at  a 
pressure  of  about  one  third  atmosphere  instead  of  the  wire  electrode 
used  at  very  low  pressure  in  air.  In  this  case  they  substituted  a  string 
electrometer  for  the  quadrant  electrometer  which  was  a  marked  improve- 
ment. Later,  Geiger*  used  a  sharp  needle  inside  of  the  chamber  and  was 
able  to  detect  at  atmospheric  pressure  not  only  a-particles  entering  the 
chamber  but  /3-particles  also.  This  method  has  been  used  successfully 
in  a  number  of  researches  by  Kovarik  and  McKeehan,*  Chadwick,*  and 

^  Rutheriord,  E.,  and  Gdger,  H.,  Proc.  Roy.  Soc.,  A  8i,  162.  1908. 

*  Geiger,  H.,  and  Rutherford,  E.,  Phil.  Mag.,  S6,  24,  618,  1912. 
»  Geiger,  H.,  Verh.  D.  Phys.  Gea.,  15.  534,  1913. 

*  Kovarik,  Alois  F.,  and  McKeehan,  L.  W.,  Phys.  Zs.,  15,  434,  1914;  Phys.  Rbv.,  N.  S., 
6,  426.  1915;  Phys.  Rbv..  N.  S.,  8,  574.  1916. 

*  Chadwick,  J.,  Verh.  D.  Phys.  Ges.,  16,  383,  1914. 
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Vennes.^  The  writer*  has  used  various  modifications  of  the  method 
mainly  in  the  observing  instruments,  Zeleny's  electroscope,  C.  T.  R. 
Wilson's  electroscope,  a  telephone  receiver,  and  a  ballistic  galvanometer 
had  been  used  with  success  for  this  purpose.  These  visual  or  audible 
methods  of  counting  are  quite  trying  on  the  nerves  because  close  attention 
is  necessary  on  account  of  the  probability  law  of  emission  of  the  particles; 
and  long  periods  of  counting  are  essential  because  the  method  is  a  statis- 
tical one.  A  self-recording  device  would  therefore  be  an  obvious  im- 
provement. Rutherford  and  Geiger,'  by  moving  a  photographic  film 
past  the  illuminated  fiber  of  a  string-electrometer,  obtained  a  photograph 
of  the  fiber  showing  deflection  of  the  fiber  caused  by  the  discharges 
between  an  electrode  and  the  surrounding  chamber  when  ionization  by 
collision  took  place  in  the  chamber  upon  the  entrance  of  individual  a- 
particles  into  the  chamber.  This  has  been  the  only  method  described 
thus  far  for  obtaining  a  record  of  a-particles. 

The  method  described  in  this  paper  makes  it  possible  to  get  a  record 
on  a  chronograph  paper,  of  individual  a-particles  or  ^-particles  or  of 
7-ray  pulses  (?),  which  may  then  be  studied  at  one's  convenience  and  the 
count  made  with  a  greater  accuracy  than  is  obtainable  with  the  visual 
or  audible  methods.  The  accuracy  of  the  method  was  tested  both  for 
a-particles  and  ^-particles.  The  applicability  of  the  law  of  probability 
to  the  emission  of  /3-particles  was  proved  and  some  experiments  were 
made  with  7-rays. 

The  Self-Registration  Method. 

In  the  visual  method  the  counting  chamber  is  connected  to  a  fairly 
high  positive  voltage  (about  2,000  volts)  and  the  needle  electrode  is 
connected  to  earth  through  a  very  high  resistance  (ink  on  paper)  and 
also  to  the  fiber  of  the  string  electrometer  or  to  the  gold  leaves  of  the 
other  electrometers  above  mentioned.  In  the  audible  method  a  telephone 
receiver  is  placed  between  the  needle  and  earth,  if  the  discharge  current 
in  the  counting  chamber  is  sufficiently  large  to  actuate  the  diaphragm 
of  the  telephone  receiver;  or  else,  it  is  placed  in  the  plate-filament 
circuit  of  an  audion  amplifier,  the  needle  electrode  being  connected 
directly  to  the  grid  or  to  earth  through  the  primary  of  an  induction  coil, 
the  secondary  coil  being  connected  to  the  grid  and  filament.  In  the 
auto-registration  method,  the  current  between  the  needle  electrode  and 
the  walls  of  the  counting  chamber  is  amplified  by  a  three  electrode 

» Vennes,  H.  J.,  Am.  J.  Sc..  L.  4,  44,  69.  191 7. 

*  Kovarik,  Aloii  F..  Phys.  Rev.,  S.  2.  9,  567,  1917. 

*  Rutherford  and  Gelger,  loc.  cit. 
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vacuum  tube  amplifier  and  this  current  is  used  to  operate  a  very  sensitive 
relay  which  in  turn  operates  a  local  battery  circuit  actuating  the  pen 
on  a  chronograph.  Fig.  i  shows  diagrammatically  the  apparatus  used 
and  the  necessary  connections.  £  is  a  high  potential  battery  (about 
2,000  volts)  whose  positive  pole  is  connected  to  the  counting  chamber,  TF, 
the  other  pole  being  earthed.  If  TF  is  made  negative  a  much  higher 
voltage  is  necessary  for  any  given  point  electrode.  E  is  the  needle 
point  electrode  which  is  connected  through  a  high  resistance,  H.R.,  to 
earth.    The  high  resistance  consisted  of  India  ink  on  paper  and  was 
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Fig.  1. 

adjustable  to  different  values.  The  needle  electrode  is  also  connected 
to  the  positive  pole  of  a  battery,  B^  (about  8o  volts)  the  negative  pole 
of  which  is  connected  to  the  grid  of  the  audion  amplifier.  Bi  is  another 
battery  (about  i6o  volts)  whose  positive  pole  was  connected  to  the 
plate  of  the  amplifier  and  the  negative  pole  to  earth  through  the  sensitive 
relay,  R.  The  relay  operated  a  local  circuit,  L.C.,  which  actuated  the 
chronograph  pen,  P'.  As  indicated  in  the  figure  another  battery  was 
used  to  heat  the  filament.  A  static  voltmeter,  V,  indicated  the  voltage 
on  the  counting  chamber,  and  a  milammeter,  A,  registered  the  plate- 
filament  current.  The  battery  B^  on  the  grid  was  used  to  oppose  the 
battery  Bi  on  the  plate  and  when  properly  adjusted  only  a  negligible 
current  would  flow  in  the  plate-filament  circuit.  When  a  discharge 
takes  place  in  the  counting  chamber,  the  needle  electrode  becomes 
positively  charged  and  because  of  the  high  resistance  between  it  and 
earth,  the  grid  comes  momentarily  to  a  higher  potential  and  an  increased 
electron  current  flows  to  the  plate  P  which,  passing  through  the  relay  R 
causes  the  local  battery  circuit  to  be  closed  and  thus  makes  the  pen 
register  the  discharge.    The  high  resistance  regulates  the  duration  and 
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partly  the  amount  of  the  momentary  potential  on  the  grid.  The  sensi- 
tive relay  operated  on  a  current  of  a  fraction  of  a  milampere.  Fig.  2 
shows  a  photograph  of  a  portion  of  a  chronograph  record  automatically 
registered  by  /^-particles  entering  the  counting  chamber  at  the  rate  of 
160  per  minute;  and  also  in  the  lower  portion  of  the  natural  dischai^es 
which  occurred  at  the  rate  of  about  8  per  minute.  The  natural  dis- 
charges are  caused  by  the  a-partides  from  the  emanation  in  the  air, 
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Fig.  2. 

by  radiations  from  the  material  of  the  counting  chamber,^  by  penetrating 

y  radiations  from  the  earth  and  other  sources,  and  are  also  perhaps 

partly  due  to  imperfect  needle  points. 

The  needle  point  electrodes  require  special  attention  in  preparation. 

Ordinary  points  may  cause  continuous  discharge  in  the  intense  electric 

field.    The  needle  electrode  for  our  purposes  must  respond  only  when 

ionization  is  produced  by  radiations.    The  writer  has  experimented  on 

many  kinds  of  electrodes:  pointed  platinimi  wires,  platinimi  wires  with 

minute  globules  at  the  end  produced  by  heating  the  end  to  melting 

temperature,  steel  points  of  various  shapes  and  sizes,  tungsten  filaments, 

etc.    Steel  needles,  ground  to  quite  fine  cylindrical  ends  and  these 

treated  in  a  flame  (to  slight  redness)  so  as  to  form  a  smooth  and  uniform 

surface,  have  been  found  to  serve  best.    The  tungsten  filament  can 

easily  be  made  into  a  point  of  any  shape  by  heating  (oxidizing)  in  a 

flame  and  these  points  serve  quite  well  in  a  dry  atmosphere  and  can 

easily  be  renewed ;  but  humidity  seems  to  affect  the  surface  readily  and 

destroy  the  requisite  properties.    A  point  electrode  of  lasting  qualities 

has  not  yet  been  discovered.    Some  point  electrodes  may  be  used  for 

more  than  100  hours  continuously  while  others  break  down  after  an 

hour's  use. 

Tests  of  the  Method. 

The  accuracy  of  the  record  is  necessarily  a  function  of  the  mechanical 
contrivances  used.  The  sensitive  relay  used  was  tested  and  found  to 
respond  100  times  per  second  when  the  intervals  were  uniform  but  the 

>  It  may  be  noted  that  a  counting  chamber  of  lead  gives  so  large  a  number  of  natural 
discharges  due  to  rays  from  Radium  DEF  in  the  lead  as  to  make  it  useless  for  this  purpose. 
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electromagnet  used  to  operate  the  pen  was  less  rapid  in  its  action. 
Consequently,  particles  following  each  other  in  a  very  short  interval  of 
time  may  not  be  recorded.  The  apparatus  as  used  was  found  to  give 
accurate  records  up  to  400  per  minute.  Particles  entering  simultaneously 
would  give  one  record,  but  the  number  of  these  as  well  as  those  following 
each  other  in  a  very  short  space  of  time  becomes  negligibly  small  for  a 
rate  of  100  or  200  per  minute.  These  facts  were  obtained  by  varying 
the  distance,  in  vacuo,  between  the  source  and  the  window  of  the  counting 
chamber  and  finding  that  the  number  of  a-  or  ^-particles  per  minute 
which  reached  the  window  varied  inversely  as  the  square  of  the  distance; 
also,  by  varying  the  size  of  the  window  in  which  case  the  number  varied 
directly  with  the  area.  In  the  latter  case  the  largest  area  was  six  times 
the  smallest  area. 

The  counts  for  a-particles  had  been  made  on  various  polonium  plates 
and  the  check  was  made  by  counting  the  scintillations  on  a  good  zinc 
sulphide  screen  and  also  by  the  ionization  method  at  low  pressures 
used  by  Geiger,^  which  method  is,  however,  based  on  the  scintillation 
method.  Checks  were  always  good  and  some  have  already  been  referred 
to  in  previous  papers.  Working  with  the  /^-particles  in  previous  re- 
searches, Kovarik  and  McKeehan  assumed  that  all  /^-particles  were 
counted  when  the  point  gave  an  accurate  check  for  the  a-particles  and 
when  the  number  of  j8-particles  counted  remained  constant  with  further 
increase  of  the  potential  on  the  counting  chamber.  This  procedure  has 
been  found  correct  by  the  following  experiments. 

A  check  on  the  count  of  the  ^-particles  from  a  given  source  was  made 
by  determining  the  total  number  of  j8-particles  by  measuring  the  charge 
carried  by  them  and  assuming  each  to  carry  one  elementary  charge. 
The  source  used  was  a  radium  DEF  deposit  on  aluminum  of  very  small 
area  and  only  the  more  penetrating  rays  were  used  by  placing  the  source 
between  two  aluminum  plates.  Radium  DEF  was  used  because  the 
7-ray  effect  is  small.  The  plate  so  employed  was  flat  and  consequently 
the  radiations  through  the  aluminum  envelope  were  not  absorbed  equally 
in  all  directions.  To  get  the  count  of  the  total  number  of  particles 
emitted  per  second  by  the  plate  it  was  necessary  to  count  the  /^-particles 
in  various  directions  and  integrating.  The  source  was  placed  axially  in 
a  brass  cylinder  lined  with  thick  paper  to  reduce  reflection.  At  one  end 
of  this  vessel  was  placed  a  steel  or  brass  plate  having  a  window  covered 
with  aluminum  of  smallest  thickness  (0.0003  <^™*)  capable  of  with- 
standing atmospheric  pressure.  The  counting  chamber  was  placed 
against  th^'s  window,  being  insulated  from  it  and  the  brass  cylinder. 

>  Geiger,  H.,  Proc.  Roy.  Soc.,  A  82,  486,  1909. 
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The  brass  vessel  was  exhausted  to  a  pressure  of  less  than  2  mm.  of  Hg 
in  every  case  to  eliminate  absorption  and  scattering  by  air  which  is  very 
important,  the  effect  being  about  50  per  cent,  when  the  source  is  10  cm. 
from  the  coimting  chamber,  for  i  atmosphere  of  air.  The  counting 
chamber  was  at  atmospheric  pressure.  The  source  was  set  10  cm.  from 
the  window  and  its  plane  could  be  rotated  about  an  axis  perpendicular 
to  the  axis  of  the  cylinder  and  could  thus  be  set  for  any  angular  position 
for  which  the  count  was  to  be  made.  The  source  was  set  at  various 
angular  positions  from  o®  to  360°  but  since  the  envelope  was  of  uniform 
thickness  on  both  sides  the  results  for  correspondmg  angular  positions 
were  averaged,  and  a  curve  drawn  for  positions  within  a  quadrant.  This 
curve  is  shown  in  Fig.  3,  where  the  ordinate  for  o®,  i.  e,,  rays  coming 
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normally  through  the  envelope,  is  taken  as  100  and  represents  relatively 
the  count  of  /^-particles  in  a  unit  time  through  the  window  of  the  count- 
ing chamber.  With  the  aid  of  this  curve,  the  actual  number  counted 
at  o®,  the  area  of  the  window,  and  the  distance  of  source  from  the  window 
one  can  determine  the  number  of  j8-particles  emitted  into  the  various 
zones  about  the  source  as  center.  This  integration  can  be  made  with 
sufficient  accuracy  by  dividing  the  space  into  3  or  4  zones.  If  3  zones  are 
considered  with  the  source  as  center  and  the  window  of  the  counting 
chamber  at  10  cm.  from  the  source  considered  as  the  pole,  a  being  the 
area  (3.95  X  lO"^  cm.^  of  the  window  and  N  (1.23  per  second)  the 
number  of  ^-particles  counted  at  o^,  the  total  number  of  j8-particles  per 
sec.  is  found  to  be 

sec    a^ 

N     I 

=  2  <  —  .  -  .  irr«[o.268Pi  +  0.732P2  +  lPJ 
sec    Of 
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where  -Y,  F,  Z  are  the  areas  of  the  zones  (for  a  hemisphere)  and  Pj,  Pi, 
Pi  are  the  average  values  of  the  ratio  of  the  number  of  /^-particles  per 
sec.  for  the  various  zones  to  the  number  counted  at  o^.  These  ratios 
were  obtained  graphically  from  the  accurate  curve  (Fig.  3).  A  small 
correction  had  to  be  made  for  the  y  rays  of  radium  D  and  the  natural 
discharges.  This  was  done  by  obtaining  records  when  a  steel  or  brass 
plate  without  a  window,  but  otherwise  similar  to  the  one  used  in  front 
of  the  counting  chamber,  was  substituted.  The  total  number  of  fi- 
particles  per  sec.  for  the  specimen  used  came  out  1.89  X  10^. 

The  source  was  then  placed  inside  of,  but  insulated  from  a  metal 
vessel  lined  with  thick  aluminum  completely  enclosing  the  source  except 
for  a  small  hole  for  the  electrode  holding  the  source  and  the  whole  was 
then  placed  inside  another  vessel  which  could  be  evacuated  to  lO"^ 
mm.  Hg.  The  vessel  surrounding  the  source  absorbed  the  /^-particles 
and  the  rate  at  which  it  charged  up  was  measured  by  an  electrometer, 
the  source  being  alternately  connected  to  positive  and  negative  potential 
varying  from  o  to  500  volts.  The  delta  ray  effects  from  the  metal  of  the 
source  and  the  enclosing  vessel  were  found  different,  as  recorded  by 
Moseley'  in  his  experiments,  but  were  not  so  marked  m  these  experiments 
as  in  his,  owing  to  the  small  7-ray  effect  of  radium  D.  A  magnetic  field 
.  used  similarly  as  by  Moseley  showed  less  marked  influence  on  the  results. 
Therefore,  the  mean  of  the  rate  of  charging  up  of  the  electrometer  with 
alternately  positive  and  negative  electrostatic  fields  between  the  source 
and  the  charge  absorbing  vessel,  was  used.  E>eterminations  were  also 
made  of  the  negative  charge  lost  by  the  source  and  this  checked  with  the 
charge  absorbed  by  the  surrounding  vessel.  The  greatest  difference 
between  the  various  determinations  made  was  3  per  cent.  Assuming 
the  electronic  charge  to  be  4.77  X  io~"  e.s.u.,  the  total  number  of  j8- 
particles  by  the  charge  method  came  to  1.92  X  10*  /3-particles  per  second. 
The  nimiber  by  the  self  recording  method  was  1.89  X  10*  /^-particles  per 
second.  The  check  is  much  closer  than  expected  and  warrants  the 
writer  to  say  that  the  /^-particles  are  accurately  recorded.  It  is  to  be 
noted  the  j8-particles  counted  were  the  more  penetrating  rays  of  radium 
E  (ai  =  43.3  cm"^  Al).  Experiments  were  also  performed  with  the  very 
soft  rays  of  radium  D  and  E  and  the  check  was  far  from  satisfactory 
and  the  results  indicated  that  there  are  some  soft  rays  which  do  not 
ionize  but  which  nevertheless  carry  a  negative  charge.  This  particular 
point  is  being  investigated. 

» Moseley,  H.  G.  J.»  Proc.  Roy.  Soc.,  A  87.  230.  1912. 
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Emission  of  ^-Particles  Follows  the  Probability  Law. 
Since  the  record  obtained  on  the  chronograph  is  made  by  the  fS- 
particles  themselves,  such  a  record  if  made  over  a  sufBciently  long 
time  would  give  the  law  of  emission.  A  similar  study  was  made  by 
Rutherford  and  Getger'  of  the  law  of  emission  of  a-particles  in  which 
case  the  observer  had  to  record  the  scintillations  observed.  In  the 
present  case  the  ^-particles  themselves  made  the  record.  A  record  was 
obtained  of  37,266  /3-particles  in  430.6  minutes  or  a  little  over  seven 
hours.  The  record  was  divided  into  intervals  of  0.2  minutes  and  the 
number  of  j3-particles  in  each  of  the  2,153  intervals  was  counted.  The 
smallest  number  per  interval  was  7  and  the  largest  number  31.  The 
numbers  of  intervals  containing  7,  8,  •  ■  -,  31,  were  tabulated  and  plotted 
as  ordinates  against  the  number  per  interval  as  abscissas.  To  show  that 
the  experimental  results  follow  a  probability  curve,  the  number  of 
intervals  which  should  contain  any  given  number  of  particles  was  calcu- 
lated from  the  total  number  of  intervals  and  the  average  number  of 
/3-particles  per  interval  assuming  a  probability  distribution  and  using 
the  formula  of  Bateman.'  If  *  =  average  number  per  interval,  and 
P  =  the  probability  that  n  enter  per  interval,  then, 

n\ 
from  which  the  number  of  intervals  containing  n  /3-particles  readily 


Fig.  4. 

follows.  Plotting  these  values  against  «  we  get  the  curve  shown  in 
Fig,  4.  The  observed  values  are  plotted  as  circles.  It  will  be  noticed 
that  these  points  follow  the  curve  fairly  closely,  falling  a  little  under  at 
the  low  and  high  values  of  n  and  coming  somewhat  above  at  the  mean 

>  Rutherford,  E„  and  G«Iger.  H.,  Phil.  Mag.,  S.  6,  10.  69B,  1910. 
■Rutherford,  E.,  and  Gclgsr.  H.,  Phil.  Mag.,  S.  6,  ao.  698,  1910. 
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values.    It  may  be  concluded  that  the  variations  in  the  niunber  of 
/^-particles  emitted  in  a  given  interval  of  time  follow  the  probability  law. 

7-Rays  and  X-Rays. 

If  the  counting  chamber  is  made  without  a  window  and  of  material  to 
permit  no  a-  or  /^-particles  to  enter  from  the  outside,  and  some  radium  is 
brought  into  the  neighborhood,  discharges  between  the  point  and  the 
chamber  take  place  and  records  are  obtained  which  are  similar  to  those 
obtained  in  the  case  of  the  a-  or  /^-particles.  The  same  is  true  when 
X-rays  are  passed  through  the  chamber.  The  nimiber  of  these  dis- 
charges decreases  with  increase  of  distance  of  the  source  and  for  the 
7-rays  it  was  shown  to  follow  the  law  of  inverse  squares,  the  distance 
being  changed  from  lo  feet  to  a  couple  of  inches.  If  lead  screens  are 
interposed  between  the  source  of  7-rays  or  X-rays  and  the  counting 
chamber,  the  nimibers  are  decreased.  The  effect  is  therefore  directly 
connected  with  the  energy  of  the  7-ray  and  X-ray  pulses.  It  seems 
likely  that  the  ^-particles  produced  on  the  inside  of  the  counting  chamber 
from  the  metal  (mainly)  and  also  from  the  air,  are  directly  responsible 
for  the  point  discharges.  Whether  a  pulse  produces  one  or  a  large 
number  of  such  /^-particles  seems  immaterial  for  causing  the  point  dis- 
charge provided  that  these  /^-particles  ionize.  To  all  intents  and  purposes 
the  ^-particles  produced  by  the  pulses  will  act  at  the  same  time  and 
therefore  one  discharge  will  result  per  pulse  or  train  of  pulses.  Since 
the  records  appear  similar  to  those  of  the  a-  or  /^-particles,  in  so  far  as 
distribution  with  time  is  concerned  and  do  very  likely  (although  no 
calculations  have  been  made)  follow  the  probability  law,  it  seems  likely 
that  the  7-ray  or  X-ray  pulses  or  short  trains  of  pulses,  are  actually 
registered. 

Experiments  bearing  on  this  point  as  well  as  some  unsettled  questions 
regarding  the  7-ray  and  X-ray  pulses  are  at  present  in  progress  and  will 
be  reported  later. 

I  desire  to  express  my  sincere  thanks  to  the  Western  Electric  Company, 
or  the  special  sensitive  relay  and  the  audion  bulb,  both  of  which  they 
kindly  loaned  me  for  my  experiments. 

I  also  wish  to  acknowledge  the  assistance  of  Mr.  Walter  B.  Lang  in 
some  of  the  observations. 

Shbffirld  Scientific  School, 
Yalb  Univbrsity. 

New  Haven.  Conn.. 
January  25.  1919. 
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PROCEEDINGS 

OF  THE 

American  Physical  Society. 

Minutes  of  the  Ninety-Sixth  Meeting. 

THE  ninety-sixth  meeting  of  the  American  Physical  Society  was  held  in 
Fayerweather  Hall  of  Columbia  University,  New  York,  on  February  28 
and  March  i,  1919. 

A  regular  meeting  of  the  Council  was  held  on  February  28,  five  members 
being  present,  and  President  Ames  presiding.  Professor  Theodore  Lyman,  of 
Harvard  University,  was  elected  vice-president  of  the  society  for  the  unexpired 
term  caused  by  the  death  of  Professor  Wallace  C.  Sabine.  The  following  were 
recommended  to  the  National  Research  Council  as  representatives  of  the 
American  Physical  Society  in  the  Division  of  Physical  Sciences:  H.  A.  Bum- 
stead,  Wm.  Duane,  Irving  Langmuir,  Earnest  Merritt,  R.  A.  Millikan,  and 

E.  B.  Wilson.  The  following  were  appointed  representatives  of  the  American 
Physical  Society  in  the  International  Astronomical  Union:  J.  S.  Ames,  Henry 
Crew,  and  Theodore  Lyman. 

Elections  to  membership  were  made  as  follows:  to  regular  membership, 
J.  A.  Fleming,  Carl  Hering,  Paul  W.  Merril,  Henry  Norris  Russell;  to  associate 
membership,  Carl  Darnell,  J.  P.  Delaney,  Carl  F.  Eyring,  Joseph  Foster, 
Clifford  G.  Formd,  John  G.  Homan,  Horton  W.  Hall,  G.  A.  Johnstone,  Edwin 
W.  Kelly,  C.  N.  Moore,  A.  M.  Mahon,  B.  A.  Orndorff,  K.  G.  Szlupas,  Paul  B. 
Taylor,  Phillips  Thomas;  transferred  from  associate  to  regular  membership, 
S.  J.  Mauchly,  Peter  I.  Wold. 

Sessions  for  the  reading  of  papers  were  held  in  the  morning  and  in  the  after- 
noon of  Saturday,  March  i,  1919,  at  which  twenty-seven  papers  were  presented, 
six  being  read  by  title.     The  program  was  as  follows: 

Water  Vapor  Pressure  in  Units  of  Force.  Alexander  McAdie.  (Read 
by  title.) 

The  Thermal  Expansion  of  Living  Tree  Trunks.  C.  C.  Trowbridge 
(deceased)  and  Mabel  Weil. 

Pyrometer  Absorption  Glasses.     Paul  D.  Foote,  C.  O.  Fairchild  and 

F.  L.  Mohler.     (Read  by  title.) 

The  Function  of  Phase  Difference  in  the  Binaural  Location  of  Pure  Tones. 
R.  V.  L.  Hartley. 
Temperature  Coefficient  of  Resistance  of  Molybdenum.     E.  C.  Blom. 
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Measurement  of  Small  Alternating  Currents  by  Means  of  a  Rayleigh  Reson- 
ator.   F.  R.  Watson.    (Read  by  title.) 

An  Addition  to  the  Theory  of  the  Quadrant  Electrometer.  A.  H.  Compton 
and  K.  T.  Compton. 

Permanent- Contact  Crystal  Detectors.    Louise  S.  McDowell. 

Are  the  Frequencies  in  the  Series  of  X-rays  the  Highest  Frequencies  Char- 
acteristic of  Chemical  Elements?    William  Duane  and  Takeo  Shimizu. 

The  Spectral  Photoelectric  Sensitivity  of  Silver  Sulphide.  W.  W.  Coblentz 
and  H.  Kahlbr.     (Read  by  title.) 

Some  Photoelectric  Lecture  Experiments.    Jacob  Kunz.     (Read  by  title.) 

The  Crystal  Structure  of  Carborundum.     A.  W.  Hull. 

A  Possible  Relation  between  the  Resonance  Potential  and  Specific  Inductive 
Capacity  of  a  Metallic  Vapor  and  its  Properties  in  the  Solid  State.  K.  T. 
Compton. 

Collisions  of  Slow  Moving  Electrons  with  Nitrogen  Molecules.  S.  Karrer. 
(Read  by  title.) 

The  Ionizing  Potentials  of  Argon,  Neon  and  Helium.     H.  C.  Rentschler. 

Note  on  the  Use  of  the  Hot  Cathode  Vacuum  Tube  for  the  Measurement  of 
Voltage.    Lynde  P.  Wheeler. 

An  Interferential  Method  for  Measuring  the  Expansion  of  very  small 
Samples.    C.  G.  Peters  and  Irwin  G.  Priest. 

On  the  Measurement  of  the  Detection  Coefficient  of  Thermionic  Vacuum 
Tubes.     H.  J.  Van  der  Bijl. 

The  Properties  of  the  Electron  as  Derived  from  the  Chemical  Properties  of 
the  Elements.     Irving  Langmuir. 

The  Law  of  Absorption  of  High  Frequency  Radiation.  Arthur  H.  Comp- 
ton. 

Some  Physical  Properties  of  Dental  Materials.    C.  G.  Peters  and  W.  H. 

SOUDER. 

The  Origin  of  the  General  Radiation  Spectrum  of  X-Rays.  David  L. 
Webster. 

Note  on  Bomb  Trajectories.     Edwin  B.  Wilson. 

On  the  Relation  Between  the  K  Series  and  the  L  Series  of  X-Rays.  Wil- 
liam Duane  and  Takeo  Shimizu. 

A  New  Formula  for  the  Spectral  Distribution  of  Energy  from  a  Complete 
Radiator.    Irwin  G.  Priest. 

Transmission  of  a  Quartz  Grating  Replica.     R.  S.  Wetzel  and  Walter 

SCHWANHAUSER. 

On  the  Measurement  of  the  True  Barometric  Pressure  in  a  Rapidly  Moving 
Current  of  Air.    J.  G.  Coffin. 

Dayton  C.  Miller, 

Secretary. 
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Thermionic  Ampufibr.^ 

By  H.  J.  Van  dbr  Bijl. 

THE  current  voltage  characteristic  of  the  vacuum-tube  amplifier  manu- 
factured by  the  Western  Electric  Company  can  be  represented  by  the 
equation 

/  -  a(7  Eb  +  Ec  +  €)\  (I) 

where  I  is  the  current  in  the  filament-plate  circuit,  Eb  the  potential  difference 
between  filament  and  plate,  Ec  the  potential  difference  between  filament  and 
grid,  and  €  a  small  quantity  which  depends  on  the  contact  potential  difference 
between  filament  and  grid,  the  potential  drop  in  the  filament,  etc. 

The  equation  is  obtained  as  follows:  Suppose  the  grid  and  filament  be  elec- 
trically connected  and  a  potential  difference  Eb  be  applied  between  them  and 
the  plate,  then  the  field  at  a  point  near  the  filament  is  the  same  as  if  a  potential 
difference  Eb  +  €  he  applied  between  the  filament  and  a  plane  coincident 
with  the  grid.  If  a  potential  difference  Ec  be  also  applied  between  the  fila-  . 
ment  and  the  grid  the  effective  voltage  is  the  sum,  namely  y  Eb  +  Ec  +  €. 
The  exponent  2  has  been  found  empirically. 

With  the  help  of  this  equation  the  amplification  equations  of  the  tube  can 
be  obtained.  It  shows  that  the  relation  between  plate  current  and  grid  voltage 
is  of  the  same  form  as  the  relation  between  plate  current  and  plate  voltage. 
If  an  alternating  voltage  e  sin  pt  be  applied  between  grid  and  filament  the  cur- 
rent is 

I  '^aiy  Eb  +  Ec  +  €  +  e  sin  pt)*.  (2) 

The  admittance  of  the  tube  K  is  given  by 

'2»   dl 


0        ^^B 


dt  «  2ay  (7  Eb  +  Ec  +  €>. 


The  impedance  is  i/K,  and  this  can  be  expressed  as 

£b  +  Mo  (Ec  +  €) 


(3) 


2/ 

where  /lo  =  1/7  and  is  the  maximum  voltage  amplification  obtainable  from 
the  tube. 

If  a  resistance  R  be  placed  in  the  filament  plate  circuit,  the  voltage  Eb  be- 
tween filament  and  plate  does  not  remain  constant,  but  is  given  by 

Eb  -  E'RI,  (4) 

where  E  is  the  constant  voltage  of  the  battery  in  the  plate  circuit.    The  char- 
acteristic equation  then  becomes 

/  =  a  [y(E-RI)  +  Ec +  €  + e  sin  pt]*.  (5) 

It  is  seen  from  this  that  the  external  resistance  has  the  effect  of  straightening 
out  the  characteristic.     For  a  perfect  amplifier  the  characteristic  must  be 

>  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Phjrsical  Society, 
April  27,  1918. 
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straight,  otherwise  distortion  is  produced,  because  in  virtue  of  the  curvature  of 
the  characteristic  an  increase  in  the  input  voltage  (filament  grid  voltage)  pro- 
duces a  greater  increase  in  current  that  the  current  decrease  produced  by  an 
equivalent  decrease  in  the  input  voltage.  It  has  been  found  that  if  the  external 
resistance  is  equal  to  or  greater  than  the  impedance  of  the  tube  itself,  the 
characteristic  is  sufficiently  straight  to  reduce  distortion  to  a  negligible  quantity. 
Considering  now  the  case  in  which  the  circuit  contains  an  external  resistance 
R,  it  is  seen  that  a  variation  in  the  current  in  R  due  to  a  variation  in  the  grid 
voltage  causes  the  plate  voltage  also  to  be  variable,  that  is, 

and  hence 

dl         dl    dEa  ,     dl  ,^. 


dEc      dEs  dEc      dEc 
Referring  to  equations  (i)  and  (4)  this  gives 

dl    ^       2a{y  Eb+  Ec  +  €> 
dEc  "  I  +  2dyR(yEB  +  Ec  +  €)' 
Multiplying  by  R  and  putting  7  —  1//10  we  obtain 

dEc      r,  ■   Eb  +  nt>{Ec  +  *)'  ^^' 

^  +  "  ^ 

Now  Rdl  is  the  voltage  change  set  up  in  the  resistance  R  and  dEc  is  the 
change  in  the  input  voltage,  so  that  equation  (7)  gives  the  voltage  amplification 
fi  which  with  the  help  of  (3)  can  be  written 

^^R  +  Ro'  ^^^ 

From  this  it  readily  follows  that  if  Ri  be  the  input  impedance  of  the  tube,  the 
power  amplification  is  given  by 

M*RRi  .. 

and  the  current  amplification  by 

^^rTro-  ^'"^ 

These  equations  have  been  tested  and  found  to  hold  with  sufficient  accuracy 
to  serve  for  the  computation  of  circuits  involving  thermionic  amplifiers. 

It  must  be  remarked  that  the  characteristic  equation  used  here  is  not  suffi- 
ciently accurate  to  apply  in  the  case  in  which  the  tube  is  used  as  a  radio-detec- 
tor. The  detecting  action  of  the  tube  depends  on  the  second  derivative  of  the 
characteristic,  so  that  when  using  the  tube  as  a  detector  a  more  accurate  equa- 
tion for  the  characteristic  is  used. 

Research  Laboratory, 
Western  Electric  Co., 
New  York. 
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Water  Vapor  Prbssurb  in  Units  of  Force.^ 

By  Albxandbr  McAdib. 

THERE  are  many  instructors  in  physics  and  chemistry  who  are  not  at  the 
present  time,  f6r  good  and  sufficient  reasons,  fully  conversant  with  the 
units  used  by  aSrographers. 

Probably  no  one  feature  of  the  war,  not  even  the  use  of  gas,  nor  the  success 
of  the  submersible,  stands-  out  so  sharply  as  the  development  of  the  airship. 
Whether  we  be  advocates  of  the  plane  or  the  blimp,  representing  in  general 
heavier-than-air  and  lighter-than-air  craft,  we  all  recognize  that  a  new  and 
vastly  important  field  of  engineering  has  been  opened  up  in  aeronautics,  and 
a  new  and  promising  field  of  investigation  for  the  physicist  in  studies  of  the 
structure  of  the  atmosphere,  more  briefly  called  afirography. 

With  the  first  use  of  the  sounding  balloon  it  became  apparent  that  the 
Fahrenheit  scale  would  have  to  be  scrapped  and  that  the  Centigrade  scale  was 
likewise  unserviceable.  The  reasons  are  self-evident.  And  so  the  tempera- 
tures in  all  upper  air  work  are  given  on  the  Absolute  scale.  The  form  used 
however  is  not  the  most  convenient,  and  we  have  been  using  with  success  at 
Blue  Hill  for  several  years  a  new  form  which  has  been  called  the  Kelvin  kilo- 
grade  and  which  has  been  described  elsewhere  The  zero  is  the  absolute  zero 
and  the  melting  point  of  ice  under  standard  pressure  is  marked  1000.  No 
degree  signs  are  used.     The  values  used  later  are  in  these  units. 

In  upper  air  work  it  also  became  evident  that  inches  and  millimeters  as 
units  for  the  expression  of  atmospheric  pressure  were,  like  the  temperature 
units,  out-of-date;  and  so  the  a^rographic  services  of  many  countries,  especially 
Great  Britain,  France  and  Italy  have  been  expressing  pressure  in  units  of 
force.     This  usage  is  spreading  rapidly. 

So  far  as  I  can  ascertain  credit  for  the  suggestion  and  first  use  of  an  absolute 
unit  to  express  pressure  must  be  given  to  Professor  Theodore  Richards.  In 
the  classic  paper  on  ''New  Method  of  Determining  Compressibility"  (Carnegie 
Inst.,  1903),  the  bar  is  clearly  defined  as  the  pressure  of  a  dyne  per  square 
centimeter.  The  pressure  of  an  atmosphere  is  expressed  as  one  million  bars 
or  megabar.  For  convenience  this  is  written  1,000  kilobars.  The  pressure 
of  the  atmosphere  at  a  height  of  i  km.  is  approximately  900  kb.,  at  an  elevation 
of  10  km.  the  pressure  is  about  300  kb.,  and  at  the  top  of  the  atmosphere  or  as 
high  as  we  may  hope  to  explore  for  some  time  to  come,  say  50  km.,  the  pressure 
is  as  low  as  5  kb. 

The  use  of  these  units  of  force  has  been  extended  at  Blue  Hill  to  measure- 
ments of  water  vapor  pressure.  There  appears  to  be  no  difficulty  in  using  the 
new  units  and  the  formulae  below. 

European  a&'ographic  services  use  the  following  formulae  when  the  cover  of 
the  wet  bulb  is  not  frozen,  and  it  may  be  noted  here  that  in  high  level  obser- 
vations the  temperature  is  generally  so  low  that  the  wet  bulb  is  covered  with 
ice.     No  satisfactory  solution  has  yet  been  reached. 

1  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 
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With  wind  velocity  o  to  0.5  m/s  (meter  per  second) 

p.^p.-  .0012  P{i  -/i)  (I  +/'/«o) 

with  wind  velocity  i  to  1.5  m/s 

p.--  p.-  .0008  P{i  -  ii)  (I  +  /Viio) 

with  wind  velocity  exceeding  2.5  m/s 

p.'-  p.-  .000656  P(/  -  /i)  (i  +  /'/•lo) 

When  the  water  is  frozen,  the  numerical  coefficients  .001060,  .000706 
.000579,  are  used,  and  610  in  the  last  factor  changed  to  689. 
We  prefer  to  express  the  relation  in  the  following  form 

/>.-/>.-  PK  {t  -  O 

in  which  p,  is  the  pressure  of  the  water  vapor  at  the  temperature  of  the  dew- 
point  or  saturation,  Pe  the  pressure  at  the  temperature  of  evaporation  or  wet- 
bulb,  P  the  pressure  of  the  atmosphere,  K  a  constant  which  like  most  con- 
stants varies  somewhat  (with  ventilation  of  the  biilb  and  probably  other 
conditions).  All  pressures  are  given  in  the  same  unit,  kilobar,  and  all  tem- 
peratures in  same  unit,  Kelvin  kilograde.  The  value  of  K  within  ordinary 
limits  is  .00179.  ^^^  quick  determination  of  vapor  pressure,  absolute  humidity 
and  relative  humidity,  the  value  of  PK  may  be  taken  as  .18. 

The  wind  effect  is  an  uncertain  quantity.  All  the  tables  of  relative  humidity 
so  laboriously  compiled  by  various  meteorological  services  are  invalidated  by 
the  omission  of  statement  of  temperature  and  wind  values.  Reference  is 
made  to  papers  by  the  author:  "New  Units  in  Aerology,"  Physical  Review, 
N.S.,  Vol.  VI.,  No.  6,  December,  1915;  "Comparative  Accuracy  of  Whirled 
Psychrometer,"  etc.,  Phys.  Rev.,  February,  1918. 

The  Thermal  Expansion  of  Living  Tree  Trunks.^ 

By  C.  C.  Trowbrtogb  (dbcbasbd)  and  Mabel  Wbo.. 

THE  transverse  coefficient  of  expansion  of  living  tree  trunks  has  been  found 
to  be  extremely  large  below  0®  C.  and  very  much  smaller,  i.  e.,  of  about 
the  order  of  the  coefficient  of  expansion  of  dead  wood,  above  that  temperature. 
In  the  longitudinal  direction  a  small  expansion  with  rise  of  temperature  was 
noted  above  the  freezing  point  while  an  equally  small  expansion  with  fall  of 
temperature  was  measured  below  that  point.  When,  however,  the  temperature 
fell  to  about  —18®  C,  a  slight  contraction  with  fall  of  temperature  was  ob- 
served. This  behavior  indicates  the  presence  of  two  processes  superposed, 
one  a  thermal  coefficient  of  expansion,  the  other  a  physiological  or  cellular 
expansion.  A  lag  of  the  transverse  expansions  and  contractions  behind 
temperature  changes,  also  points  to  the  same  conclusion. 

>  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 
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Pyrometer  Absorption  Glasses.^ 

By  Paul  D.  Foote,  C.  O.  Fairchild  and  F.  L.  Mohlbr. 

THE  proper  methods  of  using  absorption  glasses  and  the  choice  of  a  suitable 
absorption  glass  for  extending  the  high  temperature  scale  are  questions 
of  considerable  importance.  The  calibration  of  an  absorption  glass  is  given 
by  the  formula 

i/e  -  1/5  -  i4, 

where  6  is  the  absolute  temperature  of  a  black  body,  S  the  absolute  observed 
temperature  with  the  absorption  glass  in  place  and  A  is  in  general  a  function  of  6. 
A  glass  is  described  for  which  i4  is  a  constant.  Various  methods  of  deter- 
mining A  are  given.  The  use  of  two  absorption  glasses  together  is  discussed 
and  several  theorems  are  developed  in  regard  to  effective  wave-lengths  of 
colored  glasses,  effective  wave-length  when  sighted  on  non-black  radiators, 
etc.  A  synopsis  of  the  paper  will  appear  in  the  Journal  of  the  Optical  Society 
and  the  complete  paper  will  be  published  in  the  Bulletin  of  the  Bureau  of 
Standards. 


The  Measurement  of  Small  Alternating  Currents  by  Means  of  a 

Rayleigh  Resonator.^ 

By  F.  R.  Watson. 

THE  resonator  consisted  of  a  brass  cylinder  closed  at  one  end  by  a  telephone 
receiver  and  open  at  the  other  end  through  a  small  tube  in  which  a 
Rayleigh  disc  was  susp>ended  by  a  quartz  fiber.  Alternating  currents  sent 
through  the  telephone  receiver  set  up  vibrations  of  the  air  in  the  cylinder  that 
caused  the  disc  to  rotate,  the  amount  of  rotation  being  noted  by  the  deflection 
of  a  beam  of  light  reflected  from  the  disc.  A  iio-volt,  60-cycle  alternating 
current  gave  readable  deflections  for  currents  of  the  magnitude  of  i  X  io~* 
amperes.     Later  experiments  indicated  a  greater  sensitivity. 

Various  modifications  of  the  apparatus  were  tested.  A  double  resonator 
was  made  of  two  resonators  similar  to  the  one  described  connected  by  a  tube 
with  the  Rayleigh  disc  in  the  center  of  the  connecting  tube.  This  arrangement 
allowed  the  use  of  two  telephones  and,  being  closed  from  the  outside  air,  elimi- 
nated almost  entirely  the  effect  of  extraneous  sounds.  An  ordinary  Bell 
telephone  arrangement  of  a  transmitter,  dry  cell,  induction  coil  and  receiver 
gave  deflections  for  speech  and  musical  sounds.  Sensitiveness  was  increased 
by  tuning  the  resonators  and  the  electrical  circuit  to  the  source  of  sound. 
The  frequencies  of  the  currents  ranged  from  60  to  1,200  per  second. 

Univbrsity  of  Illitois, 
December  i,  1918. 
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An  Addition  to  the  Theory  op  the  Quadrant  Electrometer.^ 

By  a.  H.  Compton  and  K.  T.  Compton. 

THE  ordinary  theory  of  the  quadrant  electrometer  is  extended  to  take 
account  of  a  tilt  of  the  needle  about  its  long  axis,  a  vertical  displace- 
ment of  one  pair  of  quadrants  with  resp>ect  to  the  other  by  an  amount  5  and  a 
vertical  displacement  of  the  needle  from  its  position  of  symmetry  by  an  amount 
p.  Under  these  conditions,  if  the  slope  of  the  tilted  needle  is  5,  the  torque  due 
to  electrical  forces  is 


T^Kx  V{v^  -  ri)  +  F«  (Kt^e  +  K,+K,^^^  , 


(I) 


neglecting  terms  of  second  and  higher  order  of  small  quantities.     Here  V  is 
the  potential  of  the  needle,  Vi  and  vt  are  the  potentials  of  the  two  pairs  of 
quadrants,  h  is  the  height  of  the  quadrants,  R  is  the  radius  of  the  needle  and  B 
is  the  deflection. 
The  terms 


(ir.  +  ir.^)p 


cause  the  deflection  usually  observed  when  the  needle  is  charged.  By  suitably 
adjusting  6  or  p  these  terms  may  be  made  to  cancel.  Then  the  remaining 
terms  are  balanced  against  the  torque  Ki0  from  the  suspension,  giving 

KiVigvt  -  V,)  =  ( iT,  -  Kt^v^)  ^;  W 

whence  the  sensitiveness  is 

5.-? ^iL^.  (3) 

By  suitably  adjusting  5,  B  and  V,  the  magnitude  and  sign  of  the  second  term 
in  the  denominator  may  be  varied  within  wide  limits  permitting  a  range  of 
sensitiveness,  theoretically  from  zero  to  infinity,  to  be  obtained  with  any  given 
suspension. 

A  model  of  an  electrometer  designed  to  take  advantage  of  these  considerations 
is  demonstrated. 

Permanent — Contact  Crystal  Detectors.* 

By  Louisb  S.  McDowell. 

THE  following  investigation  of  possible  methods  of  securing  a  permanent, 
contact  crystal  detector  was  initiated  by  a  request  from  the  Signal  Corps 
to  the  Bureau  of  Standards  to  investigate  a  method  proposed  by  Second  Lieu- 
tenant Henri  Lauer.  His  proposal  to  secure  a  permanent  multiple-contact  crys- 
tal detector  by  alternating-current  electrolysis  was  based  upon  the  hypothesis 
that,  when  immersed  in  an  electrolyte,  the  rectifying  action  of  the  crystal  would 
permit  current  to  flow  in  only  one  direction  through  the  sensitive  areas  and  that 
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upon  these  areas  alone  there  should  be  a  deposit  of  the  metal  since  the  flow  of 
current  in  both  directions  through  the  insensitive  areas  would  prevent  deposi- 
tion. To  the  deposits  upon  the  sensitive  areas  permanent  contact  could  then 
be  made  by  direct-current  electrolysis  or  otherwise. 

Audibility  tests  made  upon  two  or  more  detectors  in  parallel  and  upon  single 
crystals  with  contacts  in  parallel  to  two  or  more  sensitive  areas  indicated  that 
no  gain  in  loudness  of  signal  was  to  be  expected  from  the  use  of  multiple  con- 
tacts. Crystals  were  further  divided  into  three  classes  according  to  the  direc- 
tion of  flow  of  the  rectified  current.  Class  i,  in  which  the  direction  of  the 
current  was  usually  from  point  to  crystal,  included  molybdenite,  zindte, 
chalco-pyrites,  iron  pyrites,  and  bornite.  Class  2,  in  which  the  direction  of 
current  flow  varied  from  one  sensitive  point  to  another  on  the  same  crystal, 
included  carborundum,  approximately  fifty  per  cent,  of  the  specimens  of 
silicon  tested  and  one  or  two  specimens  of  galena  and  molybdenite.  Class  3, 
in  which  the  direction  of  the  current  was  usually  from  crystal  to  point  included 
galena  and  fifty  per  cent,  of  the  silicon  tested. 

Alternating-current  electrolysis,  with  currents  of  60  cycles  and  of  radio 
frequency,  was  tried  with  crystals  of  class  i.  A  few  adherent  deposits  of 
copper  were  obtained,  but  results  indicated  that  these  were  due  to  accidental 
causes,  not  to  rectification  by  the  crystal  since  (i)  only  a  few  of  the  sensitive 
spots  were  coated,  (2)  there  were  many  insensitive  deposits,  (3)  lack  of  perfect 
adhesion  between  deposit  and  crystal  increased  the  sensitiveness  when  contact 
was  made  to  the  deposit. 

With  galena,  of  class  3,  an  attempt  was  made  to  secure  a  metallic  deposit 
upon  the  sensitive  spots  by  cathode  sputtering,  using  an  alternating  discharge 
and  making  the  crystal  one  electrode.  Results  indicated  that  under  these 
conditions  no  rectification  occurs  of  a  nature  to  permit  deposition  upon  the 
sensitive  areas  of  the  crystal. 

Further  attempts  to  obtain  a  fixed,  sensitive  contact  by  the  use  of  direct- 
current  electrolysis,  by  soldering,  and  by  welding  proved  unsuccessful  with  the 
more  sensitive  cr3rstals  such  as  galena  and  silicon  although  partially  successful 
with  molybdenite  and  carborundum.  The  results  point  to  the  necessity  of  a 
high  resistance  at  the  contact  and  suggest  that  with  the  more  sensitive  crystals 
the  only  satisfactory  permanent-contact  detector  will  be  one  with  a  mech- 
anically maintained,  high  resistance  contact. 

BuRBAU  OF  Standards, 
Washington,  D.  C. 

Are  the  Frequencies  in  the  K  Series  op  X-rats  the  Highest  Frequen- 
cies Characteristic  of  Chemical  Elements?^ 

By  William  Duanb  and  Takbo  Shimizu. 

A  NUMBER  of  investigators  have  found  experimental  evidence,  which 
they  interpreted  as  indicating  the  existence  of  radiation  or  absorption 
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characteristic  of  a  chemical  element,  and  of  higher  frequency  than  those  of  its 
K  series  of  X-rays.  On  the  other  hand  curves  have  been  published  showing 
the  emission  of  X-rays  by  chemical  elements  such  as  rhodium  and  molybdenum, 
which  include  rays  in  the  general  X-radiation  up  to  frequencies  50  per  cent, 
and  75  per  cent,  greater  than  those  of  the  K  radiation  and  these  curves  furnish 
no  evidence  of  the  existance  of  characteristic  rays  of  higher  frequency  than  the 
K  absorption  frequency. 

In  this  paper  we  wish  to  report  to  the  society  the  results  of  experiments  on 
the  X-rays  emitted  by  an  aluminium  target.  The  wave-lengths  of  the  X-rays 
that  we  have  examined  fie  between  .1820  X  io~'  cm.  and  1.259  X  io~'  cm. 
This  is  the  portion  of  the  X-ray  spectrum  usually  obtained  from  an  ordinary 
X-ray  tube  excited  by  a  difference  of  potential  of  71,200  volts.  Such'  a  dif- 
ference of  potential  does  not  produce  X-rays  shorter  than  .1820  X  io~*  cm. 
and  rays  longer  than  about  1.26  X  io~*  cm.  are  almost  completely  absorbed 
by  the  glass  walls  of  the  tube.  In  order  to  investigate  such  long  waves,  specially 
constructed  tubes  must  be  employed. 

As  the  shortest  wave-length  in  the  K  series  of  aluminium  is  7.98  X  lO"'  cm., 
the  range  of  frequencies  in  our  experiments  extends  from  6.34  to  43.8  times  the 
highest  frequency  in  this  K  series. 

In  making  the  measurements  we  used  the  apparatus  described  in  the  Physi- 
cal Review  for  December,  1917,  p.  624.  This  consisted  of  an  X-ray  spec- 
trometer with  a  calcite  crystal,  the  beams  of  X-ray  being  defined  by  two  slits 
in  lead  blocks,  which  lay  between  the  X-ray  tube  and  the  spectrometer.  The 
current  through  the  tube  came  from  a  high  tension  transformer  connected  to  a 
system  of  kenotrons  and  condensers,  which  produced  approximately  a  constant 
voltage.  During  part  of  the  work  the  difference  of  potential  amounted  to 
53,200  volts  and  during  the  rest  of  it,  to  71,200  volts.  The  X-ray  tube  (kindly 
furnished  us  by  Dr.  W.  D.  Collidge)  was  similar  to  the  ordinary  Coolidge  tube, 
except  that  an  aluminium  target  replaced  the  usual  tungsten  target. 

The  curves  obtained  by  platting  the  ionization  currents  against  the  grazing 
angles  of  incidence  are,  within  the  errors  of  measurement,  smooth  curves 
without  such  prominences  as  indicate  characteristic  rays,  except  at  the  follow- 
ing points: 

(a)  Near  the  angles  corresponding  to  X  =  .622  X  io~'  cm.  and  X  ««  .709 
X  io~*  appears  a  pair  of  well  defined  prominences,  indicating  characteristic 
radiation  amounting  to  2  per  cent,  and  5  per  cent,  of  the  general  X-radiation. 
These  are  undoubtedly  due  to  the  characteristic  K  radiation  of  molbydenum, 
the  wave-lengths  of  the  fi  and  a  lines  of  which  are  .641  X  io~'  cm.  and  .716  X 
io~*  cm.  respectively,  as  given  by  Wooton.* 

(b)  There  are  also  prominences  near  the  angles  corresponding  to  X  »  .975 
X  10"'  cm.  X  =  1. 18  X  io~'  cm.  These  lie  very  close  to  the  j9  and  a  lines  in 
the  L  series  of  lead.  According  to  Siegbahn  and  Friman's  tables  the  wave- 
lengths of  the  strong  fi  and  a  lines  in  the  L  series  of  lead  are  X  =  .981  X  io~' 
cm.,  and  X  =  1.17  X  lo""*  cm. 

»  Physical  Review,  January,  1918. 
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Part  of  the  Coolidg^  cathode  in  the  X-ray  tube  consists  of  metallic  molyb- 
denum so  that  the  presence  of  the  molybdenum  lines  may  be  accounted  for 
either  as  coming  from  a  thin  layer  of  metallic  molybdenum  deposited  on  the 
target  during  the  construction  of  the  tube,  or  else  as  the  result  of  secondary 
radiation  from  the  molybdenum  in  the  cathode  producing  tertiary  radiation 
from  the  target. 

The  lead  lines  undoubtedly  are  due  to  secondary  radiation  from  the  lead 
blocks  containing  the  slits  through  which  the  X-rajrs  passed  before  reaching 
the  spectrometer. 

If  the  voltage  applied  to  an  X-ray  tube  lies  considerably  above  that  required 
to  produce  the  characteristic  rays  of  its  target  (as  is  the  case  here  with  molyb- 
denum and  lead)  I  the  characteristic  radiation  is  many  times  more  intense 
than  the  general  radiation  in  its  neighborhood.  Further  molybdenum  and 
lead  are  far  more  efficient  radiators  than  aluminium  is  (their  atomic  num- 
bers being  much  higher,  47  and  82  respectively  instead  of  13  for  alumi- 
nium). 

In  addition  to  these  prominences  there  appears  a  sharp  break  in  the  ioniza- 
tion curve  at  an  angle  corresponding  to  X  =  .3727  X  X~*  cm.  which  is  the 
characteristic  ionization  wave-length  of  iodine.  This  break  is  due  to  the  fact 
that  methyl-iodide  was  used  as  the  gas  in  the  ionization  chamber.  To  make  sure 
that  no  radiation  characteristic  of  aluminium  occurs  near  this  wave-lengthy 
we  removed  the  methyl-iodide,  and  refilled  the  ionization  chamber  with 
ethyl-bromide.  Under  these  conditions  no  prominence  nor  break  appears  in 
the  curve  near  X  «  .3727  X  io~'  cm. 

We  conclude,  therefore,  that  aluminium  possesses  no  characteristic  radiation 
within  the  range  of  wave-lengths  examined. 


The  Spectral  Photo-electric  Sensitivity  of  Silver  Sulphide.* 

By  W.  W.  Coblsntz  and  H.  KAm.B% 

BOTH  the  natural  mineral  acanthite  and  a  laboratory  preparation  by  Mr. 
G.  W.  Vinal,  were  examined.  The  latter  material  which  was  hammered 
into  a  thin  plate,  was  found  insensitive  photo-electrically,  at  room  temperature, 
but  at  — 157^  C.  a  sharp  maximum  of  photo-electrical  sensitivity  was  observed 
for  radiations  of  wave-length  X  »  1.05 /i. 

At  room  temperatures  the  natural  crystalline  mineral  differs  from  other 
photoelectrically  sensitive  substances  studied  in  that  the  photo-electric  response 
becomes  fatigued  and  after  an  exposure  of  2  to  3  seconds  to  light,  the  positive 
resistance  change  (galvanometer  deflection)  begins  to  be  effective.  For  un- 
limited exposure,  the  galvanometer  deflection  returns  to  about  one  fourth  of  its 
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maximum  deflection.  On  removing  the  light  stimulus,  the  galvanometer 
gives  a  negative  deflection,  which  in  the  course  of  a  few  minutes  returns  to  the 
original  zero  scale  reading.  In  other  words,  the  change  in  resistance  of  the 
crystal  when  exposed  to  radiation,  is  first  negative  then  positive,  the  resultant 
change  being  negative  and  roughly  one  fourth  the  original  change.  At  low 
temperatures,  —158^  C,  this  polarization  phenomenon  disappears,  and  the 
response  to  radiation  is  the  same  as  that  of  other  substances,  e,  g.,  selenium 
and  molybdenite. 

At  room  temperature,  acanthite  has  a  maximum  of  photo-electrical  sensitivity 
for  radiations  of  wave-length  X  «  1.35  M  with  a  region  of  high  sensitivity  at 
0.8  to  I  /i. 

At  —158*  C.  the  sensitivity  curve  is  quite  symmetrical  with  a  maximum  at 

1.2  fi.     Mechanical  working  of  the  crystal  (hammering  it  into  a  thin  plate) 

has  a  marked  effect  upon  this  maximum  which,  in  one  sample,  occurred  at 

1.13/i  to  1.23 /i,  depending  upon  the  amount  of  hammering  the  crystal  had 

undergone. 

Bureau  of  Standards. 
Washington.  D.  C, 
February  5.  1919. 


The  Crystal  Structure  of  Carborundum.^ 

By  a.  W.  Hull. 

IN  the  December  number  of  the  Journal  of  the  American  Chemical  Society 
Burdick  and  Owen  have  described  experiments  on  the  crystal  structure  of 
carborundum.  They  conclude  that  the  structure  is  like  that  of  diamond,  with 
half  of  the  carbon  atoms  replaced  by  silicon,  with  this  exception,  that  the  car- 
bon atoms  are  not  in  the  centers  of  the  tetrahedra  formed  by  the  silicon  atoms, 
but  are  displaced  toward  the  apices  of  the  tetrahedra,  corresponding  to  a  lack 
of  symmetry  in  the  catbon  atom  for  which  we  have  no  other  evidence.  Their 
conclusions  are  based  entirely  upon  the  relative  intensities  of  the  X-ray  reflec- 
tions, and  their  calculations  are  made  in  exactly  the  same  manner  as  those  of 
the  Braggs  on  calcite  and  similar  crystals.  It  is  assumed  that  the  scattering 
electrons  of  each  atom  are  all  concentrated  at  the  center  of  the  atom,  and  that 
some  undefined  cause  produces  a  "normal"  fall  of  intensity  in  successive  orders 
represented  by  the  numbers  100,  20,  7  and  4.  The  variations  from  this  normal 
fall  of  intensity  are  the  basis  of  the  conclusions  drawn  regarding  the  positions 
of  the  atoms. 

Inasmuch  as  the  assumptions  on  which  this  analysis  is  based  are  certainly 
not  valid,  it  seemed  worth  while  to  investigate  what  variations  in  intensity 
might  be  expected  from  a  perfect  diamond  lattice,  composed  of  atoms  having 
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stationary  electrons  in  cubical  arrangement,  such  as  have  been  found  to  ac- 
count for  the  intensities  of  the  reflection  observed  in  diamond  and  crystal 
silicon  respectively.  The  only  assumptions  made  are  that  the  electrons 
are  fairly  stationary  in  the  positions  specified ,  and  that  they  scatter  X-rays 
independently  according  to  classical  electromagnetic  theory. 

In  order  to  make  the  conclusions  as  definite  and  free  from  arbitrary  assump- 
tions as  possible,  the  C  atom  is  assumed  to  have  exactly  the  same  size  and  shape 
as  in  diamond,  namely,  two  electrons  very  near  the  nucleus,  and  four  electrons 
at  the  opposite  (tetrahedral)  corners  of  a  cube  at  distances  of  .77  aengstroms 
from  the  nucleus;  and  the  silicon  atom  to  be  exactly  as  in  crystal  silicon^ 
except  that  its  four  outer  electrons  are  drawn  in  about  seven  per  cent.  It  has 
two  electrons  very  near  the  nucleus,  eight  at  the  corners  of  a  cube  at  distances 
of  .15  aengstroms  from  the  nucleus,  and  the  remaining  four  at  opposite  (tet- 
rahedral) corners  of  a  larger  cube  at  distances  of  1.12  aengstroms  from  the 
center.  The  atoms  are  assumed  to  be  all  similarly  oriented,  with  the  axes  of 
their  cubes  parallel  to  the  crystalographic  axis  of  the  carborundum  crystal 
(assumed  cubic).  The  calculations  are  made  in  a  manner  exactly  analogous 
to  that  of  the  Braggs,  applying  Darwin's  formula  to  single  electrons. 

The  following  table  gives  the  intensities  calculated  in  this  way  for  the  dif- 
ferent reflections  observed  by  Burdick  and  Owen. 

The  agreement  with  the  expedmental  values  is  as  good  as  the  data  warrants, 
and  is  fully  as  good  as  in  Burdick  and  Owen's  calculations.  When  more  exact 
experimental  data  is  available  it  will  probably  be  found  that  the  arrangement 
of  electrons  in  exact  cubes  as  assumed  above  is  not  correct,  but  that  these 
cubes  are  distorted,  at  least  slightly,  by  the  forces  of  attraction  holding  the 
atoms  together. 

The  facts  which  it  is  desired  to  emphasize  here  are  (i),  that  the  as- 
sumption of  simple  cubical  atoms,  that  is,  atoms  composed  of  a  nucleus 
surrounded  by  stationary  electrons  in  cubical  arrangement,  accounts  com- 
pletely for  the  observed  variation  in  the  intensity  of  the  reflections  of  different 
orders  in  the  case  of  ''normal"  planes.  (2)  that  in  the  case  of  carborundum 
this  "shape  factor"  is  capable  of  explaining  completely  the  observed  variations 
from  the  "normal"  intensity,  without  assuming  any  lack  of  symmetry  in  the 
arrangement  of  the  atoms. 

The  structure  of  carborundum  may  therefore  be  considered,  as  far  as  our 
present  information  goes,  to  be  a  lattice  exactly  like  that  of  diamond,  in  which 
half  the  carbon  atoms,  that  is,  those  belonging  to  one  of  the  two  face-centered 
cubic  lattices,  are  replaced  by  silicon.  Each  carbon  atom  is  surrounded  by 
two  electrons  very  near  its  center,  plus  8  equidistant  electrons,  four  of  its  own 
and  one  each  from  the  four  surrounding  silicon  atoms  along  the  four  "chemical 
bonds"  joining  these  silicon  atoms  to  the  carbon.  These  eight  electrons  form 
an  exact  cube  of  side  .89  A.  around  the  carbon  atom.  Each  silicon  atom  has 
two  electrons  very  near  its  center,  surrounded  by  eight  electrons  in  a  cube  of 
side  .17  aengstroms,  surrounded  in  turn  by  the  four  above  mentioned  electrons 
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in  tetrahedral  arrangement,  on  the  lines  joining  it  to  the  four  nearest  carbon 
atoms.  The  distance  of  these  outer  four  electrons  from  the  center  of  the 
silicon  atom  is  1.12  aengstroms.  This  is  slightly  less  than  their  distance, 
1.20  aengstroms,  from  the  centers  of  silicon  atoms  in  crystal  silicon.  In 
other  words,  the  atoms  of  carbon  and  silicon  are  about  4  per  cent,  closer  to 
each  other  in  carborundum  than  would  be  obtained  by  packing  together  carbon 
and  silicon  atoms  of  the  exact  size  and  shape  as  found  in  diamond  and  crystal 
silicon.  This  closer  approach  should  correspond  to  the  chemical  stability  of 
carborundum  as  compared  with  diamond  and  silicon.  For  simplicity,  it  has 
been  assumed  in  the  above  calculations  that  the  carbon  atom  maintained  its 
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exact  size,  the  shrinkage  being  attributed  entirely  to  the  silicon  electrons  as 
being  the  more  mobile. 
February  14,  1919. 

A  Possible  Relation  between  the  Resonance  Potential  and  Specific 
Inductive  Capacity  op  a  Metallic  Vapor  and  its  Properties  in  the 

Solid  State.* 

By  K.  T.  Compton. 

RECENT  discoveries  have  shown  that  the  long  wave-length  limit  of  pho- 
toelectric sensitiveness  of  a  metal  is  greater  in  the  solid  than  in  the  vapor 
state.  In  other  words,  the  energy  required  to  liberate  an  electron  from  an 
atom  of  the  vapor  is  greater  than  that  required  to  liberate  an  electron  from  a 
metal.  However  the  work  required  to  extract  an  electron  from  the  metal  is 
strikingly  similar  to  that  required  to  produce  the  ''single  line"  spectrum  of 
the  vapor.  A  table  is  given  showing  the  degree  to  which  these  quantities  are 
identical,  from  which  it  appears  that  in  the  case  of  a  majority  of  the  metals 
the  discrepancies  fall  within  the  limits  of  experimental  error.  Theoretical 
considerations  indicate  that  exact  coincidence  would  not  be  expected  even  if 
the  relation  suggested  were  true. 

If  this  relation  is  true,  it  is  suggestive  of  interesting  speculations  regarding 
the  condition  of  the  electrons  in  a  metal.  It  would  appear  that  the  atoms 
retain  practically  the  same  structure  as  in  the  vapor  state  as  far  as  the  equi- 
librium orbits  lying  within  that  orbit  involved  in  the  production  of  the  single 
lined  spectrum  are  concerned,  but  that  an  electron  outside  this  orbit  becomes 
a  "free  electron"  in  that  it  is  not  subject  to  appreciable  attractions  from  the 
parent  atom.  Thus  the  work  required  to  extract  an  electron  from  a  metal  is 
very  nearly  that  required  to  withdraw  it  from  the  "single  line"  orbit  to  the 
one  next  outside.  These  considerations  are  highly  speculative  at  present, 
though  it  would  not  be  surprising  if  an  attempt  to  apply  the  Bohr  theory  of 
the  atom  to  solids  would  yield  fruitful  results. 

Attention  is  also  called  to  the  fact  the  argument  used  by  the  writer  to  derive 
the  ionizing  potential  of  a  gas  in  terms  of  the  specific  inductive  capacity  of  the 
gas*  applies  equally  well  to  the  resonance  potential,  applying  to  whichever  has 
the  lower  value.  Recent  published  and  unpublished  data  on  ionizing  and 
resonance  potentials  and  absorption  spectra  are  shown  to  support  the  validity 
of  the  argument  as  a  first  approximation. 
Princeton  University. 

^  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Phsrsical  Society, 
March  i,  1919. 

'  Phys.  Rev.,  8,  p.  412,  1916. 
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The  Law  of  Absorption  of  High  Frequency  Radiation.* 

By  Arthur  H.  Compton. 
WENS*  law  for  the  absorption  of  X-rays,  that 


where  fi  is  the  mass-absorption  coefficient,  X  is  the  wave-length  and  k  a  con- 
stant, has  been  modified  by  Barkla  to  account  for  the  scattering  which  becomes 
important  at  very  high  frequencies.     In  his  expression, 

/i  =  ^aX»  +  <ro 

the  mass-scattering  coefficient  0*0  was  originally  considered  as  a  constant, 
having  the  value  0.2,  calculated  by  J.  J.  Thomson  on  the  usual  electron  theory. 
Barkla  and  White  have  recently  shown,  however,  that  this  quantity  must 
diminish  at  short  wave-lengths,  but  were  unable  to  suggest  any  reason  for  the 
decrease. 

If  the  electron  is  taken  as  a  ring  of  electricity  with  a  radius  comparable 
with  the  wave-length  of  very  hard  X-rays  and  V-rays,  the  mass-scattering 
coefficient  should  vary  according  to  the  expression  recently  proposed  by  the 
writer. 


/  a*  a*  a«  \ 

=  <ro(  I  -  29.61  j^,  +  5242^  -  5396 j^  +...). 


(I) 


where  <ro  is  the  mass  scattering  coefficient  as  calculated  by  Thomson,  and  a  is 
the  radius  of  the  electronic  ring.  At  the  same  time  the  true  or  fluorescent 
absorption  will  depend  upon  the  magnitude  of  the  action  of  the  incident  radia- 
tion upon  the  electron.  This  will  diminish  for  short  wave-Jengths,  since  in 
this  case  different  parts  of  a  wave  may  work  against  each  other  in  trying  to 
pry  an  electron  loose  from  its  fixed  position.  The  energy  absorbed  in  displacing 
an  electron  may  be  shown  to  be  proportional  to  w.  The  mass  absorption 
coefficient  may  therefore  be  represented  by 

pL^k^^Ii\*+<r,  (2) 

where  <r  is  the  function  of  afK  represented  by  equation  (i). 

This  expression  is  compared  with  the  experimental  values  for  the  absorption 
coefficient  of  aluminium  as  given  by  Hull  and  Rice,  Williams,  and  Bragg  and 
Pierce,  and  is  found  to  be  satisfactory,  especially  for  the  short  wave-lengths 
where  the  formulas  of  Owen  and  Barkla  fail. 

The  value  of  the  radius  of  the  electron  necessary  to  give  best  agreement  with 
the  experimental  values  is  1,85  X  10"^^  cm.  Unless  there  is  some  consistent 
error  in  the  measurements  of  Hull  and  Rice,  this  value  is  determined  within  a 
probable  error  of  about  5  per  cent. 

*  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 
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Collisions  of  Slow  Moving  Electrons  with  Nitrogen   Molecules.* 

By  S.  Karrer. 

THE  collisions  of  slow- moving  electrons  with  nitrogen  molecules  has  been 
studied  by  projecting  electrons  having  known  velocities  into  a  retarding 
electric  field  between  two  parallel  plate  electrodes.  The  variation  of  the 
current  between  the  electrodes  with  the  distance  between  them  indicates  that 
the  collisions  are  inelastic,  if  the  velocity  of  the  electrons  is  below  the  resonance 
velocity  and  the  number  of  collisions  per  second  is  not  too  great.  The  nature 
of  the  collisions  seems  to  be  somewhat  influenced  by  the  rapidity  with  which 
they  follow  each  other. 

No  traces  of  ionization  of  nitrogen  were  observed  with  electron  velocities  as 
high  as  ten  volts,  a  result  in  accord  with  the  recent  report  of  Davis  and  Goucher. 

A  plane  equipotential  source  of  electrons  was  used. 

Physical  Laboratory. 

UNrvERSiTY  OP  Illinois. 

The  Ionizing  Potentials  of  Argon,  Neon  and  Helium.* 

By  H.  C.  Rbntschlbr. 

THE  object  of  the  investigation  was  to  measure  the  ionizing  |>otentials  of 
these  gases  and  to  determine  whether  they  show  the  two  types  of 
inelastic  impAct  between  an  electron  and  an  atom  of  the  gas,  as  found  in  the 
case  of  the  metallic  vapors.  The  first  type  of  inelastic  impact  occurs  when  the 
colliding  electron  produces  a  displacement  of  an  electron  of  the  atom  without 
detaching  the  electron  from  the  atom  known  as  the  ''resonance  potential." 
The  second  type  of  inelastic  impact  occurs  when  the  colliding  electron  pro- 
duces ionization. 

The  test  for  "resonance  potential"  was  made  by  the  method  first  used  by 
Tate  in  his  work  on  mercury  vapor. 

The  ionizing  |>otentials  were  measured  by  Lenard's  method,  and  also  by 
measuring  the  current  between  a  hot  tungsten  filament  and  a  surrounding 
cylinder  as  a  function  of  the  potential  between  the  cylinder  and  filament. 

Argon  was  found  to  have  a  resonance  potential  of  about  12  volts  and  an 
ionizing  potential  of  about  17  volts. 

Neon  shows  no  resonance  potential.  The  ionizing  |>otential  was  found  to  be 
about  21  volts  instead  of  16  as  determined  by  Franck  and  Hertz.  This  dif- 
ference is  probably  due  to  the  greater  purity  of  the  neon  used  in  the  present 
experiment. 

Helium  shows  no  ''resonance  potential."     The  ionizing  potential  was  found 

to  be  about  27  volts  instead  of  20  volts  as  found  by  Franck  and  Hertz,  Powlow, 

and  Bazzoni.     This  value  is  in  close  agreement  with  Bohr's  theory  and  also 

with  the  value  calculated  by  the  quantum  theory  from  the  limit  of  the  helium 

spectrum  measured  by  Richardson  and  Bazzoni. 

>  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 
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Experiments  are  described  showing  the  probable  cause  for  the  difference 

between  the  present  and  former  values. 

Rbsbarch  Laboratory, 

Wbstinghoxjsb  Lamp  Company. 


Note  on  the  Use  of  the  Hot  Cathode  Vacuum  Tube  for  the  Measure- 
ment of  Voltage.^ 

By  Lyndb  p.  Wheeler. 

1.  Methods  Employed, — Two  general  schemes  of  connection  have  been  tried. 
In  one  the  voltage  to  be  measured  is  applied  between  the  grid  and  the  filament 
of  a  three  element  tube  and  the  change  thus  produced  in  the  plate  current 
observed.  In  the  o  ther,  the  voltage  is  introduced  between  the  plate  and  fila- 
ment of  a  two  element  tube  and  the  resulting  change  in  plate  current  measured. 
A  third  method  (for  higher  voltages)  in  which  the  voltage  is  applied  between 
the  plate  and  filament  of  a  three  element  tube  and  the  change  in  grid  current 
measured,  is  still  under  investigation. 

2.  Results  Obtained, — Using  the  first  of  the  above  methods  it  has  been 
found  possible  to  devise  a  compact  portable  apparatus  which  serves  satis- 
factorily for  the  measurement  of  low  voltages  (up  to  50  volts)  in  A.C.  circuits 
of  any  frequency.  Such  voltmeters  are  in  every  day  use  in  the  high  frequency 
laboratory  of  the  Sloane  Laboratory  at  Yale  University.  By  the  second  method 
somewhat  higher  voltages  can  be  measured,  and  it  is  hoped  by  means  of  the 
third  to  extend  the  range  still  further.  Only  the  results  obtained  by  the  first 
method  are  discussed  in  this  note.  These  instruments  have  been  found  to 
hold  their  calibration  well,  are  not  too  complicated  in  their  manipulation  to  be 
put  into  the  hands  of  electrical  engineering  seniors,  and  if  properly  used  their 
indications  can  be  made  independent  of  wave  form  as  well  as  frequency. 

3.  Details  of  Operation, — Only  the  smaller  sizes  of  the  high  vacuum  tube 
used  for  sending  and  receiving  in  radio  have  been  tried.  The  best  plate  and 
grid  potentials  to  use  vary  with  the  characteristic  of  the  particular  tube. 
They  are  determined  (fl)  by  the  condition  that  the  grid  current  must  be  kept 
very  small  in  order  not  to  draw  appreciable  energy  from  the  circuit  in  which 
the  voltage  is  being  measured ;  (b)  by  the  sensibility  of  the  instrument  used  to 
measure  the  plate  current;  (c)  by  whether  it  is  desired  to  make  the  scale  of  the 
instrument  uniform  when  calibrated  in  volts.  The  first  condition  necessitates 
in  general  a  negative,  zero  or  at  most  a  small  positive  grid  potential.  A  con- 
siderable range  in  the  choice  of  plate  potential  in  no  way  affects  the  usefulness 
of  the  contrivance  (provided  the  plate  current  does  not  surpass  that  at  the 
upper  bend  of  the  characteristic)  and  enables  the  second  and  third  conditions 
to  be  met.  Any  device  for  flattening  out  the  characteristic  which  does  not 
introduce  inductance  in  the  palte  circuit  will  aid  in  meeting  the  third  condition. 

^  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Phs^lcal  Society, 
March  i,  1919. 
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If  care  is  taken  to  keep  the  variations  of  plate  current  within  the  limits  of 
the  straight  portion  of  the  characteristic  of  the  tube,  the  calibrated  scale  is 
linear.  Also  since  under  these  conditions  there  is  no  distortion,  the  impressed 
voltage  wave  form  will  be  faithfully  reproduced. 

The  calibration  must  be  carried  out  on  a  low  frequency  A.C.  circuit.  For 
measurements  up  to  five  volts,  using  tubes  such  as  the  VT-i  or  V  T-ii,  it  has 
been  found  satisfactory  to  work  with  the  grid  at  zero  and  the  plate  at  one  and  a 
half  volts  in  connection  with  a  microammeter  having  a  full  scale  reading  of  120. 
With  these  values  of  the  grid  and  plate  potentials  the  scale  is  not  quite  uniform, 
nor  are  the  readings  independent  of  wave  form.  The  compensating  advantages 
are  simplicity  and  that  owing  to  the  rectifying  action  of  the  tube  when  so  used 
no  thermocouple  is  needed. 

4.  Limitations. — ^These  are  of  two  kinds.  The  first  is  that  imposed  by  the 
necessity  of  using  two  auxiliary  batteries.  This  restricts  the  portability  of  the 
contrivance  and  of  course  it  is  essential  that  each  battery  should  yield  a  strictly 
constant  current.  The  second  lies  in  the  variability  of  the  tubes  commercially 
available.  Each  tube  requires  individual  adjustment,  although  once  a  good 
tube  has  been  selected  and  the  working  potentials  properly  adjusted  its  indi- 
cations seem  to  be  reliable  for  the  best  part  of  the  life  of  the  filament.  Until 
the  manufacture  of  tubes  has  been  better  standardized  however,  this  variability 
is  a  distinct  handicap  to  the  use  of  these  methods  of  measuring  voltage. 

An  Interferential  Method  for  Measuring  the  Expansion  of  very 

Small  Samples.^ 

By  C.  G.  Petbrs  and  Irwin  G.  Priest. 

THIS  paper  describes  an  interferential  method  for  measuring  accurately 
the  thermal  expansion  of  samples  even  much  smaller  than  can  be  used 
in  the  Fizeau  interferential  method,  which  requires  three  similar  pins,  usually 
about  ten  millimeters  long  or  a  homogeneous  ring  about  forty  millimeters  in 
diameter  and  usually  ten  millimeters  long  in  the  direction  of  the  measured 
expansion.  Data  are  presented  relating  to  single  samples  about  five  milli- 
meters in  cross  section  and  ten  millimeters  in  the  direction  of  the  measured 
expansion.     Even  smaller  samples  may  be  used  if  necessary. 

The  essential  novelty  of  the  method  lies  in  the  fact  that  measurements  are 
made  on  the  change  in  width  instead  of  the  displacement  of  interference  fringes. 
For  a  fuller  explanation  of  this,  the  complete  paper  must  be  consulted. 

The  new  method  yields  results  of  the  same  accuracy  as  the  Fizeau  method 
while  it  has  the  following  advantages  over  the  latter: 

1.  Only  one  small  pin  is  needed  for  a  sample. 

2.  Contact  errors  are  decreased  and  the  error  due  to  creeping  of  the  cover 

plates  is  eliminated. 

^  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society* 
March  i,  X9X9* 
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3.  The  computations  are  simplified  by  having  the  standard  and  sample 
nearly  equal  in  length. 

4.  The  trouble  o£  counting  the  fringes  while  the  temperature  is  changing  is 
eliminated  entirely. 

5.  The  correction  for  change  of  refractive  index  with  the  density  of  the  air 
is  eliminated  without  evacuating  the  container. 

6.  The  method  is  especially  advantageous  in  determining  small  differential 
expansions,  for  the  difference  in  expansion  of  small  samples  may  be  obtained 
directly  by  carrying  them  together  through  the  same  temperature  cycle. 

The  complete  paper  will  be  published  as  a  Scientific  Paper  of  the  Bureau  of 
Standards. 

BuRSAU  OP  Standards, 
Washington.  D.  C, 
February  14,  1919. 

The  Properties  of  the  Electron  as  Derived  from  the  Chemical 

Properties  of  the  Elements.^ 

By  Irving  Langmuir. 

IN  a  paper  soon  to  appear  in  the  Journal  of  the  American  Chemical  Society 
a  theory  of  the  arrangement  of  electrons  in  atoms  and  molecules  will  be 
given.  This  theory  explains  the  periodic  properties  of  all  the  elements  in- 
cluding those  of  the  eighth  group  and  the  rare  earths.  It  also  meets  with 
success  in  explaining  the  magnetic  properties  of  the  elements.  It  leads  to  a 
simple  theory  of  chemical  valence  applying  equally  well  to  polar  and  to  non 
polar  substances.  In  the  case  of  organic  compounds  the  results  are  identical 
with  those  of  the  ordinary  valence  theory,  but  with  oxygen,  nitrogen,  chlorine, 
sulphur  and  phosphorus  compounds  the  new  theory  applies  as  well  as  to  organic 
com|>ounds,  while  the  ordinary  valence  theory  fails  completely.  The  so-called 
physical  properties  such  as  boiling  points,  freezing  points,  electric  conductivity, 
etc.,  are  accounted  for  as  easily  as  the  chemical  properties.  The  arrangement 
of  electrons  even  in  molecules  of  nitrogen,  carbon  monoxide,  nitric  oxide  and 
cyanogen  is  worked  out  and  explains  the  properties  of  these  remarkable  sub- 
stances. 

The  theory  is  an  extension  of  Lewis*  theory  of  the  "cubical  atom."* 
The  very  satisfactory  agreement  between  this  theory  and  the  enormous 
number  of  experimental  data  of  organic  and  inorganic  chemistry  gives  great 
importance  to  the  postulates  underlying  the  theory  for  these  represent  the 
conditions  which  must  apparenly  be  fulfilled  if  the  properties  of  matter  are  to 
be  explained.  Thus  far  the  physicist  has  studied  the  electron  from  a  rather 
narrow  field  of  observation.  The  chemical  data  now  gives  much  additional 
information  about  the  electron,  some  of  which  seems  inconsistent  with  conclu- 
sions resulting  from  a  study  of  the  problem  by  physical  methods. 

^  Abstract  of  a  paper  preaented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 

*  Jour.  Amer.  Chem.  Soc.  3S,  762,  1916. 
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The  theory  is  based  on  the  following  postulates,  given  here  in  rather  incom- 
plete form. 

1.  The  electrons  in  atoms  are  either  stationary  or  rotate,  revolve  or  oscillate 
about  certain  definite  positions  in  the  atom.  In  the  most  stable  atoms,  namely 
those  of  the  inert  gases,  the  electrons  are  arranged  in  pairs  symmetrically 
placed  with  respect  to  a  plane  called  the  equatorial  plane.  No  electrons  lie 
in  this  plane.  There  is  an  axis  of  symmetry  (|>oiar  axis),  perpendicular  to  his 
plane,  through  which  four  secondary  planes  of  symmetry  pass  forming  angles 
of  45*  with  each  other.  The  atoms  as  a  whole  thus  have  the  symmetry  of  a 
tetragonal  crystal. 

2.  The  electrons  in  any  given  atom  are  distributed  through  a  series  of  con- 
centric (nearly)  spherical  shells,  all  of  equal  thickness.  Thus  the  mean  radii 
of  the  shells  form  an  arithmetic  series  i,  2,  3,  4,  and  the  effective  areas  are  in 
the  ratios  1:2*:  3*  4*. 

3.  Each  shell  is  divided  into  cellular  spaces  or  cells  occupying  equal  areas 
in  their  respective  shells  and  distributed  over  the  surface,  of  the  shells  according 
to  the  symmetry  required  by  postulate  i.  The  first  shell  thus  contains  2  cells, 
the  second  8,  the  third  18,  and  the  fourth  32. 

4.  Each  of  the  cells  in  the  first  shell  can  contain  only  one  electron,  but  each 
other  cell  can  contain  either  one  or  two  electrons.  All  the  inner  shells  must 
have  their  full  quotas  of  electrons  before  the  outside  shell  can  contain  any. 
No  cell  in  the  outside  layer  can  contain  two  electrons  until  all  the  other  cells 
in  this  layer  contain  at  least  one. 

The  inert  gases  are  those  in  which  all  the  cells  in  the  outside  shell  have  equal 
numbers  of  electrons.  Thus  according  to  the  first  four  postulates  helium  has 
two  electrons,  neon  has  ten,  argon  18,  krypton  36,  xenon  54,  and  niton  86. 
All  atoms  with  an  atomic  number  greater  than  that  of  helium  (2)  have  as  their 
first  shell  a  pair  of  electrons  close  to  the  nucleus.  The  line  connecting  the 
two  electrons  establishes  the  polar  axis  for  the  atom.  Neon  has  in  its  second 
shell  eight  electrons,  four  in  each  hemisphere  (*.  e.,  above  and  below  the  equa- 
torial plane),  arranged  symmetrically  about  the  polar  axis.  The  eight  electrons 
are  thus  nearly  at  the  comers  of  a  cube.  In  argon  there  are  eight  more  electrons 
in  the  second  shell.  In  all  elements  of  higher  atomic  number  the  second  shell 
is  like  that  in  argon.  Krypton  has  in  its  third  shell  nine  electrons  in  each 
hemisphere  symmetrically  placed  with  respect  to  the  polar  axis  and  to  the 
four  electrons  in  the  second  shell.  The  ninth  electron  in  each  hemisphere  goes 
into  the  polar  axis.  Xenon  is  like  krypton  except  that  it  has  twice  as  many 
electrons  in  its  third  shell.  Niton  has  sixteen  electrons  in  each  hemisphere  of 
its  fourth  shell.  These  are  easily  placed  symmetrically  with  respect  to  the 
polar  axis  and  the  eight  underlying  electrons. 

5.  Two  electrons  in  the  same  cell  do  not  repel  nor  attract  one  another  with 
strong  forces.  This  probably  means  that  there  is  a  magnetic  attraction 
(Parson's  Magneton  Theory)  which  nearly  counteracts  the  electrostatic  re- 
pulsion. 

6.  When  the  number  of  electrons  in  the  outside  layer  is  small,  the  arrange- 
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ment  of  the  electrons  is  determined  by  the  (magnetic?)  attraction  of  the  under- 
lying electrons.  But  when  the  number  of  electrons  increases,  especially  when 
the  layer  is  nearly  complete,  the  electrostatic  repulsion  of  the  underlying  elec- 
trons and  of  those  in  the  outside  shell  becomes  predominant. 

7.  This  postulate  refers  to  the  properties  of  atoms  and  need  not  be  considered 
here. 

8.  The  stable  and  symmetrical  arrangements  of  electrons  corresponding  to 
the  inert  gases  are  characterized  by  strong  internal  and  weak  external  fields 
of  force.     The  smaller  the  atomic  number,  the  weaker  the  external  field. 

9.  The  most  stable  arrangement  of  electrons  is  that  of  the  pair  in  the  helium 
atom.  A  stable  pair  may  also  be  held  by:  (a)  a  single  hydrogen  nucleus; 
(b)  two  hydrogen  nuclei;  (c)  a  hydrogen  nucleus  and  the  kernel  of  another 
atom;  (d)  two  atomic  kernels  (very  rare). 

10.  The  next  most  stable  arrangement  of  electrons  is  the  octet,  that  is,  a 
group  of  eight  electrons  like  that  in  the  second  shell  of  the  neon  atom.  Any 
atom  with  atomic  number  less  than  eighteen,  and  which  has  more  than  three 
electrons  in  its  outside  layer  tends  to  take  up  enough  electrons  to  complete  its 
octet, 

11.  Two  octets  may  hold  one,  two,  or  arometimes  three  pairs  of  electrons  in 
common.  One  octet  may  share  one,  two,  three  or  four  pairs  of  itf^  electrons 
with  one,  two,  three  or  four  other  octets.  One  or  more  pairs  of  electrons  in 
an  octet  may  be  shared  by  the  corresponding  number  of  hydrogen  nuclei. 
No  electron  can  be  shared  by  more  than  two  octets. 

The  results  obtained  by  the  use  of  these  postulates  are  so  striking  that  one 
may  safely  reason  that  the  results  establish  the  fundamental  correctness  of  the 
postulates. 

How  can  these  results  be  reconciled  with  Bohr's  theory  and  with  our  usual 

conception  of  the  electron?    It  is  too  early  to  answer.     Bohr's  stationary  states 

and  the  cellular  structure  postulated  above  have  many  points  of  similarity. 

It  seems  that  the  electron  must  be  regarded  as  a  complex  structure  which 

undergoes  a  series  of  discontinuous  changes  while  it  is  being  bound  by  the 

nucleus  or  kernel  of  an  atom.     There  seems  to  be  strong  evidence  that  an 

electron  can  exert  magnetic  attractions  on  other  electrons  in  the  atom  even 

when  not  revolving  about  the  nucleus  of  the  atom. 

Rbsbarch  Laboratory, 
General  Electric  Co.. 
Schenectady,  N.  Y. 

Some  Physical  Properties  of  Dental  Materials.^ 

By  C.  G.  Peters  and  W.  H.  Souder. 

IN  carrying  out  an  investigation  of  dental  amalgams,  the  following  properties 
are   being  considered:  thermal  expansivity,   dimensional  changes,   and 
crushing  strengths. 

>  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society. 
March  i,  1919. 
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Thermal  Expansion  Coefficients, — In  determining  the  thermal  expansion 
coefficients,  a  differential  interference  method,  was  adopted  as  the  most  accu- 
rate and  convenient. 

The  thermal  expansion  of  different  sections  of  teeth,  immersed  in  a  solution, 
determined  over  the  range  20  to  70  degrees  centigrade  were  approximately 
6.5x10"*  per  degree  centigrade  for  the  root  and  loXio"*  for  the  enamel. 

The  coefficient  of  a  specimen  of  synthetic  porcelain  tested  under  similar 
conditions  was  about  8  X  lo"*. 

Similar  tests  on  amalgams  showed  coefficients  from  24  to  28  X  lO"*.  The 
critical  point  near  75®  centigrade,  discovered  by  other  observers  while  making 
different  tests,  was  confirmed. 

This  differential  expansion  between  tooth  structure  and  amalgam,  amounting 
to  .2  micron  per  centimeter  per  degree  centigrade,  is  thought  to  be  worthy  of 
serious  consideration,  by  dental  clinicians. 

Dimensional  Changes  During  Amalgamation, — Samples  of  different  amalgams 
were  packed  in  a  mold  of  definite  shape  such  that  these  would  fit  the  inter- 
ferometer and  their  changes  measured  exactly  as  in  the  previous  case.  These 
samples  were  placed  in  position  in  a  few  minutes  after  amalgamation  and 
observations  taken  over  a  period  of  one  to  three  days. 

Curves  plotted  to  show  change  in  length  with  time  show  an  initial  contrac- 
tion which  lasts  about  20  minutes  and  is  thought  to  be  due  to  the  specimens 
returning  to  the  equilibrium  temperature.  This  contraction  is  followed  by  an 
expansion  of  from  4  to  8  microns  per  centimeter  at  the  end  of  3  hours.  Addi- 
tional changes  with  time  are  relatively  small. 

Flow  Under  Continuous  Pressure, — Subjecting  specimens  of  amalgam  to  a 
constant  pressure  of  about  3,000  pounds  per  square  inch  (beginning  48  hours 
after  amalgamation)  caused  a  flow  in  all  cases.  In  most  instances  this  was 
less  than  2  per  cent,  at  the  end  of  five  days.  In  some  cases  it  caused  a  change 
of  10  per  cent,  or  caused  a  rupture  of  the  material. 

It  is  thought  that  the  rate  of  application  of  pressure  modifies  the  crushing 
strength  quite  materially. 

The  Origin  of  the  General  Radiation  Spectrum  of  X-Rays.* 

By  David  L.  Webster. 

AT  a  meeting  of  this  society,  four  years  ago,  Duane  and  Hunt*  anfiounced 
the  experimental  proof  that  the  spectrum  of  X-rays  contained  no  fre- 
quencies above  the  value  whose  quantum  is  the  energy  of  a  cathode  ray;  and 
I  pointed  out*  the  fact  that  this  law  meant  that  the  old  pulse  theory  could  not 
hold,  but  that  the  general  radiation,  just  as  much  as  the  characteristic,  must 
consist  of  long  trains  of  continuous  waves.     Since  then  the  evidence  for  the 

>  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physdal  Society, 
March  i,  19x9. 

•  W.  Duane  and  F.  H.  Hunt,  Phys.  Rev..  5,  166,  1915. 
■  D.  L.  Webster,  Phys.  Rev.,  5,  56,  191 5. 
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wave  train  theory  has  been  strengthened  by  a  later  analysis  showing  that  for 
an  infinitely  thin  anticathode,  not  only  the  derivatives  of  the  intensity,  but 
the  intensity  itself,  would  be  discontinuous  at  the  limit  of  the  spectrum. 

The  question  suggested  by  this  is,  What  is  the  nature  of  the  oscillators 
producing  these  trains  of  waves?  Are  they  cathode  rays  or  are  they  something 
fixed  in  the  atom?  If  they  are  cathode  rays,  we  may  expect  them  to  show  the 
Doppler  effect,  and  with  it  also,  according  to  the  electromagnetic  theory,  we 
may  expect  an  unsymmetrical  distribution  of  intensity  of  X-rays  as  though 
the  X-rays  were  thrown  forward  by  the  cathode  rays.  Such  a  combination 
of  effects  was  indeed  found  by  Kaye,^  in  1909,  using  very  thin  targets  of  Al, 
Cu,  Au  and  Pt.  In  every  case  he  found  more  rays  thrown  forward  than  back, 
and  in  most  cases  the  forward  rays  were  more  penetrating,  showing  the  higher 
frequency  that  one  would  expect  from  the  Doppler  effect.  With  thick  targets 
of  carbon,  the  same  sort  of  asymmetry  of  intensity  was  found  by  Stark.'  and 
Kirschbaum,'  but  they  could  not  be  sure  of  any  difference  in  frequency. 
And  in  thick  targets  of  Pb  investigated  by  Ham,*  silver  by  Miller*  and  Pt  by 
Kirschbaum,*  no  asymmetry  could  be  detected.  From  this  we  should  infer 
that  the  asymmetry  was  a  property  of  light  elements  or  thin  layers  of  heavier 
ones,  but  not  of  thick  layers  of  heavy  ones.  Before  drawing  any  conclusions 
we  should  therefore  try  to  see  why  the  effect  is  limited  in  this  way. 

One  obvious  reason  for  expecting  less  asymmetry  from  heavy  elements  is 
the  presence  of  characteristic  rays,  which,  for  various  reasons,  are  likely  to  be 
uniformly  distributed.  But  this  is  not  enough.  Another  significant  fact  is 
that  none  of  the  experiments  on  the  limit  of  the  spectrum  have  shown  any 
Doppler  effect  the''e,  although  with  the  high  speeds  of  cathode  rays  such  an 
effect  might  be  expected  even  at  angles  not  much  different  from  a  right  angle 
from  the  cathode  rays.  This  indicates  that  the  highest  frequencies  emitted 
are  emitted  by  electrons  that  have  already  lost  all  their  velocity  before  emitting, 
although  they  were  necessarily  the  fastest  ones  present  at  all  when  they  struck 
the  atoms  that  caused  the  emission.  If  so,  the  electrons  that  emit  while  in 
motion  are  therefore  those  that  emit  lower  frequencies  than  the  highest  they 
are  capable  of,  or  in  other  words  the  lower  frequencies  will  only  show  asym- 
metry when  produced  by  electrons  whose  energy  is  initially  much  greater 
than  the  quanta  for  those  frequencies.  With  aluminum,  which  gives  no  errors 
from  characteristic  rays,  exactly  this  effect  was  found  by  Kaye,  since  the  softer 
components  of  a  hard  beam  showed  more  asymmetry  than  the  harder  ones. 
This  explains  at  once  why  thick  targets  show  less  asymmetry  than  thin  ones. 
They  contain  cathode  rays  of  low  velocity,  and  a  large  proportion  of  their  low 
frequency  X-rays  are  due  to  these  cathode  rays.     And  it  also  explains  why 

1  G.  W.  C.  Kaye,  Proc.  Camb.  Phil.  Soc.,  13,  269,  1909. 

*  J.  Stark,  Phys.  Zeitschr.,  10,  902,  1909. 

*  H.  Kirschbaum,  Ann.  der  Phys.,  46,  S 5,  191 5. 

*  W.  R.  Ham,  Phys.  Rev.,  30,  96,  1910. 

»  F.  C.  Miller,  Franklin  Inst.  Journal,  171*  457.  1910. 

*  Loc.  cit. 
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heavy  elements  show  less  asymmetry  than  light  ones-  if  we  may  assume  that 
their  atomic  electrons  are  bound  more  firmly  and  are  less  easy  for  the  cathode 
rays  to  dislodge  and  move  in  their  own  direction,  and  their  more  |>owerful 
nuclei  will  cause  greater  scattering  of  the  moving  electrons. 

This  brings  the  experiments  into  line  with  each  other,  but  leaves  us  with 
two  very  startling  conclusions.  First,  that  electrons  can  radiate  continuous 
wave  trains  while  in  rapid  forward  motion;  and  second,  that  when  an  electron 
radiates  all  its  energy,  it  stops  first  and  radiates  after  stopping.  If  the  electron 
is  in  motion,  and  moves  the  diameter  of  an  atom  while  radiating  a  wave  train, 
where  does  it  get  the  elastic  force  under  which  it  vibrates?  How  can  it  carry 
its  elastic  restoring  force  and  whole  vibrating  mechanism  with  it  for  such  a 
distance?  And  if  an  electron  does  radiate  all  its  energy,  as  at  the  high  fre- 
quency limit  of  the  spectrum,  and  must  stop  first,  before  radiating,  where  is 
its  energy  after  its  forward  motion  has  stopped  but  before  it  radiates?  These 
questions  seem  very  hard  to  answer  on  the  hypothesis  that  the  only  properties 
of  the  electron  are  those  of  a  small  uniformly  charged  sphere. 

But  they  are  easily  answered  by  the  theory  of  heat  radiation  that  I  developed 

some  time  ago  on  the  basis  of  a  modified  form  of  the  Parson  magneton.^    For 

in  this  theory  the  electron  is  a  thin  conducting  ring  and  the  emitting  oscillation 

is  that  of  the  electricity  on  the  ring,  and  this  oscillation  can  occur  without  the 

help  of  elastic  forces  from  outside,  as  it  must  when  the  electron  is  moving. 

The  magneton  also  provides  for  the  disposal  of  the  energy  between  the  stoppage 

of  the  cathode  ray  and  the  radiation  of  the  X-rays,  transforming  it  into  energy 

of  the  oscillation.     And  it  explains  why,  if  all  the  energy  of  translation  of  the 

cathode  ray  has  gone  into  the  electric  oscillation  it  will  be  radiated  from  a  sta* 

tionary  center,  but  if  only  part  of  it  goes  into  the  oscillation,  the  translational 

motion  will  continue  during  the  oscillation  and  cause  the  observed  asymmetry. 

Massachusetts  Institute  op  Technology, 
Cambridge,  Mass., 
March  i,  1919. 

Note  on  Bomb  Trajectories.* 

By  Edwin  B.  Wilson. 

THE  trajectory  in  vacuo  would  be  a  parabola  of  which  the  equation  is 
y  **  gx^l^^o,  if  «o  be  the  initial  velocity  (supposed   horizontal)  of  the 
bomb.     It  is  possible  to  make  a  simple  approximation  to  the  path  when  the 
resistance  of  the  air  is  taken  into  account. 
Namely: 

^"  2tto*       3«o»^' 

*A.  L.  Parson,  Smithsonian  MisceUaneous  Collections,  63,  11,  i,  191 5.  D.  L.  Webster, 
Proc.  Amer.  Acad.,  50,  131,  191 5. 

*  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 
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where  U  is  the  limiting  velocity  of  the  bomb  and  where  it  must  be  assumed  that 
the  length  of  the  path  of  the  trajectory  is  not  over  one  or  two  thousand  feet. 
The  equation  may  be  solved  for  x  in  terms  of  y,  or  rather  in  terms  of  the  square 
root  of  y,  with  the  result 


hy  2  tto'y 

\  £  3 


The  first  term  in  this  expression  represents  the  horizontal  travel  of  the  bomb 
in  vacuo  during  a  drop  of  amount  y  and  the  second  term  represents  the  distance 
that  the  bomb  is  retarded  relative  to  the  parabolic  path  by  the  action  of  the 
air  supposed  to  resist  according  to  the  ordinary  law  of  the  square  of  the  velocity. 
The  approximation  is  good  only  when  \2yg/yuollP  is  small.  If  the  limiting 
velocity  of  the  bomb  is  900  feet  per  second  and  the  initial  velocity  is  100  feet 
per  second,  the  correction  remains  small  for  very  considerable  lengths  of  drop 
y — ^in  fact,  for  lengths  much  greater  than  appear  valid  for  approximations 
previously  introduced  in  the  work. 

On  the  Relation  between  the  K  Series  and  the  L  Series  of  X-Rays. 

By  William  Duanb  and  Takso  Shimizu. 

SOME  years  ago  Kossel  called  attention  to  the  fact  that  the  difference  be- 
tween the  frequencies  of  the  P  and  a  lines  in  the  K  series  of  X-rays  char- 
acteristic of  a  chemical  element  very  nearly  equals  the  frequency  of  one  of  the 
strong  lines  in  the  L  series  of  that  element.  Since  then  the  relation  between  the 
two  series  of  X-rays  has  been  the  subject  of  considerable  discussion,  especially 
with  regard  to  its  bearing  on  the  modern  theories  of  the  structure  of  the  atom 
and  of  the  mechanism  that  produces  characteristic  line  spectra.  Kdssel's 
equation  cannot  represent  a  general  relation  between  the  lines  in  the  K  series 
and  those  in  the  L  series,  however,  for  the  L  series  contains  many  more  lines 
than  the  K  series  contains. 

In  the  researches  described  in  this  paper  we  have  endeavored  to  measure 
the  absorption  and  emission  frequencies  characteristic  of  tungsten  in  both  the 
K  and  the  L  series,  using  the  same  calcite  X-ray  spectrometer  throughout  the 
work. 

In  the  experiments  on  emission  lines  the  X-rays  came  from  the  tungsten 
target  of  an  ordinary  Coolidge  tube,  but  in  most  of  the  experiments  on  absorp- 
tion we  replaced  this  tube  with  one  containing  a  molybdenum  target,  and  in- 
serted a  thin  layer  of  potassium  tungstate  between  the  tube  and  the  spec- 
trometer. 

In  each  experiment  the  current  exciting  the  X-ray  tube  came  from  a  high 
tension  transformer  with  a  system  of  condensers  and  kenotrons  attached  to  it 
for  producing  approximately  a  constant  difference  of  potential. 

In  order  to  avoid  errors  due  to  the  penetration  of  the  X-rays  into  the  crystal 

^  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society. 
March  i,  1919. 
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we  placed  the  two  narrow  slits  that  define  the  X-ray  beam  between  the  X-ray 
tube  and  the  spectrometer. 

The  curves  shown  in  the  lantern  slides  represent  the  ionization  currents  as 
functions  of  the  readings  of  one  of  the  verniers  attached  to  the  crystal  table. 

To  avoid  making  an  accurate  determination  of  the  zero  point  directly 
readings  were  taken  on  both  sides  of  the  zero  line  of  the  spectrometer. 

The  curves  on  the  first  slide  represent  the  K  series  of  lines  in  both  the  first 
and  the  second  order  spectra.  To  produce  the  K  series  in  tungsten  requires 
a  difference  of  potential  greater  than  69,200  volts  applied  to  the  X-ray  tube, 
and  in  order  that  the  peaks  on  the  curves  that  represent  characteristic  lines 
should  be  well  marked  we  employed  a  difference  of  potential  of  100,000  volts. 

The  curves  show  the  following  characteristics: 

(a)  At  the  angles  corresponding  toX  «  .1785  X  io~'  cm.  (calculated  from 
the  grazing  angle  of  incidence  6  by  the  formula 

«X  =  6.056  X  io-«  X  sin  6) 

appear  sharp  drops  in  the  curves.  This,  then,  is  the  characteristic  absorption 
wave-length  of  tungsten  in  the  K  series. 

(b)  At  the  angles  corresponding  to  X  =  .2087  X  io~"  cm.  and  X  «  .2134 
X  io~'  cm.  occur  two  sharp  peaks  completely  separated  from  each  other. 
These  are  the  wave  lengths  of  the  two  emission  lines  at  and  as  in  the  K  series. 
The  peak  corresponding  to  at  does  not  appear  to  be  quite  symmetrical.  It  is 
slightly  broader  on  the  long-wave  length  side  than  on  the  short,  suggesting 
that  there  may  be  a  weak  line  at  very  close  to  aj,  with  a  wave-length  of  about 
.214  X  io~'  cm.  There  is  also  a  well  defined  peak  at  the  angle  corresponding 
to  X  «=  .1842  X  io~'  cm.  (the  P  line  in  the  K  series),  and  a  slight  elevation 
close  to  the  absorption  drop  (a  7  line  in  the  K  series). 

In  the  neigliborhood  of  the  peaks  readings  were  taken  15''  of  arc  apart;  and, 
since  the  double  grazing  angle  is  about  4^,  an  error  of  15"  in  estimating  the 
point  of  a  peak  would  produce  an  error  of  i/io  per  cent,  in  the  value  of  X. 
If  the  same  error  were  made  in  corresponding  peaks  on  the  two  sides,  an  error 
1/5  per  cent,  would  result. 

The  curves  representing  experiments  with  a  molybdenum  target  and  a 
tungsten  absorbing  screen  show  marked  breaks  at  X  «=  .1785  X  io~'  cm., 
X  «  1.230  X  10"'  cm.  (strong)  and  X  =  1.08  X  io~'  cm.  (medium)  and  a  less 
well  defined  break  at  X  «  1.025  X  lo"'  cm.  The  first  is  the  characteristic  K 
absorption  wave-length,  and  the  other  three  are  the  characteristic  L  absorption 
wave-lengths  of  tungsten. 

The  following  table  contains  the  frequencies  of  vibration  calculated  from 
the  wave-lengths  obtained  from  the  curves. 

Emission  and  Absorption  Frequencies  of  Tungsten  X  10"^.     (Probable  error  ^  0.003.) 

K  Absorption  Frequencies, 

First  order  tungsten  target 1.680 

First  order  molybdenum  target 1.679 

Second  order  molybdenum  target 1.681 

Average  ¥ ■■  1.680 
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L  Absorption  Frequencies, 

Strong  wi  «  .2438 
Medium  ¥t  ->  .2773 
Weak      Pt  -  .2922 

K  Emission  Frequencies, 

0  CI  as  «a 

Medium  Strong  Medium  Weak 

X8t  order 1.628  X8t  order 1.435  1.405  1.40? 

2d  order 1.437  1.405  1.40? 

Average 1.436  1.405  1.40? 

Relation  between  K  Series  and  L  Series, 

Aboorptioii  Emission 

r  -  Fi  -  1.436  wai  -  1.436 

p  "  Pt  ^  1.403  Pmt  -  1.405 

p  "  pt  ^  1.388  p0t  -  1.40? 

It  appears  from  the  last  five  lines  in  the  table  that  the  difference  between  the 
K  absorption  frequency  and  one  of  the  L  absorption  frequencies  equals  one  of  the 
a  emission  frequencies  in  the  K  series  to  within  the  limits  of  error  of  the  measure- 
ments. Further,  if  we  subtract  the  strong  L  absorption  frequency  Pi  from  the 
K  absorption  frequency  p  we  get  the  frequency  of  the  strong  ai  line,  if  we  sub- 
tract the  medium  L  absorption  frequency  Pt  from  v  we  get  the  frequency  of  the 
medium  K  emission  line  as  and,  if  we  use  the  weak  L  absorption  frequency  we 
get  the  third  a  line  in  the  K  series,  os. 

The  curve  representing  experiments  with  a  tungsten  target  shows  about  12 
lines  in  the  L  series  between  X  =  1.2  X  io~*  cm.  and  X  =  1.50  X  lO"'  cm. 
Six  of  these  lines  can  be  accounted  for  by  an  extension  of  the  above  law,  that 
an  emission  frequency  is  the  difference  between  two  absorption  frequencies, 
if  we  assume  the  existence  of  two  M  absorption  wave-lengths  between  X  « 
6  X  io~'  cm.  and  X  =  7.5  X  io~*  cm.  Such  M  absorption  wave-lengths 
would  account,  also,  for  the  presence  of  the  fi  line  in  the  K  emission  series. 

If  the  above  law  proves  to  be  of  general  applicability,  characteristic  absorp- 
tion frequencies  similar  to  those  of  X-rays  should  be  sought  for  in  other  parts 
of  the  spectrum  (the  visible  and  ultra-violet,  etc.).  Characteristic  X-ray 
absorption  frequencies  are  quite  different  from  the  absorption  lines  that  obey 
Kirchoff^s  law. 

It  is  unnecessary  to  lay  further  stress  upon  the  importance  of  this  absorption- 
emission  relation  in  speculations  on  the  structure  of  matter  and  on  the  mech- 
anism of  the  absorption  and  emission  of  radiation. 

Temperature  Coefficient  of  Resistence  of  Molybdenum.^ 

By  e.  C.  Blom. 

THESE  experiments  were  conducted  to  determine  the  temperature  coeffi- 
cient of  resistance  of  molybdenum  over  a  greater  range  of  temi>erature 
than  had  previously  been  recorded. 

1  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society. 
March  i,  1919. 
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Some  10  mil  (0.354  min.)  drawn  molybdenum  wire  was  made  into  lamps. 
The  filament  length  of  one  group  of  these  was  150  mm.  while  that  of  the  other 
was  130  mm.  With  everything  else  the  same,  this  gave  a  filament  length 
difference  of  30  mm.,  which  was  used  for  all  resistance  calculations. 

For  the  temperature  from  o*  C.  to  30°  C.  the  lamps  were  immersed  in  a 
water-bath  until  constairt  conditions  were  reached.  The  resistance  was  then 
measured  with  a  Wheatstone  Bridge.  The  temperature  was  measured  with  a 
calibrated  thermometer.     Over  the  range  800°  C.  to  2000'  C.  the  temperature 


Fig.  1. 

was  measured  with  both  brightness  and  color  match  optical  pyrometers. 
Direct  current  was  used  to  light  the  lamps  and  the  resistance  was  determined 
by  measuring  volts  and  amperes  with  laboratory  standard  instruments.  For 
the  interval  30'  C.  to  300*  C,  the  bulbs  were  removed,  and  the  filaments 
immersed  in  a  paraflline  bath  where  again  the  temperature  was  measured  with  a 
calibrated  thermometer  and  the  resistance  measured  with  the  bridge.  The 
interval  300°  C.  to  800"  C.  was  not  covered  but  the  results  up  to  300'  C.  and 
beyond  800'  C.  ran  so  evenly  that  it  seems  plausible  to  assume  that  the  curve 
which  fits  those  temperatures  already  covered  will  fit  the  others  also. 

The  accompanying  curve  gives  a  summary  of  the  results  obtained.     The 
following  empirical  equation  was  found  to  yield  the  correct  values: 

J?.io'  -  44  +  0.1771  +  o.oooo53i*, 

where  t  is  in  "C  and  R  in  ohms  per  cm.* 

PHYSICAL  LABOKATOKV, 

Wbstinchousb  Lamp  Co.. 
Bloohfikld,  N.  J., 
February  11,  1919. 
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Some  Photoelectric  Lecture  Experiments 

By  Jacob  Kxjnz. 

IN  a  short  article  on  the  photoelectric  relay  in  the  Electrical  World,  Vol.  66, 
p.  934,  October,  191 5,  the  writer  has  indicated  some  simple  experiments 
with  the  photoelectric  cell  and  the  three  electrode  pjiotoelectric  relay.  Three 
more  experiments  will  here  be  indicated  by  which  some  properties  of  the 
photoelectric  cell  can  be  demonstrated. 

The  tube  A  represents  a  photoelectric  cell  containing  potassium  sensitized 
with  hydrogen  and  argon.     The  argon  is  used  at  such  a  pressure  that  the 


maximum  sensitiveness  of  the  cell  for  130  volts,  for  instance,  is  surpassed, 
B  represents  a  spectroscopic  tube  and  C  a  bulb  containing  charcoal.  Now  for 
a  given  tube  the  photoelectric  current  depends  essentially  on  three  independent 
variables:  the  intensity  of  light,  the  potential  difference,  and  the  gas  pressure. 
Let  us  start  with  a  certain  light  intensity,  for  instance,  with  an  incandescent 
lamp  of  16  candlepower  at  a  distance  of  two  meters,  with  a  certain  pressure 
and  a  potential  difference  of  80  volts.  We  shall  find  in  the  galvanometer  a 
certain  deflection  which  will  increase  with  increasing  potential  difference, 
first  slowly,  later  very  rapidly  until  the  gas  begins  to  glow.  This  point  should 
not  be  reached  with  the  ordinary  cells,  because  the  sensitiveness  of  potassium 
cells  as  a  rule  decreases  when  the  glow  occurs. 

In  a  second  experiment  let  us  keep  the  potential  difference,  say  no  volts, 
and  the  gas  pressure  constant,  and  increase  the  intensity  of  light.  The  current 
is  proportional  to  the  illumination.  Many  photoelectric  cells  have  been  con- 
structed in  which  this  proportionality  does  not  hold.  The  current  may  either 
increase  more  slowly  or  more  quickly  than  the  illumination.  If  the  current 
approaches  a  saturation  value  with  increasing  illumination,  it  is  apparently  due 
to  volume  charges;  and  if  it  increases  more  rapidly  than  the  illumination  it  is 
due  to  the  fact  that  the  gas  approaches  the  glowing  stage,  which  depends  on 
the  pressure,  potential  difference  and  illumination,  like  the  photoelectric  current 
itself. 

In  a  third  experiment  let  us  keep  the  illumination  and  the  potential  difference 

constant  and  vary  the  pressure  by  putting  the  charcoal  into  liquid  air.     As 

the  argon  is  absorbed  the  photoelectric  current  will  at  first  increase,  reach  a 

maximum,  then  decrease  and  become  very  small  when  all  the  argon  is  absorbed. 

*  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 
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The  absorption  of  the  argon  can  be  seen  in  the  changes  of  the  light  in  the  tube 
B.  When  the  liquid  air  is  withdrawn,  argon  is  emitted,  the  photoelectric 
current  passes  through  the  same  maximum  as  before  and  falls  off  to  the  initial 
small  value  (Stoletow's  law). 

The  point  at  which  the  gas  of  the  photoelectric  cell  becomes  luminous  de- 
pends on  the  potential  difference,  the  intensity  of  illumination  and  the  gas 
pressure.  If  for  a  certain  pressure  and  potential  difference  we  approach  the 
source  of  light,  suddenly  the  gas  begins  to  glow,  and  of  course  continues  to 
glow  when  the  light  is  withdrawn.  This  beautiful  experiment  is  interesting 
insofar  as  it  shows  that  an  increase  of  the  number  of  electrons  emitted  from  the 
metal  leads  to  such  an  increase  in  ionization  that  luminous  discharge  occurs  in 
which  the  current  rises  enormously  over  the  value  attained  without  glow. 
The  photoelectric  cell  becomes  a  fairly  good  source  of  cold  light.  In  such 
experiments  the  sensitive  layer  changes  considerably  and  it  is  better  to  use 
two  different  tubes  for  this  set  of  experiments  and  for  the  previous  set,  which 
does  not  lead  to  glow  discharge. 

If  we  place  a  rotating  sector  disc  between  the  source  of  light  and  the  photo- 
electric current,  amplify  the  current  by  means  of  an  audion  as  shown  by  £. 
Pike  in  a  recent  article  in  the  Physical  Rbvibw,  and  use  a  telephone  instead 
of  a  galvanometer  in  the  secondary  of  the  audion,  then  we  can  heac  the  source 
of  light,  even  a  very  weak  source,  quite  distinctly.  This  principle  may  be 
used  in  an  instrument  by  which  a  blind  man  may  hear  the  letters  of  a  printed 
page. 

Univbrsity  op  Illinois, 
Urbana,  Illinois. 
January  zi,  1919. 

On  the  Measurement  of  the  Detection   Coefficient  of  Thermionic 

Vacuum  Tubes.* 

By  H.  J.  Van  dbr  Bijl. 

THE  relation    between  current   and  voltage  in  thermionic  tubes  of  the 
audion  type,  can  be  represented  by 

(i)  /-/QzEb+ZEc). 

where  'ZEb  and  Z£e  are  the  potentials  of  the  anode  and  grid  with  respect  to  the 
filament.  The  function  /  is  non-linear  and  hence  the  device  can  be  used  as  a 
radio  detector.  If,  for  example,  a  varying  e.m.f.  e,  be  impressed  between 
filament  and  g^'id,  the  varying  current  i  in  the  circuit  connecting  anode  and 
filament  can  be  represented  by  a  simple  convergent  power  series: 

(2)  ♦  «  aitf  +  chfi^  +  aje*  +  •  •  • 

In  order  to  properly  design  tubes  it  is  necessary  tp  know  the  relation  between 

^  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society. 
March  z,  1919. 
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the  coefficients  au  os*  •  •  and  the  structural  parameters  of  the  tube.  This 
requires  a  knowledge  of  the  form  of  the  function/.  When  using  the  tube  as  an 
amplifier/  can  be  given  a  simple  quadratic  form.^  This  is,  however,  not  suffi- 
ciently accurate  for  purposes  of  radio  detection  which  is  determined  by  the 
second  derivative  of  the  characteristic,  i.  e.,  by  the  coefficient  Os  of  the  above 
series.  The  problem  we  want  to  consider  here  is  the  direct  determination  of 
at,  which  may  be  called  the  detection  coefficient.     The  difficulty  of  this  deter- 
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Fig.  1. 


mination  lies  in  the  necessity  for  measuring  extremely  small  alternating  cur- 
rents,— ranging  from  io~'  to  lo"*  amp.  The  use  of  hot  wire  meters  is  therefore 
entirely  out  of  the  question.  Hence  the  method  shown  in  the  accompanying 
diagn'am  was  used. 

The  input  voltage  impressed  on  the  tube  at  C  ranged  from  a  few  hundredths 
to  a  few  tenths  of  a  volt,  and  was  measured  with  the  Duddell  galvanometer  G, 
It  was  of  the  form 

(3)  e  ^  A  sin  pt  (i  +  sin  qt) 

i,  e.,  it  was  a  voltage  of  high  frequency  />/2ir  completely  modulated  by  a  voltage 
of  frequency  ql2ir  lying  within  the  audible  range.  If  (3)  be  inserted  in  the 
second  term  of  (2)  the  resulting  current  will  be  seen  to  have  an  audible  com- 
ponent of  frequency  q/2ir  which  can  be  heard  in  the  telephone  receiver  T. 
In  order  to  measure  this  current  the  generator  U  is  used  to  give  a  current  of 
the  same  frequency  as  that  in  the  receiver  and  which  is  strong  enough  to  be 
measured  with  a  thermo-couple  and  microammeter  A.  In  fact,  the  same 
generator  supplied  the  current  used  to  modulate  the  high  frequency  input. 
This  current  is  then  attenuated  by  means  of  the  shunt  S  until  the  intensity  of 
the  note  in  the  receiver  is  the  same  for  both  positions  of  the  switch  W.  Know- 
ing the  value  of  the  shunt  S  the  current  1  in  the  receiver  can  be  computed  from 
fi  as  measured  by  A.  This  shunt  is  so  designed  that  for  all  its  adjustments 
the  impedance  into  which  the  generator  U  works  is  constant,  so  that  i'l  remains 
constant. 

For  convenience  in  representing  the  results  we  can  put 

»  H.  J.  Van  der  Bijl,  Phys.  Rev.,  12,  p.  171,  1918. 
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(4) 


where  d  can  be  previously  determined  for  any  combination  of  shunt  and  series 
resistances  of  the  shunt  5.  Since  the  audible  current  ♦  in  the  output  of  the 
detector  is  given  by 

(5)  i  -  Offi^ 
we  get 

(6)  i  »  —  2  log  «  +  (log  f  1  -  log  at). 

The  accuracy  with  which  this  relation  holds  is  shown  in  the  diagram,  the 
circles  and  crosses  indicating  measurements  made  by  two  different  observers. 
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Fig.  2. 

Since  i\  is  large  enough  to  be  measured  with  the  thermo-couple  and  microam- 
meter  A  the  detection  coefficient  oj  can  be  obtained  from  the  intercept  of  the 
line. 

The  detector  used  in  these  experiments  was  a  standard  Western  Electric 
tube  of  the  type  that  was  designed  specially  for  a&'oplane  radio  telephone 
service.  Its  detecting  efficiency  had  not  changed  to  any  noticeable  extent 
over  a  period  of  more  than  seven  months,  during  which  time  it  was  in  frequent 
use.  In  these  experiments  the  operating  voltages  were  not  adjusted  to  give 
the  best  efficiency. 

From  these  results  the  detection  coefficient  was  found  to  be  36  X  lo"*  amp./ 
(volt)',  the  resistance  of  the  receiver  being  6,400  ohms.  This  corresponds  to  a 
power  dissipation  in  the  receiver  of  8.3  X  lo"*  watt/(volt)*.     An  idea  of  this 
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amount  of  power  in  the  receiver  can  be  obtained  by  noting  that  the  minimum 

power  dissipation  necessary  in  this  receiver  to  give  a  sound  that  just  barely 

enables  one  to  distinguish  signals  is  about  3  X  lO'^'  watt. 

Rbsbarch  Laboratory  op  the  Western  Electric  Co.,  Inc., 
New  York  Cmr. 
February,  1919. 

A  New  Formula  for  the  Spectral  Distribution  of  Energy  from  a 

Complete  Radiator.^ 

Bt  Irwin  G.  Priest. 

THE  radiant  energy  from  a  complete  radiator  ("black  body")  may  be 
expressed  as  a  function  of  temperature  and  wavelength  by  the  following 
empiric  formula  which  does  not  appear  to  have  been  noticed  heretofore: 

£x  -  J>x  r»<5-^^^-*-<^^"*^'  (i) 

where 

Ex  ~  energy  of  wave-length  X  in  the  same  sense  as  in  the  Planck  equation. 

Di  and  Dt  are  empiric  constants. 

T    B  absolute  temperature  in  degrees  Kelvin. 

A    5  Wien  displacement  constant  in  micron  degrees.     {A  a  XmT^  where 

Xm  5  wave-length  of  maximum  energy.) 
X     ss  wave-length  in  microns. 
From  equation  i,  we  have  for  relative  energy  at  any  temperature 

where  Em,  ^  maximum  energy,  of  wave-length  Xm< 

This  formula  was  originally  obtained  as  an  empiric  approximation  to  the 
Planck  formula  by  graphic  transformations  of  the  latter.  It  was  later  found, 
for  Dt  =  4481  and  A  =  2940,  that  this  formula  represents  some  of  the  best  of 
Coblentz'  experimental  distribution  data  beUer  than  the  Planck  formula  can 
represent  them  for  any  value  of  A  and  the  corresponding  value  of  €%  (Ct  - 
4.965^4).  This  conclusion  may  be  verified  by  reference  to  the  accompanying 
table. 

The  proposed  equation  includes  all  of  the  following  previously  recognized 
radiation  laws,  each  of  which  may  be  derived  from  it: 

I.  The  Wien  displacement  law. 

The  special  case  of  Wien's  displacement  law  (Xmax  T  ^  A)  may  be  inferred 
from  inspection  of  the  equation  (i  or  2)  for  condition  of  maximum  Ex»  viz: 
^-i/«  -  (Xr)-i'»  =  zero. 

Further,  the  following  equation  may  be  derived  from  equation  2: 

1  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i,  1919. 
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which  is  in  accord  with  the  general  case  of  Wien's  law. 

2.  The  law  that  the  maximum  energy  is  proportional  to  the  fifth  power  of 
the  absolute  temperature. 

This  may  be  seen  by  inspection  of  the  equation  for  the  condition 

3.  The  empiric  Stefan  law  that  total  energy  (integral  with  respect  to  wave- 
length) is  proportional  to  the  fourth  power  of  absolute  temperature. 

This  follows  from  the  fact  that  the  definite  integral  between  any  wave-length 
limits  for  equal  values  of  Exr  >  0.33  X  io~*  is  proportional  to  the  fourth 
power  of  temperature. 

From  the  experimental  point  of  view,  therefore,  the  proposed  equation 
accords  with  the  fourth  power  law  just  as  well  as  the  Planck  equation  does . 

However,  the  theoretical  Stefan- Boltzmann  law  that  the  definite  integral 
with  respect  to  wave-length  between  zero  and  infinity  is  proportional  to  the 
fourth  power  of  absolute  temperature  can  not  be  derived  from  this  equation, 
because  EJEm  has  a  finite  although  very  small  value  (0.33  X  lo"*)  for  \T  - 
infinity. 

Another  interesting  property  of  the  proposed  equation  is  the  fact  that  it  has 
precisely  the  form  of  the  well  known  equation  of  the  "probability  curve." 
If  E\r  (equation  2)  be  plotted  as  ordinate  against  >/i  A  or  V300/X  (cube  root 
of  frequency)  as  abscissa,  the  resulting  curve  is  strictly  symmetrical  about  the 
maximum  ordinate.  It  is  possible  that  this  is  the  mathematical  essence  of 
what  may  be  sometime  recognized  as  a  theoretical  law  of  radiation. 

If  the  general  validity  of  this  equation  as  representative  of  experimental 
data  be  admitted,  the  law  of  symmetry  just  mentioned  provides  a  very  simple 
method  of  determining  the  wave-length  of  maximum  energy  from  an  isothermal 
curve. 

Graphically,  the  intersection  of  the  axis  of  symmetry  with  the  abscissa  scale 
gives  Vi/X»»  from  which  \m  may  be  found  directly.     Or,  by  algebraic  solution, 

8 


where  Xi  and  Xi  are  any  wave-lengths  for  equal  relative  energy. 

The  departures  of  the  proposed  formula  from  the  corresponding  formulas  of 
Wien  and  Planck  for  various  values  of  Xr  may  be  seen  in  the  accompanying 
table.     It  will  be  noticed: 

I.  Throughout  the  region  best  known  by  experimental  investigation,  it  does 
not  depart  much  from  the  Planck  formula,  although  it  approximates  t:loser  to 
the  experimental  data. 
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2.  The  curve  of  the  proposed  equation  intersects  the  Planck  curve  at  a 
point  in  the  " Rests trallung"  region  (Xr  =  about  60,000). 

For  numerical  evaluation  this  formula  is  more  convenient  than  the  Planck 
formula. 

The  author  has  no  theoretical  basis  for  proposing  this  equation;  but  recalling 
that  the  Planck  equation  was  first  are  empiric  relation  to  which  theory  was 
later  forced  to  conform,  he  has  thought  that  it  might  be  worthy  of  notice  and 
perhaps  of  some  theoretical  consideration  by  others. 

P.S.  April  18,  1 919. — A  second  abstract  giving  a  revised  value  of  the  con- 
stant D^  on  the  basis  of  isochromatic  data,  will  appear  in  the  Proceedings  of 
the  Physical  Society,  Washington  Meeting,  April  25-26,  1919. 

National  Bureau  op  Standards, 
February  25,  1919- 

On  the  Measurement  op  the  True  Barometric  Pressure  in  a  Rapidly 

Moving  Current  of  Air.* 

By  J.  G.  Coffin. 

THE  accuracy  of  the  measurement  of  barometric  pressure  in  rapidly 
moving  airplanes  is  open  to  serious  question. 

If  a  body  of  any  shape  is  moving  rapidly  through  the  air,  there  are  regions 
on  the  surface  of  it  which  receive  an  aerodynamic  pressure  greater  than  the 
normal  static  or  barometric  pressure  and  there  are  also  regions  under  smaller 
pressure  than  normal. 

For  a  sphere,  for  example,  the  pressure  variation  is  shown  in  Fig.  i,  where 
radial  distances  outside  the  circle  represent  pressures  in  excess  of  normal  and 
radial  distances  inside  represent  pressures  less  than  normal.  The  radius, 
therefore,  represents  true  barometric  pressure,  but  not  necessarily  to  scale. 


WIND 


r.9   I 


It  Is  seen  that  there  is  an  excess  pressure  on  the  nose  where  the  air  strikes 
t^e  sphere  directly  and  that  at  points  on  a  circle  of  which  AB  is  the  trace  there 
exists  exactly  normal  pressure.    At  points  aft  oi  AB  the  pressure  is  below 

>  Abetract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society, 
March  i.  19x9. 
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normal  and  on  the  sides  reaches  values  as  much  or  more  under  normal  than 
the  values  over  normal  at  the  nose.  Any  form  of  barometric  instrument  must 
necessarily  be  open  to  the  air  whose  pressure  it  is  to  measure,  hence  the  position 
of  the  opening  or  openings  is  of  importance. 

For  example,  at  60  miles  per  hour  the  total  possible  error  may  be  as  much  as 
corresponds  to  an  altitude  of  240  feet  and  at  120  miles  per  hour,  a  usual  speed 
at  the  present  time,  it  can  be  nearly  1,000  feet! 

This  difficulty  cannot  be  met  by  placing  the  barometer  in  any  other  receptacle 
or  in  particular,  inside  the  fusilage;  as  the  outside  container  must  also  be  open 
to  the  air  and  as  before  the  instrument  will  measure  the  total  pressure  obtaining 
at  this  opening. 

In  order  to  overcome  the  difficulty  Dr.  Zahm  proposed,  some  years  ago,  to 
surround  the  barometer  with  a  streamline  body  with  a  small  opening  at  a 
point  corresponding  to  a  point  on  the  circle  AB  on  the  sphere;  that  is  at  the 
point  of  zero  aerodynamic  pressure. 

As  is  seen  from  Fig.  i,  the  rate  change  of  aerodynamic  pressure  due  to  slight 
displacements  along  the  surface  is  a  maximum  and  any  slight  change  in  the 
air  flow  would  cause  large  variations  in  the  registered  pressure.  There  could 
also  be  a  large  constant  error  due  to  initial  uncertainty  in  the  knowledge  of  the 
actual  direction  of  air  flow  where  the  body  is  attached. 

It  occured  to  the  writer  that  these  objections  could  be  overcome  by  placing 
the  barograph  inside  of  a  small  sphere  which  is  fully  exposed  to  the  airstream 
and  connecting  its  hermetically  tight  case  to  a  small  opening  in  the  sphere.^ 
If  this  sphere  be  now  rotated  by  clockwork  or  other  means  at  a  uniform  angular 
speed  the  opening  will  be  carried  around  in  a  horizontal  great  circle  and  the 


Fi«Z 


barograph  will  register  all  the  pressures,  of  course,  passing  through  normal 
pressure  two  (or  more)  t  imes  per  revolution. 

The  trace  registered  will  be  similar  to  Fig.  2. 

From  experiments  made  in  the  Curtiss  Wind  Tunnels  at  Garden  City  it  is 
found  that  the  zero  points  A  and  B  remain  fixed  at  all  speeds  experimented 
with.    On  the  other  hand,  the  change  in  speed  produces  an  enlargement  of  the 

>  The  barograph  can,  of  course,  also  be  connected  to  this  opening  by  means  of  an  air  tight 
tube  and  be  placed  in  any  convenient  location  for  observation. 
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pressure  scale  and  the  pressures  follow  exactly  the  same  law  as  if  registered 
with  a  Pitot  tube  of  standard  design. 

It  is  a  simple  matter  to  calibrate  such  an  instrument  and  draw  the  line  CD, 
representing  true  barometric  pressure,  so  that  this  troublesome  problem  is 
completely  solved. 

As  a  by-product  of  this  idea  we  obtain  the  following  advantages:  If  a  baro- 
graph of  this  type  is  placed  on  an  airplane  and  the  trace  examined  on  its  return 
from  a  flight,  this  trace  will  show  the  true  barometric  pressure  at  every  instant 
during  the  flight,  the  amplitude  of  the  variations  in  the  trace,  will  show  at 
every  instant  the  speed  of  the  airplane  and  as  equal  periods  are  marked  off  on 
the  graph  by  the  rotations  of  the  sphere,  the  slope  of  the  graph  will  show  the 
rate  of  climb  at  every  instant  so  that  this  single  trace  contains  a  complete  record 
of  the  performance  of  the  airplane. 
Rbsbarch  Dbpartbient, 

CrntTISS  ENGINBBRING   CORPORATIONt 

Garden  City,  L.  I. 

The  Function  of  Phase  Difference  in  the  Binaural  Location  of  Pure 

Tones.* 

By  R.  V.  L.  Hartley. 

THE  location  of  a  source  emitting  a  pure  tone  is  a  binaural  process  de- 
pending upon  differences  in  the  intensity  and  phase  of  the  sounds  at 
the  two  ears.  Considerable  experimental  work  has  been  done  in  which  the 
intensities  were  kept  equal  and  only  the  phases  varied.  A  good  review  of 
this  has  been  given  by  Stewart.* 

If  the  observed  location  effects  are  the  result  of  the  listener's  subconsciously 
perceiving  the  phase  difference  and  associating  it  with  past  experiences  in  which 
he  has  encountered  the  same  phase  difference  when  the  position  of  the  source 
was  known;  it  should  be  possible  to  trace  a  correlation  between  these  experi- 
mental sound  images  and  the  positions  of  sources  which  would  cause  the  phase 
differences  used  in  producing  the  images. 

Using  a  method  due  to  Stokes,*  Stewart*  and,  more  recently,  T.  C.  Fry  of 
the  Western  Electric  Co.  have  made  calculations,  from  which,  on  the  assump- 
tion that  the  head  is  a  rigid  sphere  with  the  ears  on  a  horizontal  great  circle, 
it  is  possible  to  plot  the  phase  difference,  P,  against  the  lateral  angular  dis- 
placement of  the  source,  for  various  distances  and  frequencies  of  the  source. 
We  have  then  to  compare  the  direction  corresponding  to  a  particular  phase 
difference,  as  given  by  the  curves,  with  the  direction  of  the  image  obtained 
experimentally  with  that  phase  difference. 

1  Abstract  of  a  paper  presented  at  the  New  York  meeting  of  the  American  Physical  Society. 
March  i,  19 19. 

"  G.  W.  Stewart,  Phys.  Rbv..  June,  1917,  p.  S02. 
*Lord  Rayleigh,  Theory  of  Sound.  Ch.  17. 
*  G.  W.  Stewart.  Phys.  Rbv..  1914.  4.  p.  252. 
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The  agreement  revealed  by  this  comparison  is  striking.  The  curves  account 
for  the  rotation  of  the  image,  with  continuously  varying  P,  that  is  observed 
at  frequencies  below  about  600  cycles,  inducting  its  motion  toward  the  ear, 
followed  by  a  range  of  more  or  less  uncertainty,  just  before  P  reaches  i8o'. 
They  also  indicate  that,  the  value  of  P  for  maximum  lateral  displacement 
increases  with  the  frequency  as  Bowlker^  has  observed.  This  value  reaches 
180**  for  about  600  cycles.  Above  that  frequency,  the  curves  indicate  the 
appearance  of  a  second  image  on  the  opposite  side.  At  first  this  is  present 
only  for  values  of  P  near  i8o*,  but  with  increasing  frequency,  it  extends  to 
smaller  values,  finally  covering  the  whole  cycle.  A  third  image  then  appears 
near  P  »  o,  and  so  on  for  still  higher  frequencies.  This  accounts  for  the 
generally  observed  falling  off  in  the  definiteness  of  the  image  with  increasing 
frequency  above  about  600  cycles.  Bowlker  however  was  able  to  distinguish 
as  many  as  three  simultaneous  images,  and  his  description  of  them  shows  an 
agreement  with  those  deduced  from  the  theoretical  curves  which  is  remarkable 
considering  the  assumptions  involved. 

This  general  correlation  constitutes  strong  evidence  in  favor  of  the  theory 

of  direct  perception  of  phase  in  sound  location. 
Rbsbarch  Laboratory  op  the 

Western  Electric  Company,  Inc. 

» T.  J.  Bowlker,  Phil.  Mag..  (6).  15,  p.  318.  1908. 
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AN  OPTICAL  LEVER  MANOMETER. 

By  J.  E.  Shrader  and  H.  M.  Ryder. 

Synopsis. — To  meet  the  demand  for'  a  gauge  which  will  measure  vapor  pres- 
sures in  the  range  between  that  which  can  be  measured  by  the  Knudsen  Gage  (.001 
mm.)  and  the  ordinary  mercury  manometer,  a  new  type  of  gage  has  been  devised. 
This  consists  of  a  rather  large  mercury  manometer  in  one  arm  of  which  a  small 
optical  lever  is  so  adjusted  that  it  measures  small  changes  in  level  due  to  differences 
of  pressure.  The  range  of  the  instrument  for  accurate  work  is  from  .001  mm.  to 
3  or  4  mm.  The  instrument  can  also  be  used  as  a  differential  gage  with  the  same 
accuracy.  In  use  the  changes  in  pressure  can  be  observed  by  the  deflection  of  a 
beam  of  light  and  may  be  recorded  by  a  photographic  device.  Curves  are  given 
from  a  photographic  record  of  the  action  of  the  gage  during  the  release  of  COt 
and  water  vapor  which  had  been  frozen  out  in  a  trap  with  liquid  air.  Attention  is 
called  to  the  rapidity  with  which  this  gage  responds  to  changes  of  pressure. 

THE  McLeod  gage  has  long  served  as  a  means  of  measuring  pressures 
of  several  millimeters  or  mercury  down  to  the  order  of  lo"*  mm. 
There  are  two  fundamental  cases,  however,  to  which  this  gage  is  not 
applicable  in  this  range,  that  is,  when  vapors  are  to  be  measured,  and 
where  there  is  a  rapidly  changing  pressure  to  be  recorded.  In  the  first 
of  these  cases  the  McLeod  gage  becomes  useless,  due  to  the  fact  that 
Boyle's  Law  is  not  applicable  to  vapors.  In  the  second  case  the  McLeod 
gage,  in  its  most  favorable  form,  may  be  much  too  slow  moving,  and  has 
no  recording  feature. 

At  the  present  time,  when  many  pumps  are  on  the  market  which 
enable  more  or  less  leaky  systems  to  be  maintained  at  low  pressures,  it 
has  become  desirable  to  determine  accurately  vapor  pressure  of  many 
substances  at  pressures  below  those  usually  recorded.  One  of  the  writers* 
has  reported  a  method  of  obtaining  low  vapor  pressures  accurately,  which 
in  a  simplified  and  refined  form  is  capable  of  operation  down  to  the  lower 
limits  of  the  McLeod  gage,  but  which  is  applicable  to  only  a  certain  class 
of  substances,  namely  those  which  can  be  distilled  within  range  of  tem- 

>  Ryder.  Journal  Franklin  Institute,  Vol.  186,  No.  i,  July,  1918. 
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peratures  available  in  the  laboratory  for  such  work,  and  which  b  not 
suitable  for  rapid  determinations.  The  ability  to  observe  rapidly  chang- 
ing pressures,  or  to  record  them,  would  mean,  too,  the  facilitating  of  i 
number  of  operations  in  the  laboratory  or  shop. 

One  of  the  writers'  has  given  a  preliminary  report  of  a  gage  designed 
to  provide  for  the  particular  requirements  suggested  in  the  foregoing. 
It  is  the  object  of  this  paper  to  describe  the  essential  details  of  this  gage, 
and  to  give  a  few  examples  of  its  actual  performance. 

The  principle  of  this  gage  is  shown  in  Fig.  i.  A  mercury  U-tube 
manometer  is  formed  in  the  usual  manner,  except  that  the  surfaces  of  the 
mercury  are  so  arranged  as  to  be  of  relatively  lai^e  area.    Above  one 


Fig.  1.  Fig.  2. 

Optical  Lever  Manometer.  Syttera  for  Manometer. 

of  the  surfaces,  within  the  tube,  is  arranged  an  optical  lever,  as  shown  in 
the  figure.  This  lever  is  supported  by  two  knife  edges,  a~a,  which  rest 
on  loops  of  wire,  which  in  turn  are  sealed  into  the  glass  walls  of  the  tube, 
a  glass  bead  h,  fused  to  the  end  of  the  lever  arm  acts  as  a  float  on  the 
mercury  surface,  and  in  this  way  transmits  the  motion  of  the  mercury 
surface  to  the  lever  arm.  A  mirror  M  attached  at  the  position  shown 
acts  in  the  usual  manner  to  reflect  a  beam  of  light  from  the  lamp  c  to  the 
scale  d,  if  the  g^e  is  to  be  arranged  as  an  indicating  instrument.  If  the 
gage  is  to  be  used  for  recording  variations  in  pressure,  the  scale  may  be 
replaced  by  a  photographic  device  such  as  is  used  in  oscillographic  work. 
■  Stuader.  Pittiburgh  Meeting.  American  Physical  Society,  December,  1917. 
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Fig.  2  shows  a  convenient  method  for  connecting  this  gage  in  a  system. 
The  cross  connection  e  provides  an  easy  means  of  evacuating  the  whole 
system  with  one  pump  located  as  shown.  With  this  stop-cock  or  mercury 
cutoff  open,  a  zero  reading  can  be  easily  obtained,  after  which  this 
connection  may  be  closed  and  the  gases  or  vapors  introduced  for  measure- 
ment. This  system  provides  also  for  the  measurement  of  small  varia- 
tions in  pressure,  with  an  original  pressure  of  any  desired  value,  this 
value  in  no  way  affecting  the  absolute  sensibility  of  the  gage. 

The  gage  as  shown  is  a  primary  instrument,  since  the  pressure  corre- 
sponding to  any  deflection  on  the  scale  may  be  calculated  from  dimen- 
sions which  may  be  readily  determined.    The  lowest  pressure  which  may 
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Fig,  3. 
Calibration  curve  for  an  Optical  Lever  Gage. 


be  observed  with  the  gage  is  that  which  gives  the  minimum  appreciable 
movement  of  the  mercury,  and  has  been  determined  by  experience  to 
be  approximately  one  thousandth  of  a  millimeter  of  mercury  in  a  properly 
designed  gage.  The  upper  limit,  is,  of  course,  determined  by  the  dimen- 
sions of  the  gage,  and  is  easily  made  to  overlap  the  lower  accurate 
readings  of  an  ordinary  U-tube  manometer.  The  only  source  of  error 
which  need  be  considered  is  that  due  to  the  adhesion  of  the  mercury  to 
the  walls  of  the  tube,  the  deflection  being  therefore  less  than  the  actual 
value.  If  the  mercury  is  very  clean,  and  the  glass  in  good  condition  a 
large  mercury  surface  reduces  this  error  to  a  negligible  quantity.  Mer- 
cury surfaces  of  from  5  cm.  to  10  cm.  diameter  are  in  use.    Some  gages 
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have  had  a  window  of  plane  glass  at  the  point  of  transmission  through 
the  tube  of  the  beams  of  light,  to  prevent  any  possibility  of  a  refraction 
of  the  beams  due  to  the  curvature  of  the  glass. 

Fig.  3  shows  a  check  curve  plotted  between  scale  readings  of  this 
"optical  lever"  gage  as  ordinate  and  the  actual  pressures,  as  measured 
by  a  McLeod  gage  (hydrogen  being  the  gas  used).  It  will  be  seen  that 
with  this  gage,  up  to  the  limit  of  this  curve,  .2  mm.,  a  straight  line  relation 
exists.  Above  this  point,  the  line  is  slightly  curved,  due  to  the  flat 
scale  used,  and  to  the  angular  movement  of  the  lever  arm.  This  curve 
shows,  too,  the  variations  from  the  true  value  which  may  be  expected 
from  consecutive  readings.  The  relative  variation  of  this  curve  from 
its  calculated  position  depends  principally  on  the  accuracy  of  the  calcula- 
tion. A  convenient  method  of  obtaining  accurately  the  lever  arm  ratio 
consists  in  mounting  the  lever  in  a  vessel  of  known  cross  sectional  area 
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Fig.  4. 
Use  of  Optical  Lever  Gage  as  a  Primary  Instrument. 

with][the  float  resting  on  mercury,  in  its  normal  position.  When  small 
known  amounts  of  mercury  are  added,  the  movement  of  the  beam  of 
light  on  a  properly  placed  scale  may  be  observed,  and  the  lever  arm 
ratio  calculated. 

By  means  of  this  gage  as  a  primary  instrument  the  use  of  the  hot  wire 
gage*  may  be  extended  to  the  measurement  of  vapor  pressures.  Fig.  4 
is  a  calibration  curve  for  the  hot  wire  gage  for  water  vapor,  the  pressure 
being  determined  by  the  "optical  lever"  gage. 

Fig.  5  is  a  reproduction  of  a  graphic  chart  obtained  by  using  the 


>  Pirani.  Verh.  I.  Deutsch  Phys.  Gesell.,  34,  p.  686,  1906. 
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''Optical  lever  gage."  The  apparatus  used  was  that  shown  in  Fig.  2 
with  the  addition  of  a  tube  arranged  for  immersing  in  liquid  air,  connected 
to  the  right  leg  of  the  U-tube.  At  the  point  A  on  the  chart,  all  gases 
have  been  removed  from  the  system,  except  some  water  vapor  and  COa 
which  are  held  frozen  in  the  tube  immersed  in  liquid  air.  With  the 
cross  connection  closed,  the  liquid  air  is  removed.  At  B  active  vaporizing 
starts.  At  C  the  CO2  has  been  released,  at  D  water  vapor  is  coming 
off,  and  at  E  this  vaporization  is  complete.  At  F  solid  COj  is  applied 
and  the  water  starts  to  freeze  out  again,  this  freezing  out  becoming  com- 
plete at  G.  At  H  the  solid  COj  is  replaced  by  liquid  air  and  freezing  out 
of  the  CO2  begins.  This  is  completed  at  /,  the  gage  being  thus  brought 
back  to  zero  reading.  This  chart  is  shown  merely  to  give  an  idea  of 
the  possibilities  of  the  "optical  lever"  gage  in  this  direction.  Many 
problems  of  diffusion,  gas  evolution,  etc.,  immediately  present  themselves 
for  solution  with  the  aid  of  this  device. 

Some  idea  of  the  maximum  rapidity  of  pressure  variation  which  the 
optical  lever  gage  will  record  may  be  gained  from  Fig.  6  which  shows  a 


<hci//aficf9S  s*f  cp  fo  -i-ftm  mmrcury  of  am  ^ppfic^ 
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appitca+t90  of  It^tdatr  "fo  fhm  my-fmm.i 


Ttmm  tnsacoodm 


"^       u — « 


Fig.  6. 


record  of  the  freezing  out  of  water  vapor  by  means  of  liquid  air.  The 
oscillations  are  due  to  the  original  sudden  pressure  drop,  and  have  a 
period  of  slightly  more  than  two  seconds  (approximately  i,ooo  grams  of 
mercury  in  the  gage).  The  design  of  the  gage  may  be  such  that  this 
period  may  be  materially  reduced. 

To  summarize,  a  primary  vacuum  gage,  consisting  of  the  optical  lever 
principle  applied  to  a  mercury  U-tube  manometer  has  been  devised  for 
indicating  or  recording  pressures,  including  pressure  variations,  of  vapors 
as  well  as  gases,  the  pressure  range  being  from  several  millimeters  of 
mercury  to  approximately  one  thousandth  of  a  millimeter.  All  errors 
of  any  consequence  may  be  eliminated.  By  the  use  of  this  gage  with  the 
addition  of  a  standard  photographic  device,  charts  may  be  obtained 
showing  accurately  pressure  changes  due  to  such  phenomena  as  vapori- 
zation, freezing,  diffusion,  etc. 

Wbstinghousb  Research  Laboratory, 
East  Pittsbxjrgh,  Pa., 
January,  IQI9. 
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THE  LOGARITHMIC  LAW  CONNECTING  ATOMIC  NUMBER 
AND  FREQUENCY  DIFFERENCES  IN  SPECTRAL  SERIES. 

By  Gladys  A.  Anslow. 

Synopsis. — In  continuation  of  a  previous  note  by  Anslow  and  Howell  graphic 
and  algebraic  relations  are  derived  between  the  logarithms  of  the  atomic  numbers 
and  of  the  w,  wi  +  Pt*  pi  and  Pt  constant  frequency  differences  occurring  in  the  spec- 
tral series  of  alternate  members  of  the  same  chemical  family.  Two  ssrstems  of  four 
approximately  straight  lines  approaching  parallelism  resulted  when  a  family  pos- 
sessed both  doublet  and  triplet  series.  The  equations  derived  are  of  the  form 
w  ■*  {Nfmnk)^,  where  N  is  the  atomic  number  of  the  element;  A  is  a  constant  de- 
pending upon  the  ssrstem;  n  is  an  integer,  the  same  for  both  S3^tems  in  the  same 
family;  ft  is  a  constant.  0.080;  and  m  takes  on  successive  integral  values  for  the  r, 
p\  +  vt,  and  p\  equations.  The  agreement  between  the  calculated  and  observed 
values  of  frequency  differences  indicates  that  the  logarithmic  lines  should  curve  up- 
wards for  elements  of  high  atomic  number.  The  equations  derived  and  the  fact  that 
an  approximate  linear  relation  seems  to-exist  between  the  convergence  frequencies  of 
members  of  the  same  system  of  series  and  their  atomic  numbers  do  not  seem  to  follow 
from  the  Bohr-Sommerfeld  theory  of  atomic  structure  as  so  far  developed  and  indi- 
cate that  some  adjustments  to  the  theory  are  necessary  if  it  is  to  be  extended  to 
predict  optical  series. 

IN  an  earlier  note  Mrs.  Janet  Howell  Clark  and  the  author^  called 
attention  to  an  extension  of  the  modified  law  of  Runge  and  Precht* 
concerning  the  frequency  differences  of  the  doublet  and  triplet  spectral 
series  in  a  given  family  of  the  Mendelejeff  chemical  series.  Ives  and 
Stuhlmann'  had  found  by  a  graphical  method  that  a  linear  relation  exists 
between  the  logarithms  of  the  atomic  numbers  of  the  elements  of  one 
family  and  the  logarithms  of  their  doublet  separations.  Plotting  the 
logarithms  of  the  atomic  numbers  of  the  members  of  the  second  chemical 
family  against  the  logarithms  of  the  sum  of  the  constant  frequency 
differences  of  the  triplets  in  their  spectra,  we  found  that  linear  relations 
exist  between  alternate  members  of  the  family,  the  points  for  magnesium, 
zinc,  cadmium  and  mercury  lying  on  one  line,  and  those  for  calcium, 
strontium,  barium  and  radium  on  another. 

Bell*  has  recently  published  a  treatise  on  the  relation  of  atomic  number 
to  the  doublet  and  triplet  separations  in  the  different  chemical  families. 
Testing  the  relation  v  ^  A{N  —  NoY,  where  v  stands  for  the  frequency 

>  Anslow  and  Howell,  Proceedings  of  the  National  Academy  of  Sciences;  III.,  p.  409, 1917. 

*  Runge  and  Precht,  Philosophical  Magazine;  V.,  p.  476,  is>03. 

*  Ives  and  Stuhlmann.  Phys.  Rev.,  V.,  p.  368,  1915* 

*  Bell.  Philosophical  Magazine.  XXXVI..  p.  337.  1918. 
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difference,  N  for  the  atomic  number,  and  A  and  No  are  constants,  he 
finds  that  such  an  equation  approximately  predicts  the  doublet  and 
triplet  separations  of  the  different  elements  if  we  assume  two  such 


Fig.  1. 

equations  for  each  family  which  branch  in  the  case  of  the  first  and  second 
families  at  potassium  and  magnesium  respectively.  He  also  derives  an 
equation  for  the  logarithmic  relation  between  the  same  quantities,  putting 
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Fig.  2. 


the  equation  in  the  form,  log  v  ^  p  log  iV  +  g,  where  p  and  g  are  con- 
stants, but  discards  such  a  relation  as  not  an  essential  improvement 
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Upon  the  relation  v  ^  A{N  ^  N^)^.  He  also  states  that  "the  logarithmic 
method  fails  to  show  graphically  the  branching  relation  of  the  columns." 

However,  the  plotting  of  the  logarithmic  equations  does  show  the 
existence  of  two  equations  for  each  family  as  is  evident  from  the  diagrams 
in  the  article  by  Mrs.  Clark  and  myself,  where  we  attempted  to  make  this 
fact  clear.  It  happens  that  I  had  calculated  the  equations  of  the  log- 
arithmic lines  for  the  different  families  where  series  are  known  and  since 
the  form  in  which  I  stated  my  final  results  is  slightly  different  from  Mr. 
Bell's,  it  shows  some  interesting  relationships. 

Since  the  spectral  series  of  the  elements  in  the  second  chemical  family 
have  been  the  most  fully  worked  out  for  any  family,  I  will  consider  it 
first.  I  have  plotted  the  logarithms  of  the  doublet  separation,  v,  and  of 
the  triplet  separations  vu  V2t  and  vi  +  va  against  the  logarithms  of  the 


atomic  numbers  of  the  elements  and  have  obtained  lines  which  pass 
through  Ca,  Sr,  Ba  and  Ra  (Fig.  i),  and  through  Mg,  Zn,  Cd  and  Hg 
(Fig.  2).  The  striking  feature  of  the  result  is  that  the  lines  for  each 
system  are  approximately  parallel.  If  the  two  systems  are  plotted  on 
the  same  diagram,  corresponding  lines  will  intersect  at  points  slightly 
below  those  for  magnesium.  This  fact  is  shown  for  the  v  lines  in  Fig.  3. 
The  equations  of  the  lines  were  first  put  into  the  form, 

logi' =  ^(logiV- O 

and  this  equation  then  solved  into  v  =  (N/B)^,  where  B  =  antilog.  C. 
The  constants  A  and  B  which  appear  in  the  mean  equations  of  the  lines 
are  tabulated  below. 
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The  values  for  the  frequency  differences  are  taken,  for  the  sake  of 
comparison,  the  same  as  those  taken  by  Bell  and  given  by  DunzJ  The 
values  for  the  radium  triplets  are  those  given  in  our  earlier  paper.  It 
should  be  noticed  that  the  triplet  differences  2050  and  832  found  by 
Hicks^  fit  almost  as  well  into  the  equations  derived.  Values  marked  * 
were  not  used  in  the  calculation  of  the  formulae. 


Table  i. 


Blement. 

N. 

Fobs. 

vCalc. 

V  Calc— y  Obe. 

n+vi  Obe. 

n+nCelc 

n+rs  Celc. 
—  »i+»*Obe. 

Ca 

Sr 

20 
38 
56 
88 

222.9 

801.3 

1690.5 

4858.0* 

225.6 

795.8 

1704.6 

4140.9 

+    2.7 
-     5.5 
+  14.1 
-717.1 

158.10 
581.49 
1248.7 
3052.7* 

159.8 

578.0 

1255.6 

3103.9 

+    1.7 
+    3.5 
+    6.9 
+  51.2 

Ba 

Ra 

A  -  1.964 

B  -  1.267  =  4  X  .317 

A  «  2.002 

B  =  1.586  -  5  X  .317 

Blement. 

N. 

nObe. 

n  Celc. 

nCelc. 
— n  Obe. 

It  Obe. 

-  .               n  Celc. 
n  Celc.          _„  Obe. 

Ca 

Sr 

20 
38 
56 
SS 

105.99 
394.44 
878.4 
2016.6* 

105.5 

394.7 

875.6 

2216.6 

-  0.5 
+     0.3 

-  2.8 
+200.0 

52.11 

187.05 

370.3* 

1036.1* 

52.1 

187.0 

408.4 

1005.8 

+    0.0 
+    0.0 
+  38.1 
-  30.3 

Ba 

Ra 

A  -  2.055 

B  =.  2.072  «  6  X  .345 

A  =.  1.994 
B  =  2.747 

Element. 

N. 

rObs. 

yCalc. 

V  Gale. 
— y  Obs. 

n+it  Obe. 

n+n  Celc. 

n+»*  Celc. 
— n+n  Obe. 

Mg 

Zn 

Cd 

Hg 

12 
30 
48 
80 

92.0 
872.4 
2484.1* 
9835.06 

91.4 

872.6 

2776.4 

9766.2 

-  0.6 
-f    0.2 
+312.3 

-  68.9 

60.86 
578.79 
1712.91* 
6397.50 

61.0 

578.1 

1831.7 

6412.2 

+     0.1 
-     0.8 
+118.8 
+  14.7 

A  =  2.462 

B  -  1.917  «  6  X  .319 

A  =.  2.454 

B  »  2.247  =«  7  X  .321 

Blement. 

N. 

n  Obs. 

n  Celc. 

n  Calc. 
— n  Obe. 

nObe. 

nCelc. 

rt  Celc. 
— w  Obe. 

Mg 

Zn 

Cd 

Hg 

12 
30 
48 
80 

40.95 
388.91 
1171.05* 
4630.31* 

40.9 

388.9 

1234.1 

4328.4 

+     0.0 
+    0.0 
+  63.0 
-301.9 

19.89 
189.78 
541.86* 
1767.19* 

19.9 

189.8 

604.2 

2127.0 

+     0.0 
+     0.0 
+  63.3 
+359.8 

A  »  2.457 

B  =  2.648  «  8  X  .331 

A  -  2.462 
B  -  3.560 

The  equations  derived  show  that  A  is  approximately  constant  for 
each  system,  as  is  to  be  expected  since  the  plotted  lines  approach  paral- 
lelism.    Moreover,  the  constants  B  for  the  v,  v\  +  v^  and  vi  lines  of 

^  Dunz.  Bearbeitung  unaerer  Kentniese  von  der  Sericn,  Tubingen,  191 1. 
*  Hicks,  Philoeophical  Transactions,  A,  CCXIL.,  33. 


330 


GLADYS  A.  ANSLOW. 


[Sbcomd 
Sbribs 


both  systems  are  successive  integral  multiples  of  the  same  factor,  0.32. 
Th.e  agreement  between  the  observed  and  calculated  values  for  the 
separations  is  fairly  good  for  elements  of  low  atomic  number,  but  poor 
for  those  elements  which  lie  beyond  the  rare  earths  in  the  chemical 
series.  The  differences  between  the  values  found  for  cadmium  seem  to 
indicate  that  either  the  series  used  are  not  related  to  those  with  which 
they  are  commonly  supposed  to  be  sinfiilar  to  in  other  elements,  or  the 
structure  of  the  atom  of  this  element  is  not  exactly  similar  to  that  of 
the  other  elements  in  the  same  group,  so  that  it  acts  as  if  its  atomic 
number  were  less  than  that  which  has  been  assigned  to  it.  Attention  is 
also  called  to  the  fact  that  much  better  values  could  be  calculated  for  the 
vi  separations  of  radium  and  mercur>'  if  the  values  of  B  were  more  nearly 
equal  to  6  X  .320  and  8  X  .320,  respectively. 


Fig.  4. 

Since  alternate  elements  are  related  in  this  way,  it  should  be  possible 
to  predict  frequency  differences  in  elements  where  they  are  not  yet 
known.  The  lines  through  Ca,  Sr,  Ba  and  Ra  predict  the  separations 
V  =  9-56;  vi  +  I'a  =  6.95;  vi  =  3.91;  and  vi  =  2.17  for  beryllium.  The 
spectrum  shows  the  differences  8.9,  6.8,  4.1  and  2.5  between  lines  which 
occur  in  pairs,  but  not  in  triplets.  A  magnetic  study  of  the  lines  in 
question  has  been  made  by  Popow^  proving  that  they  belong  to  doublet 
and  triplet  series.  Possibly  the  simplicity  of  the  atom  prevents  the 
appearance  of  the  three  lines  in  the  spectrum  at  once,  but  permits 
doublets  with  the  separations  corresponding  to  the  triplet  separations. 

The  results  for  Group  i  are  plotted  in  Fig.  4  and  the  equations  derived 

'  Popow,  Verhandlungen  der  Schweizerischen  Naturfonchenden  Gesellachaft,  Sept.,  I9i3« 
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are  shown  in  Table  II.     In  this  group  only  the  doublet  series  have  been 
discovered  with  the  exception  of  copper. 

Table  II. 


Blemeat. 

N. 

yObs. 

FCalc. 

rCalc. 
-rObs. 

Element. 

N, 

vObt. 

yCalc 

FCalc. 
-yObs. 

Na 

Cu 

Ag 

Au 

11 

29 
48 
79 

17.21 
248.13* 
920.56 
3817.20 

17.21 
245.4 
922.0 
3826.7 

+0.0 
-2.7 
+1.4 
+9.5 

Li 

K 

Rb 

Cs 

3 
19 
37 
55 

0.34* 
57.90 
237.71 
564.10 

1.09 
57.1 
239.0 
559.7 

+0.7 
-0.8 
+1.3 
-4.4 

A  =  2.741 

B  =  3.895  -  8  X  .486 

A  =  2.147 

B  -  2.887  =  6  X  .481 

As  in  Group  2  two  values  appear  for  A,  and  B  is  seen  to  be  an  integral 
multiple  of  the  constant,  0.483.  If  the  behavior  of  the  light  emitting 
electrons  of  the  two  families  is  similar,  we  should  expect  the  appearance 
of  triplet  series  in  this  group,  and  the  equations  which  should  predict 
the  values  of  vi  +  vt  and  vi  are  for  Na,  Cu,  Ag  and  Au 

N 


VI  + 


"-{ 


9  X  .483 


y 


HI 


and 


""VioX.483/       ' 


147 


and  for  Li,  K,  Rb  and  Cs 

/       N      V 

"^ +  "«  =  (,  7-1^:^3  J 
and 

''^-V8X.483>'      • 

Two  systems  of  triplets  have  been  discovered  in  the  spectrum  of  copper 
by  Rydberg^  with  the  separations  I'l  +  ^2  =  129.50  +  50.58  =  180.08; 
and  680.10  +  212.21  =  892.41.  Assuming  that  A  should  have  the  same 
value  for  these  triplets  as  for  the  doublets  the  values  derived  for  B  are 

5'^^''*,     4324  =    9  X  .481;    2.432  =  10  X  .243 

5"',         4.918  =  10  X  .491;    2.685  =  II  X  .244 

^'S         6.728  4.102 

The  agreement  between  the  predicted  values  for  B  and  those  derived 
from  the  triplets  with  the  smaller  frequency  differences  is  striking,  the 
other  system  of  triplets  being,  apparently,  a  secondary  one  with  B  a 

^  Rydberg.  Astrophysical  Journal,  VI.,  p.  339,  1897. 
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multiple  of  a  constant  half  as  large  as  for  the  other.  These  results  sup- 
port the  hypothesis  that  the  graphs  for  the  v,  vi  +  va,  i^i,  and  v^  separa- 
tions in  Figs.  I  and  2  are  parallel  straight  lines. 

If  the  latter  three  lines  are  parallel,  the  following  equations  can  be 
stated  for  the  triplets  in  any  element 

N 


VI  + 


X^n+ytJ 


A 


'■■© 


(I) 


(2) 


(3) 


and  subtracting  (2)  from  (i) 


Vl 


B 


•'l+M 


y-iiY] 


(4) 


which  leads  to  the  following  relation  between  the  constants, 

"57 


LU^+K./    \bj  J 


(5) 


y* 


I  have  tested  this  result  for  the  triplets  considered.  The  vi  value  for 
A  for  Ca,  Sr,  Ba,  and  Ra  is  so  different  from  those  for  vi  +  vj  and  vi 
that  I  have  calculated  second  values  for  B  from  the  Ca,  Sr  and  Ba  vi 
separations,  and  from  the  Ca  and  Sr  V2  separations,  assuming  A  =  2.002, 
which  is  that  derived  for  the  vi  +  vz  separations.  The  results  are  placed 
below  those  taken  from  Table  I. 

Table  III. 


Syitem. 

^Ki  +  r,. 

^n. 

[(-^.'i+i 

y'«r]-'^^' 

^n. 

d{B,). 

Ca.,  Sr,  Ba,  Ra .... 

Ca,  Sr,  Ba,  Ra 

Mg,  Zn,  Cd,  Hg . . . 
Cu 

1.586 

2.247 
4.324 
2.432 

2.054 
1.922 
2.648 
4.918 
2.685 

2.494 
2.800 
3.543 
6.728 
4.102 

2.746 
2.780 
3.560 
6.930 
4.108 

0.252 
0.020 
0.017 
0.202 

Cu 

0.006 

The  values  in  the  last  column  give  the  differences  between  the  two 
calculated  values  of  -B,^,  and  are  so  small  that  the  hypothesis  of  paral- 
lelism between  the  series  separations  is  strengthened. 

Triplets  appear  again  in  Group  VI.,  and  have  been  discovered  in  the 
spectra  of  O,  S  and  Se  (Fig.  5).  If  the  alternate  members  in  this  group 
are  spectroscopically  related  those  in  O  should  not  be  related  to  those  in 
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S  and  Se,  but  to  the  undiscovered  triplets  in  Cr,  Mo,  W  and  U.  From 
the  separations  I'l  +  I'l  =■  18.15  +  11. 13  =  29.16  in  S,  and  vi  +  i^i 
=  103.7  +  44«07  =  148.48  in  Se,  the  following  equation  is  derived. 

/    j^    \2.i(Jo       /       N       \i.m 

''^  +  ^^  =  V3":^6J    -[^n<:^9)    • 

The  similarity  between  this  equation  and  the  one  predicted  for  the  un- 
discovered triplets  of  Li,  K,  Rb  and  Cs  is  apparent.     If  they  are  identical 


vi  and  vt  should  be  given  by  parallel  equations  with  jB  =  8  X  .479, 

and 

r  f  / 1  \2-i«      /  I  \*-i^  1  /    I    \2.i«ol-i/«.i«o 

^-LIG)    -U)    \K:if9)    J      • 

These  values  give 

vi  +  V2  =  21.12  +  7.27  =  28.39  for  S, 

and  1 1 1.63  +  37.04  =  148.67  for  Se.  Better  agreement  would  have  been 
obtained  if  the  values  for  B  predicted  for  Li,  K,  Rb  and  Cs  had  been 
used. 

The  analogy  suggests  that  the  triplets  in  O  may  be  given  by  the  equa- 
tions derived  from  the  triplets  in  copper.  Using  these  equations  we 
obtain  vi  +  va  =  543;  vi  =  3.80;  and  vt  =  1.61.  The  observed  dif- 
ferences as  given  by  Runge  and  Paschen^  are  3.70  +  2.08  =  5.78. 

The  only  other  group  where  series  of  the  first  type  have  been  worked 
out,  with  the  exception  of  those  in  manganese,  is  in  the  third,  where 

^  Runge  and  Paschen,  Annalen  der  Physik,  LXL,  p.  641,  1897;  Astrophsrsical  Journal, 
VIII.,  p.  70,  1898. 
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doublets  occur.  The  graph  is  shown  in  Fig.  6.  The  values  of  the  con- 
stants derived  from  the  frequency  differences  which  are  known  are 
shown  in  Table  IV. 


Table  IV. 


Element. 

N. 

vObs. 

9  Calc 

V  Calc.  —  9  Obe. 

Al 

13 
31 
49 
81 

5 

112.07 
823.6 
2212.63 
7792.45 
15.4 

110.9 

829.5 

2397.1 

7753.5 

12.09 

-     1.2 

Ga 

+     5.9 

In 

+184.5 

Tl 

—  39.0 

B 

-     3.4 

A  =  2.318 

B  -  1.706  -  7  X  .246 


It  is  seen  that  the  value  of  the  doublet  separation  in  boron  lies  above 
the  line  connecting  the  points  determined  by  the  other  elements  which 
are  alternate  members  in  the  family.  If  another  line  should  determine 
the  frequency  differences  for  the  other  elements  B  should  lie  on  it,  and 
it  should  intersect  the  known  line  in  the  neighborhood  of  the  point 
determined  by  Al.  Hicks^  has  found  a  doublet  difference  for  scandium 
of  320.  Combining  this  value  with  that  known  for  boron  we  find  that 
A  =  2.166,  and  B  =  1.433  =  6  X  .239. 

Discussion. 

The  results  stated  show  that  the  logarithmic  method  of  obtaining  the 
relation  between  atomic  number  and  frequency  differences  in  spectral 

1  Hicks,  Philosophical  Transactions,  A.  CCXIII..  p.  408. 
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series  give  comparatively  good  agreement  between  the  observed  and 
calculated  values  for  the  constant  frequency  differences  for  elements  of 
low  atomic  number,  although  the  agreement  is  not  within  the  limit  of 
probable  error  of  the  mean  of  the  observed  differences,  the  probable 
error  of  the  observed  value  being  usually  not  more  than  0.5  cm"^.  For 
elements  of  high  atomic  weight  the  observed  values  are  greater  than  the 
calculated,  as  should  be  expected  if  the  mass  of  the  electron  varies  with 
its  velocity.  The  logarithmic  line  should,  therefore,  curve  upwards  for 
elements  of  high  atomic  weight.  Attention  is  also  called  to  the  fact  that 
the  calculated  values  are  all  too  high  for  the  elements  which  just  precede 
the  rare  earths  in  the  chemical  table. 

The  importance  of  the  logarithmic  line  does  not  lie  so  much  in  an 
attempt  to  obtain  good  agreement  between  observed  and  calculated 
values  as  in  the  connections  which  are  brought  out  between  different 
types  of  series  in  the  same  and  different  chemical  families.  The  equa- 
tions derived  show  that  the  values  of  B  are  successive  integral  multiples 
of  the  same  constant  for  the  v,  vi  +  Vf,  and  vi  lines  in  an  element.  This 
seems  to  mean  that  the  frequency  differences  between  the  longer  wave- 
length line  in  triplets  and  each  of  the  other  two  are  more  important  than 
the  differences  between  adjacent  lines.  The  equations  give  the  same 
value  for  A^  for  all  separations  in  the  same  system,  and  the  constants  B 
seem  to  be  integral  multiples  of  the  same  constant,  0.080,  in  all  systems. 
The  variation  of  the  value  of  A  seems  to  indicate  that  spectral  series  are  of 
several  types,  just  as  there  are  several  types  of  X-ray  spectra.  In 
general,  the  types  vary  with  the  valency  of  the  element,  but  it  is  possible 
for  the  same  type  to  occur  in  elements  with  different  valencies  as  is 
done  in  groups  I.  and  VI. 

The  form  of  the  equation  derived  does  not  seem  to  be  predicted  from 
the  equation  for  the  frequency  of  lines  as  developed  by  Sommerfeld*  for 
X-rays,  from  which  we  should  expect  an  equation  of  the  type  of  Bell's 
to  be  approximately  true.  Sommerf eld's  equation,  moreover,  indicates 
that  the  convergence  frequency  of  a  series  should  be  given  by 

«-(^7[-i(^7-i(^7-] 

where  a,  k  and  p  are  constants,  a  being  a  small  quantity.  Therefore, 
the  convergence  frequencies  of  series  of  the  same  type  should  be  approxi- 

^An  inapection  of  the  values  for  A  shows  common  differences  of  approximately  0.15, 
the  value  2.60  being  the  only  absent  member  in  such  an  arithmetic  series.  It  is  a  curious 
coincidence  that  the  frequency  differences  between  the  a  and  fi  lines  in  the  K  system  of 
X-ray  series  may  be  predicted  by  the  equation  v  ■■  (iV/.o6s)*". 

*  Sommerfeld,  Annalen  der  Phsrsik,  LI.,  1916. 
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mately  proportional  to  (N  —  iVo).*  That  this  is  not  the  case  is  seen 
from  an  inspection  of  Fig.  7,  where  the  convergence  frequencies  of  the 
series  with  constant  frequency  diflferences  have  been  plotted.  The  values 
used  were  obtained  from  Dunz,  and  may  also  be  found  in  Kayser's 
Handbuch  der  Spectroscopic,  Vol.  II.  The  graph  shows  that  an  appro^d- 
mate  linear  relation  exists  between  the  convergence  frequencies  and 


atomic  numbers  of  K,  Rb  and  Cs;  Ca,  Sr  and  Ba;  and  Al,  In  and  Tl, 
which  elements  I  have  shown  to  be  related  in  spectral  type.  Moreover, 
a  line  through  the  points  for  S  and  Se  is  approximately  parallel  to  that 
through  K,  Rb  and  Cs,  a  fact  which  is  in  support  of  the  hypothesis  that 
the  series  in  these  elements  is  predicted  by  the  same  equation. 

It  would  seem  that  an  adequate  atomic  theory  should  explain  the  rela- 
tion just  stated  between  atomic  number  and  convergence  frequency, 
and  the  physical  reason  for  the  approximate  relation 

(JLY 

where  v  represents  the  frequency  difference,  N  the  atomic  number,  A  is 
a  constant,  n  an  integer,  both  of  which  vary  with  the  system,  m  successive 
integers  for  the  v,  vi  +  1^2,  and  vi  members  of  the  system,  and  k  a  constant 
for  all  the  systems  considered. 

Smith  College, 

Northampton,  Mass., 
February,  igip- 
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ON  THE  CHARACTERISTICS  OF  ELECTRICALLY 

OPERATED  TUNING  FORKS. 

By  H.  M.  Dadourian. 

Synopsis. — ^A  series  of  experiments  was  performed  to  determine  the  conditions 
affecting  the  period  of  an  electrically  operated  tuning  fork  with  the  following  results : 

(i)  The  more  massive  the  base  of  the  fork  and  the  table  upon  which  it  is  placed 
the  smaller  is  the  period.  This  effect,  however,  is  not  greater  than  one  part  in 
10,000.  (2)  A  change  in  the  constants  of  the  electrical  circuit  containing  the  elec- 
tromagnet affects  the  period.  The  effect  is  less  than  one  part  in  10,000  for  moderate 
changes  necessary  for  keeping  the  amplitude  of  vibration  constant.  (3)  The  period 
increases  linearly  with  the  increase  in  the  length  of  the  gaps  between  the  contact 
springs  and  contact  points.  For  the  forks  used  this  increase  was  about  one  part  in 
500  for  a  change  of  o.i  mm.  in  the  length  of  the  gaps.  (4)  For  a  given  fork  there  is 
an  amplitude  at  which  the  period  has  a  stationary  value.  This  may  be  a  maximum 
or  a  minimum  depending  upon  the  arrangement  of  the  mounting  of  the  contact 
springs.  At  small  amplitudes  the  change  in  the  period  due  to  a  variation  in  the 
amplitude  may  be  considerable.  (5)  The  temperature  effect  increases  from  1.04 
X  10"*  at  —  25*  C.  to  1.43  X  io"<  at  56*  C.  The  values  corresponding  to  tem- 
peratures above  o^  C.  are  from  20  to  40  per  cent,  greater  than  those  obtained  by 
other  observers.  There  are  no  other  published  data  giving  the  temperature  effect 
below  o®  C.  (6)  By  keeping  the  temperature,  the  length  of  the  gap  and  the  am- 
plitude constant,  a  well-made  fork  can  be  relied  upon  to  give  a  constancy  of  rate 
accurate  to  one  part  in  50,000.  (7)  The  theoretical  expression  for  the  period  of 
vibration  of  a  bar  holds  good  for  a  tuning  fork.  (8)  The  velocity  of  sound  in  the 
steel  of  which  the  forks  used  were  made  is  5.49  X  10*  cm.  per  sec.  (9)  The  co- 
efficient of  modulus  of  elasticity  of  the  steel  is  19.10  X  10".  (10)  The  temperature 
coefficient  of  the  modulus  of  elasticity  increases  from  —  2.2  X  io~*  at  —  25®  C.  to 
—  2.96  X  10"*  at  56*  C.  These  values  were  computed  from  the  relation  «  ■■  —  (2$ 
+  a),  where  e  is  the  temperature  coefficient  of  modulus  of  elasticity,  $  the  tempera- 
ture effect  upon  the  period  of  the  fork,  and  a  the  coefficient  of  linear  expansion  of 
steel. 

1.  Introduction. 

THE  determination  of  the  frequency  of  tuning  forks  and  the  study 
of  the  causes  affecting  the  frequency  have  been  the  subjects  of 
investigation  by  a  large  number  of  physicists  during  the  last  hundred 
years  or  more.  Consequently  the  author  would  not  have  thought  of 
carrying  out  the  researches  described  in  the  following  pages  had  not 
circumstances  led  him  to  them.  While  working  on  problems  of  sound 
ranging  with  the  Engineer  Detachment  of  the  United  States  Army  in 
Princeton,  it  became  part  of  the  author's  work  to  adjust  and  to  determine 
the  periods  of  vibration  of  a  number  of  tuning  forks.  As  these  forks  were 
slightly  different  in  shape  and  in  details  of  mounting  from  those  used 
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by  previous  investigators  it  was  found  desirable  to  know  the  extent  to 
which  the  results  obtained  by  them  held  good  for  these  forks.  A  brief 
investigation  was  therefore  planned  with  this  end  in  view.  But  as  the 
work  progressed,  interesting  and  important  results  were  obtained  which 
led  the  author  to  widen  the  scope  of  inquiry  until  the  problem  had  been 
carefully  studied  in  all  its  phases. 

II.  Description  of  the  Forks. 

Most  of  the  experiments  described  in  the  following  pages  were  carried 
out  with  forks  made  by  the  Western  Electric  Company,  of  the  type 
shown  in  Fig.  i.  The  fork  proper  is  milled  out  of  a  solid  piece  of  soft 
machine  steel  and  is  electro-galvanized  to  prevent  rusting.  The  prongs 
of  the  fork  are  about  39.5  cm.  long,  0.95  cm.  thick,  1.90  cm.  deep,  and 
2.90  cm.  apart.  The  outer  curves  at  the  shoulders  as  well  as  the  inner 
curve  are  circular.  Consequently  the  prongs  are  thinner  at  the  shoulders 
than  the  prongs  of  standard  Koenig  forks  of  the  same  general  dimensions, 
and  therefore  vibrate  about  their  fixed  ends  as  axes  more  like  rigid  bars 
than  do  the  prongs  of  the  Koenig  type  of  fork. 

The  fork  is  rigidly  attached  to  the  back  of  a  brass  casting  which  has 
the  form  of  a  rectangular  trough.  The  electromagnet  is  provided  with 
movable  pole-pieces  placed  on  the  outside  of  the  prongs.  This  feature 
had  been  introduced  by  the  Western  Electric  Company  to  satisfy  the 
special  conditions  for  which  the  fork  was  originally  designed  and  is  not 
at  all  necessary  for  its  general  serviceability.  In  fact  the  common  type 
of  electromagnet  with  pole-pieces  between  the  prongs  is  preferable  for 
a  fork  for  which  constancy  of  frequency  is  the  principal  desideratum. 

A  steel  contact  spring,  0.28  mm.  thick  and  3.92  mm.  wide,  is  attached 
to  each  of  the  prongs  by  means  of  a  steel  clamp  screwed  to  the  prong  at 
a  point  about  midway  between  its  ends.  The  contact  spring  is  reenforced 
with  two  shorter  springs  placed  one  on  each  side  and  clamped  together. 
When  the  fork  is  adjusted  the  free  end  of  each  contact  spring  comes 
midway  between  two  platinum  contact  points  soldered  to  the  ends  of  two 
brass  screws.  The  latter  are  set  in  brass  bars  provided  with  set  screws 
for  the  purpose  of  making  the  contact  screws  fast  after  adjustment. 
These  bars  are  screwed  to  a  piece  of  micanite  which  forms  the  top  piece 
of  the  bridge  over  the  prongs.  In  order  to  secure  good  electrical  contact 
a  circular  piece  of  platinum  foil  is  soldered  to  each  side  of  the  free  end 
of  each  contact  spring. 

The  scheme  of  electrical  connections  is  shown  in  Fig.  2,  where  the 
arrowheads  marked  A,  B,  C  and  D  indicate  the  four  contact  points  at 
the  ends  of  the  horizontal  brass  screws  shown  in  Fig.  i.    The  condensers 
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marked  c  have  each  a  capacity  of  0.5  M.F.,  the  resistance  coils  marked  r 
have  each  a  resistance  of  150  ohms,  and  the  field  coil,  R,  of  the  electro- 
magnet has  a  resistance  of  225  ohms  and  about  6,300  turns  of  wire. 
The  condensers  and  the  resistance  coils  are  attached  to  the  under  side 
of  the  brass  base.  The  contact  points  C  and  D  do  not  form  parts  of 
the  electrical  circuits,  but  they  are  necessary  for  the  symmetry  of  the 
mechanical  action  of  the  contact  points  upon  the  contact  springs.  The 
contact  point  D  is  provided  with  the  necessary  connections,  so  that  it 
can  be  made  use  of  electrically  in  case  it  is  desired  to  energize  the  electro- 
magnet of  the  phonic  wheel  every  half  period  instead  of  every  full  period. 


hD     A«**-\ 


Fig.  2. 


for  instance.  It  may  be  stated  here  parenthetically  that  the  wheel 
runs  with  greater  smoothness  between  two  than  between  four  pole-pieces 
as  the  fork  functions  under  normal  running  conditions  remarkably  free 
of  sparking  at  the  contact  points,  so  that  the  pieces  of  platinum  foil 
soldered  at  the  ends  of  the  contact  springs  last  indefinitely. 

In  addition  to  the  W.  E.  (Western  Electric)  forks  three  others  were 
used.  One  of  these  was  a  Leeds  and  Northrup  fork  kindly  loaned  by  the 
Company.    Another  was  a  fork  made  by  Pirard  and  Coeurdevache  of 
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Paris.  The  third  was  an  old  50  V.  D.  Koenig  fork  mounted  upon  the 
base  of  one  of  the  W.E.  forks.  In  order  to  adapt  the  Koenig  fork  to  the 
W.E.  base,  contact  springs  were  clamped  to  the  sides  of  the  prongs  at 
points  about  one-fourth  of  the  length  from  the  free  ends.  The  way  in 
which  this  was  done  is  indicated  in  Fig.  3,  where  i4  is  a  piece  of  steel 

channeled  to  a  depth  slightly  less  than  the 
total  thickness  of  the  three  springs  between 
it  and  the  prong.  This  piece  was  attached 
to  the  prong  by  means  of  two  screws  which 
pass  through  holes  made  in  the  springs. 
The  arrangement  is  an  improvement  over 
that  of  the  original  W.E.  forks,  first  be- 
cause it  is  simpler  and  second  because  it 
does  not  unnecessarily  modify  the  uniform- 
ity of  the  effective  thickness  of  the  prong  in  the  neighborhood  of  the 
clamp,  as  the  spring  in  contact  with  the  prong  has  only  one-third  the 
width  of  the  clamp  in  contact  with  the  prong  in  the  W.E.  fork. 

III.  Method  of  Determination  of  the  Period. 

The  period  of  vibration  of  the  fork  was  determined  b(y  a  method 
devised  by  Captain  H.  B.  Williams.  Chronographic  records  of  every 
fiftieth  complete  vibration  were  compared  with  the  records  of  the 
mean-time  clock  of  the  Princeton  University  Observatory.  In  order 
to  record  the  vibration  the  phonic  wheel  and  contact  making  device 
shown  in  Fig.  4  were  used  as  intermediary  between  the  fork  and  the 
chronograph.  When  the  fork  is  set  in  vibration  the  circuit,  of  which 
the  field  coils  of  the  phonic  wheel  form  a  part,  is  made  and  broken  at  the 
contact  point  -4,  Fig.  2,  thus  periodically  exciting  the  electromagnet  of 
the  wheel.  If  the  armature  of  the  wheel  is  given  a  motion  of  rotation 
so  that  one  of  its  teeth  comes  nearly  in  front  of  each  of  the  pole-pieces 
of  the  magnet  it  falls  in  step  with  the  magnetization  of  the  electromagnet 
and  rotates  synchronously  with  the  vibration  of  the  fork.  The  rotation 
of  the  armature  causes  the  toothed  wheel  A,  Fig.  4,  to  rotate  and  to  push 
against  the  rod  B  every  time  one  of  its  teeth  passes  by  the  end  of  the 
latter.  The  rod  B  then  comes  into  contact  with  the  rod  C,  thus  closing 
the  circuit  which  operates  the  pen  of  the  chronograph.  The  gearing 
intervening  between  the  phonic  wheel  and  the  contact  maker  is  such 
that  this  occurs  once  in  every  fifty  complete  vibrations  of  the  fork.  The 
short  flat  springs  at  the  lower  ends  of  the  rods  B  and  C  hold  them  in 
position  and  connect  them  to  the  binding  post  at  the  lower  left  hand 
corner  of  Fig.  4  to  which  are  attached  the  leads  of  the  chronographic 
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circuit.  The  time  of  contact  may  be  made  as  short  as  desired  by  ad- 
justing the  position  of  the  contact  maker  relative  to  the  wheel  A,  and 
of  the  rod  C  relative  to  the  rod  B.  The  clock  records  were  obtained  by 
the  intermediary  of  a  quick  contact  making  device,  attached  to  the  scope 
wheel  of  the  observatory  clock,  of  which  the  contact  maker  shown  in 
Fig.  4  is  a  simplilfied  copy. 

The  phonic  wheel  was  invented  by  La  Cour  and  Rayleigh,  inde- 
pendently. They  used  it,  however,  to  compare  the  frequencies  of  two 
forks  by  the  stroposcopic  method  and  not  to  obtain  chronographic 
records  of  a  fork.  The  method  described  in  the  preceding  paragraph 
which  may,  properly,  be  called  the  chronographic  method,  is  more  con- 
venient and  is  capable  of  yielding  a  greater  accuracy  than  any  other 
method  hitherto  used  for  determining  the  period  of  a  tuning  fork,  as 
will  be  observed  from  the  following  statement. 

First,  in  the  chronographic  method  a  record  of  two  hours  can  be 
obtained  without  any  more  care  on  the  part  of  the  experimenter  than 
that  of  winding  up  the  clock-work  of  the  chronograph.  The  record 
obtained  can  be  read  with  great  precision,  and  being  permanent  can  be 
read  at  one's  convenience  and  kept  for  future  reference.  The  clock 
does  not  have  to  be  adapted  to  the  fork  nor  the  fork  to  the  clock;  conse- 
quently the  frequency  of  any  fork  can  be  obtained  by  comparing  its 
record  with  that  of  the  clock,  the  rate  of  which  is  practically  constant 
and  known  very  accurately.  The  rate  of  the  mean  time  clock  used  in 
these  experiments  was  known  to  one  part  in  200,000. 

Second,  in  this  method  the  recording  arrangement  does  not  affect  the 
motion  of  the  fork  as  in  the  case  of  the  vibrographic  method  in  which 
the  variable  pressure  of  the  drum  against  the  recording  style  must  have 
an  appreciable  effect  upon  the  period  of  the  fork.  In  this  connection 
it  may  be  stated  that  an  experiment  was  performed  in  which  the  period 
of  W.E.  fork  No.  496  was  observed  while  the  mean  current  through  the 
field  coils  of  the  phonic  wheel  was  changed  from  60  to  180  milHamperes, 
but  no  appreciable  change  in  the  period  was  observed. 

Third,  the  method  gives  a  direct  comparison  of  the  fork  with  a  primary 
standard  like  a  clock,  and  not  with  a  secondary  standard  in  the  form 
of  another  fork. 

The  precision  of  the  chronographic  method  depends  upon  (a)  the 
accuracy  with  which  the  rate  of  the  clock  is  known,  (ft)  the  accuracy  of 
the  positions  of  the  fork  signals  relative  to  the  positions  of  the  clock 
signals  on  the  chronographic  record,  (c)  the  length  of  the  record,  and  (d) 
the  precision  with  which  it  is  read.  The  error  due  to  the  rate  of  the  clock 
may  be  made  negligible  by  using  a  clock  the  rate  of  which  is  accurately 
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determined.  The  error  due  to  the  irregularities  of  the  positions  of  the 
signals  need  not  be  more  than  .01  sec.  in  a  well-constructed  instrument. 
The  chronographic  record  can  be  read  with  great  accuracy  by  means  of  a 
differential  scale  often  used  by  astronomers.  So  that  even  if  an  error 
of  .05  sec.  is  made,  due  to  the  imperfections  of  the  recording  apparatus, 
the  effect  of  this  comparatively  large  error  can  be  made  negligible  by 
taking  a  fairly  long  record.  If  the  record  is  an  hour  long,  for  instance, 
an  error  of  .05  sec.  due  to  the  end  signals  will  introduce  in  the  determina- 
tion an  error  of  one  part  in  72,000  only. 

IV.  Effect  of  Base. 

It  follows  from  theoretical  considerations  that  the  base  upon  which 
the  fork  is  mounted  should  have  no  mass  at  all  or  it  should  have  an 
infinite  mass  in  order  that  it  absorb  no  energy  from  the  fork.  It  is  to 
be  expected  therefore  that  the  base  of  a  fork  will  have  some  effect  upon 
the  period.  In  order  to  study  this  effect  the  following  experiments  were 
performed. 

The  W.E.  fork  No.  496  was  placed  upon  a  brick  pier  with  a  marble  top 
and  its  period  determined.  A  lead  weight  of  10  kg.  was  then  placed 
upon  the  standard  by  means  of  which  the  fork  proper  is  attached  to  its 
base  and  the  period  was  again  determined.  The  result  of  increasing 
the  mass  of  the  base  by  this  means  was  to  decrease  the  period  by  one 
part  in  30,000. 

A  similar  experiment  was  made  with  the  Pirard  and  Coeurdevache 
fork  and  a  decrease  of  one  part  in  1,000  observed.  The  reason  for  the 
comparatively  large  change  in  the  period  of  this  fork  can  be  accounted 
for  by  the  fact  that  the  P.  &  C.  fork  weighs  about  4  kg.  while  the  W.E. 
forks  weigh  about  12  kg. 

Next  the  effect  of  the  table  upon  which  the  W.E.  fork  was  placed  was 
determined  by  observing  its  period  while  it  was  (a)  upon  the  pier,  (b) 
upon  a  wooden  table  and  (c)  upon  a  shaky  stool.  The  result  was  a 
progressive  increase  in  the  period,  the  period  on  the  stool  being  one  part 
in  10,000  greater  than  on  the  pier. 

The  relatively  large  weight  of  the  base  and  mounting  of  the  W.E. 
forks  is  therefore  a  desirable  feature,  which  makes  the  effect  on  the 
period  of  the  mass  of  the  table  upon  which  it  is  placed  relatively  small. 

V.  Effect  of  Changes  in  the  Constant  of  the  Electrical  Circuit. 

In  Fig.  5  let  00'  indicate  the  position  of  rest  of  the  contact  spring 
which  is  in  series  with  the  field  coil  of  the  electromagnet,  W  and  cc' 
indicate  the  positions  of  extreme  displacement,  and  aa'  its  position  at  the 
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instant  it  comes  into  contact  with  A^  Fig.  2,  and  closes  the  circuit  of  the 
electromagnet.  On  account  of  the  self  induction  of  the  circuit  the  driving 
current  does  not  attain  its  maximum  value  instantaneously  but  increases 
according  to  the  well-known  exponential  law  during  the  excursion  of 
the  spring  from  aa'  to  bb'  and  back  to  aa'.  At  aa'  the  spring  leaves  the 
contact  point  thus  opening  the  circuit  and  permitting  the  current  to 
die  down.  The  values  of  the  current  at  different  parts  of  a  complete 
vibration  are  roughly  indicated  by  the  curve  ab'a'ca.  The  motion  of  the 
prongs  is  opposed  by  the  magnetic  field,  while  the  spring  moves  from 
aa'  to  bb\  is  helped  while  moving  from  bb'  to  cc'  and  is  opposed  again 
while  moving  from  cc'  to  CLa'.  Thus  the  motion  of  the  prongs  is  opposed 
during  the  time  the  prongs  come  together  and  is  helped  the  rest  of  the 
time.  Therefore  a  periodic  but  non-har-' 
monic  force  is  impressed  upon  the  prongs 
in  addition  to  the  forces  of  restitution  and 
of  damping.  When  a  steady  state  of  vibra- 
tion is  reached  the  energy  supplied  per 
cycle  by  this  force  equals  the  energy  dissi- 
pated by  the  damping  forces.  This  energy 
is  a  function  of  the  area  enclosed  by  the 
broken  curve  ab'a'ca.    The  area  as  well  as  pig.  5. 

the  position  of  its  center  can  be  altered 

while  the  maximum  value  of  the  current  is  kept  constant  by  changing  the 
constants  of  the  exponential  curves  and  the  position  of  the  line  aa'.  In 
other  words  the  energy  applied  per  cycle  and  the  effective  phase  of  its 
application  may  be  altered  by  changing  the  time  constant  of  the  circuit 
and  the  length  of  the  gap  between  the  spring  and  the  contact  point. 

It  will  be  seen  in  Part  VII.  that  for  constancy  of  frequency  it  is  neces- 
sary to  keep  the  amplitude  constant.  But  to  do  this  it  may  be  necessary 
to  regulate  the  driving  current  and  hence  it  is  of  importance  to  know  to 
what  extent,  if  at  all,  a  change  in  the  time  constant  due  to  a  change  in 
the  resistance  of  the  circuit  affects  the  period  while  the  amplitude  is 
kept  constant.  This  point  was  investigated  with  the  W.E.  fork  No.  488 
in  two  experiments.  In  one  of  these  the  effect  of  an  additional  non- 
inductive  resistance  was  observed,  and  in  the  other  the  effect  of  adding 
a  self  induction  to  the  circuit  was  determined,  the  amplitude  being  kept 
constant  in  both  cases.  The  results  of  the  first  experiment  are  shown 
by  the  curves  of  Fig.  6,  where  the  abscissas  denote  the  external  non- 
inductive  resistance  added  to  the  circuit  of  the  electromagnet,  and  the 
ordinates  denote  the  percentage  increase  in  the  period  of  the  fork  in  ten- 
thousandths  parts  of  the  period  corresponding  to  zero  external  resistance. 


344 


H,  M.  DADOURIAN. 


fSsCOKD 

LSbribs. 


Curve  I.  was  obtained  with  the  length  of  the  gaps  between  the  contact 
springs  and  the  contact  points  equal  to  .05  mm.,  while  curve  //.  was 
obtained  with  the  length  equal  to  0.3  mm.  It  will  be  observed  that  the 
effect  is  greater  for  the  longer  gap.  But  the  effect  is  negligible  for  both, 
so  long  as  the  change  in  the  resistance  is  small.  If  a  change  of  lOO  ohms 
is  made  in  the  resistance  of  the  circuit  to  keep  the  amplitude  constant. 
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the  change  in  the  period  is  under  one  part  in  100,000  for  curve  I.  and 
under  two  parts  for  curve  //. 

The  effect  of  an  increase  in  the  self  induction  of  the  circuit  was  next 
observed  by  placing  alternately  an  inductive  resistance  and  a  non-induc- 
tive resistance  of  equal  value  in  series  with  the  coil  of  the  electromagnet 
and  the  change  in  the  period  was  found  to  be  less  than  one  part  in  10,000. 

VI.  Effect  of  the  Length  of  the  Gap. 

It  is  evident  from  Fig.  5  that  a  change  in  the  position  of  the  line  aa' 
would  result  in  a  change  in  the  area  of  the  cycle  ab'a'ca  and  the  position 
of  the  center  of  this  area.  Consequently  changing  the  gap  between  the 
contact  spring  and  the  contact  point  introduces  a  change  in  the  amount 
of  energy  applied  to  the  fork  per  period  and  in  the  phase  of  application 
of  this  energy.  Furthermore  the  circumstances  of  the  mechanical  action 
of  the  contact  points  upon  the  springs,  and  through  them  upon  the  prongs, 
is  changed  when  the  gaps  are  changed.  Therefore  an  alteration  in  the 
length  of  the  gaps  is  bound  to  affect  the  period  of  vibration  of  the  fork. 

This  effect  was  studied  by  determining  the  period  of  vibration  for  gaps 
of  different  lengths.  The  results  of  an  experiment  with  the  W.E.  fork 
No.  488  are  shown  by  curve  I  of  Fig.  7,  where  the  abscissas  denote  the 
lengths  of  the  gaps  between  the  springs  and  the  contact  points  in  fractions 
of  one  millimeter,  while  the  ordinates  denote  percentage  increases  in 
the  period  in  ten-thousandths  of  the  period  corresponding  to  zero  gap. 
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All  four  of  the  gaps  were  made  of  the  same  length,  changing  them  from 
.04  mm.  to  .25  mm.  in  ten  steps.  It  will  be  observed  that  the  effect  is 
very  nearly  linear  and  that  it  is  comparatively  large,  being  one  fifth 
of  one  per  cent,  per  one  tenth  of  a  millimeter  change  in  the  length  of  the 
gaps. 

Curve  II  was  obtained  with  the  Koenig  fork.  In  spite  of  the  fact  that 
the  springs  were  less  stiff  than  those  of  fork  No.  488  the  gap-effect  of  the 
Koenig  fork  is  greater  than  that  of  No.  488.    This  can  be  accounted  for 
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Fig.  7. 

by  the  fact  that  the  springs  were  nearer  the  free  ends  of  the  prongs  in  the 
case  of  the  Koenig  fork  and  consequently  the  moment  of  the  forces 
acting  upon  the  springs  was  greater  in  proportion,  and  that  the  forks 
were  relatively  thinner  and  consequently  their  motion  was  more  easily 
affected  by  this  moment. 

These  results  show  that  the  gap-effect  is  considerable  and  that  the 
gaps  must  be  kept  constant  in  length  if  constancy  of  frequency  is  desired. 
This  fact  does  not  seem  to  have  been  recognized  by  students  and  makers 
of  tuning  forks,  as  is  evident  from  the  form  of  contact  springs  of  standard 
types  of  forks.  Most  of  these  forks  have  twisted  platinum  wires  for 
contact  springs  which  change  their  shape  under  the  action  of  the  contact 
points,  making  the  length  of  the  gaps  variable.  The  springs  of  the  W.E. 
forks  can  be  relied  upon  to  keep  their  shape  and  position  so  that  the 
length  of  the  gaps  do  not  vary  more  than  .01  mm. 

It  was  found  that  the  positions  of  the  springs  relative  to  the  contact 
points  were  slightly  changed  when  the  position  of  the  fork  was  changed. 
This  was  due  to  a  redistribution  of  the  weight  of  the  fork  among  the  four 
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rubber  feet  of  the  base  and  the  consequent  strain  in  the  frame  of  the  base. 
In  order  to  avoid  possible  errors  from  this  source,  the  gaps  were  examined 
whenever  the  forks  had  to  be  moved  and  one  of  the  feet  raised  by  placing 
a  few  thicknesses  of  paper,  thereby  bringing  the  springs  to  positions 
midway  between  the  contact  points.  This  precaution  can  be  made 
unnecessary  by  making  the  frame  of  the  base  more  rigid  and  providing 
it  with  three  instead  of  four  feet. 

The  effect  upon  the  period  of  fork  No.  488  of  eliminating  the  outer 
contact  points  was  determined  by  observing  the  period  alternately  with 
the  outer  contact  points  at  o.i  mm.  from  the  springs  and  at  distances 
beyond  the  reach  of  the  springs.  The  average  results  of  four  separate 
determinations  was  to  change  the  time  of  50  periods  from  1.00096  sec. 
with  the  outer  contact  points  at  o.i  mm.  to  1.00369  sec.  with  the  outer 
contact  points  beyond  the  reach  of  the  springs,  the  inner  contact  points 
being  kept  at  0.1  mm.  from  the  springs.  In  other  words  the  mechanical 
action  of  the  outer  contact  points  upon  the  springs  decreases  the  period 
by  a  fraction  of  about  27  parts  in  10,000. 

VII.  Effects  of  Changes  in  Amplitude. 

Mercadier^  and  Ettinghausen*  have  observed  that  the  frequency  of  a 

fork  increases  with  decreasing  amplitude  and  approaches  assymptotically 

the  frequency  corresponding  to  zero  amplitude.     Poske*  and  Heerwagen* 

on  the  other  hand  have  found  that  the  frequency  increases  linearly  with 

decreasing  amplitude.    Heerwagen   has  expressed  his  results  by  the 

equation 

n  =  Wo  —  ^a 

where  n  and  Wo  denote  the  frequency,  a  the  amplitude,  and  p  a  constant. 
Hartmann-KempP  has  observed,  however,  that  the  frequency  increases 
more  rapidly  than  Heerwagen 's  linear  equation  would  imply  and  has 
expressed  his  results  by  the  empirical  relation 

n  =  Wo  —  (^  +  Aa)a. 

The  differences  in  the  conclusions  attained  by  these  investigators  can 
be  accounted  for  in  the  light  of  the  results  obtained  from  the  following 
experiments  upon  the  effect  of  changes  of  amplitude  upon  the  period. 
Throughout  these  experiments  the  temperature  and  the  spark  gaps  were 
kept  constant.    The  amplitude  was  measured  by  means  of  a  traveling 

» Mercadier,  C.  R..  83.  p.  800.  1876;  Journ.  de  Phys.,  5.  P-  201.  1876. 

*  A.  Ettinghausen,  Pogg.  Ann.,  156,  p.  337,  1875. 
» H.  Poske,  Pogg.  Ann..  152,  p.  448.  1874. 

*  F.  Heerwagen,  Diss.  Dorpat,  1890. 

*  R.  Hartmann-Kempf,  Ann.  d.  Phys.,  13,  p.  124,  1904. 
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microscope  provided  with  a  vernier  to  read  twentieths  of  one  millimeter. 
The  microscope  was  focused  upon  a  bright  spot  at  the  end  of  one  of 
the  prongs  and  the  double  amplitude  measured;  the  double  amplitude 
of  the  other  prong  was  then  measured  and  one  half  of  the  average  of  the 
two  observations  taken  as  the  amplitude  of  the  fork. 
Curves  I  and  II  in  Fig.  8  show  the  results  obtained  with  the  W.E. 
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Fig.  8. 

fork  No.  496.  The  abscissas  denote  single  amplitudes  in  millimeters  and 
the  ordinates  denote  percentage  increases  in  the  period  in  ten-thousandths 
of  the  minimum  period  observed.  The  changes  of  amplitude  of  curve  I 
were  made  by  increasing  the  current  in  the  field  coils  of  the  electromagnet 
while  the  pole-pieces  were  kept  fixed.  On  the  other  hand,  the  changes 
in  the  amplitude  of  curve  II  were  obtained  by  moving  the  pole-pieces 
relative  to  the  prongs  while  the  current  was  kept  constant.  The  curves 
represent  the  averages  of  two  sets  of  curves,  one  obtained  by  increasing 
the  amplitude  and  the  other  by  decreasing  it.  The  two  component 
curves  did  not  quite  coincide;  each  formed,  however,  a  very  smooth 
curve  representing  the  experimental  data. 

These  curves  bring  out  the  interesting  fact  that  there  is  an  amplitude 
for  which  the  period  has  a  minimum  value.  In  other  words  there  is  an 
amplitude  in  the  neighborhood  of  which  the  period  has  a  stationary 
value  and  consequently  is  not  affected  by  small  changes  of  amplitude. 
The  value  of  this  amplitude  is  different  for  the  two  curves  because  of  the 
difference  in  the  manner  in  which  the  changes  were  brought  about. 
We  shall  see  later  that  the  amplitude  corresponding  to  the  stationary 
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value  of  the  period  depends  also  upon  the  stiffness  of  the  contact  springs 
and  upon  the  length  of  the  gaps. 

Curve  III  was  obtained  with  the  Leeds  &  Northrup  fork.  It  will  be 
observed  that  it  has  the  general  shape  of  curves  I  and  II.  This  was  to 
be  expected  because  the  Leeds  &  Northrup  contact  arrangements  are 
somewhat  similar  to  those  of  the  W.E.  forks.  Curve  III  and  curve  IV 
could  not  be  extended. further  to  the  right  because  the  amplitude  could 
not  be  increased  beyond  certain  limits  on  account  of  the  proximity  of  the 
prongs  to  the  pole-pieces  of  the  electromagnet. 

Curve  IV  was  obtained  with  a  Pirard  &  Coeurdevache  fork.  In  this 
case  the  period  has  a  maximum  instead  of  a  minimum  value  because 
in  the  P.  &  C.  fork  the  contact  springs  as  well  as  the  contact  points  are 
attached  to  the  base  and  consequently  the  prongs  are  not  in  contact 
with  the  springs  during  a  fraction  of  the  period  which  forms  a  greater 
and  greater  portion  of  the  period  as  the  amplitude  is  increased.  This 
explanation  is  sustained  by  the  experiment  described  in  the  last  pars^^ph 
of  Part  VI.  where  it  was  shown  that  relieving  the  prongs  from  the 
mechanical  action  of  the  outer  contact  points  resulted  in  a  considerable 
increase  in  the  period. 

Amplitude-period  curves  were  also  obtained  for  the  Koenig  fork  and 
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for  the  W.E.  fork  No.  488.  Curve  III  of  Fig.  9  was  obtained  with  the 
Koenig  fork,  the  changes  in  the  amplitude  being  obtained  by  changing 
the  driving  current,  while  curves  I  and  II  were  obtained  with  the  W.E. 
fork  No.  488.  In  the  experiments  corresponding  to  curve  /  the  pole- 
pieces  of  the  magnet  were  moved;  in  the  experiment  corresponding  to 
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curve  II  the  driving  current  was  changed.  It  will  be  observed  that  as 
in  the  case  of  fork  No.  496  the  amplitude  corresponding  to  the  minimum 
period  is  smaller  for  curve  /. 

Curve  IV  was  obtained  with  the  488  fork  under  the  same  conditions 
as  curve  I  except  that  the  gaps  were  changed  from  .05  mm.  in  the  case 
of  curve  /,  to  0.30  mm.  in  the  case  of  curve  IV.  In  order  to  compare 
these  two  curves,  curve  V  similar  to  curve  IV  was  drawn  so  that  its 
minimum  point  coincides  with  that  of  curve  J.  It  will  be  observed  that 
the  rate  of  decrease  of  the  period  is  greater  for  I  than  for  V.  This 
can  be  accounted  for  on  the  ground  that  for  a  given  magnitude  of  the 
mechanical  action  of  the  contact  points  upon  the  springs,  the  energy  of 
the  prongs  was  greater  in  the  experiments  corresponding  to  curve  V. 
This  explanation  is  in  accord  with  the  fact  that  the  curves  are  steeper  to 
the  left  of  the  minimum  point,  where  the  amplitude  is  smaller  and  con- 
sequently the  enei^  of  the  prongs  is  smaller. 

From  the  foregoing  considerations  it  will  be  expected  that  for  a  given 
length  of  gap  and  at  a  given  amplitude  less  than  the  amplitude  which 
corresponds  to  the  stationary  value  of  the  period,  the  rate  of  decrease 
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of  the  period  will  be  smaller  the  smaller  the  stiff  ness  of  the  springs.  Certain 
experiments,  the  results  of  which  are  indicated  by  the  curves  of  Fig.  10, 
sustain  this  conclusion.  All  three  of  these  curves  were  obtained  with 
fork  No.  488  with  gaps  equal  to  .05  mm.,  the  amplitude  being  altered  by 
changing  the  driving  current.  In  the  experiment  represented  by  curve 
I  the  fork  had  the  same  contact  springs  as  in  the  experiment  of  curve  I 
of  Fig.  9,  namely,  springs  with  cross-sections  of  .41  mm.  X  4.64  mm. 
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In  the  experiments  represented  by  curves  //  and  ///  the  fork  had  springs 
with  cross  sections  0.28  mm.  X  3.92  nmi.,  and  .48  mm.  X  7.86  mm., 
respectively.  A  glance  at  these  curves  shows  that  the  stiffer  the  springs 
the  steeper  are  the  curves  on  both  sides  of  the  minimum  point,  and  the 
greater  is  the  amplitude  corresponding  to  the  minimum  period. 

The  results  of  other  experimenters  can  be  made  to  s^ee  among  them* 
selves  and  with  the  results  obtained  by  the  author  if  it  is  supposed  that 
the  former  have  to  do  with  that  part  of  the  period-amplitude  curve  which 
lies  to  the  right  of  the  minimum  point  and  that  the  region  investigated 
by  Mercadier  and  Ettinghauser  comes  nearer  the  point  of  minimum 
period  than  the  region  studied  by  Poske,  Heerwagen  and  Hartmann- 
Kempf. 

The  more  important  results  of  the  experiments  described  in  Part  VIII. 
may  be  summarized  in  the  following  terms. 

First,  the  period-amplitude  curve  passes  through  a  stationary  value 
and  consequently  there  is  an  amplitude  at  which  the  fork  can  be  operated 
with  maximum  constancy  of  period. 

Second,  the  amplitude  which  corresponds  to  the  stationary  value  of 
the  period  depends  upon  the  stiffness  of  the  contact  springs  and  the 
length  of  the  gaps. 

From  the  results  of  the  experiments  described  in  Parts  V.  and  VI. 
certain  inferences  may  be  drawn  with  regard  to  the  best  position  for  the 
contact  springs.  For  a  given  contact  pressure  the  action  of  the  contact 
points  upon  the  springs,  and  through  them  upon  the  prongs,  is  greater 
the  nearer  the  springs  are  placed  to  the  free  ends  of  the  prongs.  Further- 
more, for  a  given  change  in  the  amplitude  the  change  in  the  contact  pres- 
sure is  greater  the  nearer  the  springs  are  placed  to  the  free  ends.  On  the 
other  hand  there  is  a  limit  to  the  extent  to  which  the  position  of  the 
springs  can  be  approached  to  the  shoulders  of  the  fork.  Hence  there 
must  be  a  position  which  is  more  favorable  than  any  other.  The 
determination  of  this  position  did  not  form  a  part  of  the  investigations 
described  here,  but  considerations  based  upon  the  mechanical  action  of 
the  contact  points  upon  the  prongs,  the  position  of  center  of  percussion 
of  the  prongs,  and  the  nodal  points  of  the  first  harmonic  of  the  vibration 
have  led  the  author  to  the  conclusion  that  the  most  favorable  position 
for  the  contact  springs  must  lie  between  the  middle  of  the  prong  and  one 
third  of  the  distance  from  the  free  ends. 

VIII.  Temperature  Effect. 

A  score  or  more  physicists  have  determined  the  effect  of  temperature 
upon  the  frequency  of  tuning  forks  and  have  obtained  concordant  results. 
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These  men,  however,  do  not  appear  to  have  appreciated  the  importance 
of  controlling  certain  factors  which  we  have  found  to  affect  the  frequency. 
It  was  deemed  worth  while,  therefore,  to  redetermine  the  temperature 
eflfect  under  the  favorable  conditions  which  could  be  secured  in  the  light 
of  the  experiments  described  in  the  preceding  pages.  Another  reason 
which  induced  the  author  to  carry  his  investigations  into  this  phase  of 
the  tuning  fork  problem  was  the  fact  that  he  had  at  his  disposal  facilities 
to  extend  the  investigation  on  the  temperature  effect  to  temperatures 
below  zero  degree  centigrade,  to  which  region  the  older  investigators  had 
not  carried  their  work. 

The  work  was  carried  on  in  the  constant  temperature  rooms  of  the 
Palmer  Physical  Laboratory.  The  larger  of  the  two  rooms  was  provided 
with  a  thermostat  which  responded  readily  to  changes  of  temperature 
as  small  as  o**.i.  The  smaller  room  had  no  temperature  regulating 
device  but  its  temperature  could  be  lowered  still  further.  Two  separate 
determinations  were  made.  The  first,  made  in  the  larger  room,  covered 
the  range  of  temperatures  between  —  3*^.6  C.  and  56*^.8  C.  The  second, 
made  in  the  smaller  room  covered  the  range  of  temperatures  between 
-  25^8  C.  and  2i**.2  C. 

The  W.E.  fork  No.  488  and  the  Koenig  fork  were  placed  side  by  side  on 
a  table  in  the  middle  of  the  larger  room  and  a  box  with  open  ends  was 
built  over  them.  A  microscope  with  a  scale  in  the  ocular  was  focused 
upon  a  bright  spot  at  the  end  of  one  of  the  prongs  of  each  fork,  in  order 
to  observe  and  adjust  the  amplitude  of  vibration.  Two  thermometers 
made  by  R.  Fuess  with  ranges  of  —  30®  C.  to  100®  C.  and  scales  divided 
into  tenths  of  one  degree  were  suspended  so  that  the  bulb  of  one  was 
placed  between  the  prongs  and  near  the  stem  of  one  of  the  forks.  A 
Callander  recorder  was  set  up  to  observe  the  temperature  without 
going  into  the  constant  temperature  room  in  use,  but  it  was  found  to 
be  not  quite  sensitive  enough  to  give  the  temperature  to  the  desired 
degree  of  precision ;  therefore  it  was  used  only  to  keep  a  rough  record  of 
the  changes.  The  following  general  method  of  procedure  was  used 
during  the  first  experiment:  About  one  half  hour  after  the  temperature 
of  the  room  had  reached  a  desired  value  the  room  was  entered  and  the 
gaps  of  the  forks  were  examined  to  see  if  there  had  been  any  changes  in 
the  lengths  of  the  gaps  from  the  value  .05  mm.  to  which  they  had  been 
adjusted.  E^ch  fork  was  then  set  into  vibration  and  the  amplitude 
adjusted,  if  necessary;  fork  No.  488  was  left  vibrating  and  the  open  ends 
of  the  box  were  covered  with  pieces  of  woolen  cloth.  After  about  ten 
minutes  the  room  was  entered  again,  the  thermometers  read  (this  could 
be  done  without  opening  the  box),  and  the  chronograph  started.    Twenty 
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minutes  later  the  room  was  entered  again,  the  thermometers  were  read, 
the  Koenig  fork  was  started  and  its  record  also  taken  for  twenty  minutes, 
after  which  the  thermometers  were  read  a^ain.  In  this  manner  a  large 
number  of  records  were  obtained  which  covered  the  range  of  tempera- 
tures between  —  3°.6  C.  and  56^.8  C.  and  extended  over  several  days. 
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Fig.  11. 

The  results  obtained  with  fork  No.  488  were  plotted  on  a  large  scale 
upon  a  millimeter  cross-section  paper  with  the  temperatures  as  abscissas 
and  the  corresponding  values  of  50  complete  periods  as  ordinates  and  a 
smooth  curve  was  obtained  with  a  continuously  increasing  slope.  From 
this  curve  //  of  Fig.  11  was  drawn,  where  the  ordinates  give  the  per- 
centage increases  in  the  period  in  ten-thousandths  of  the  period  at  o®  C. 

The  period-temperature  curve  of  the  Koenig  fork  had  an  inflection 
point  at  about  11°  and  another  at  about  35®.  There  is  no  doubt  that 
this  behavior  of  the  Koenig  fork  was  due  to  slight  variations  in  the  spark 
gaps  observed  during  inspections  of  the  gaps  made  before  taking  records. 
The  variation  in  the  gaps  must  have  been  due  to  the  expansion  and  con- 
traction of  the  vulcanite  piece  which  carried  the  contact  points.  In  the 
regular  W.E.  forks  this  piece  was  of  micanite  which  has  a  much  smaller 
coefficient  of  expansion.  Curve  /  which  represents  the  results  obtained 
by  the  Koenig  fork  is  therefore  of  interest  because  it  shows  the  importance 
of  having  spark  gaps  of  constant  length  as  well  as  because  it  supports 
the  general  conclusions  derived  from  the  other  three  curves  of  Fig.  11. 
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In  the  second  experiment  the  Koenig  fork  was  replaced  by  the  W.E. 
fork  No.  313  and  the  apparatus  was  set  up  in  the  smaller  room.  This 
room  did  not  have  a  thermostat  and  consequently  its  temperature  could 
not  be  kept  constant;  therefore  the  following  method  of  procedure  was 
adopted.  The  room  was  cooled  several  degrees  below  the  temperature 
in  the  neighborhood  of  which  it  was  desired  to  take  a  record ;  then  the 
refrigerating  machine  was  stopped  and  the  temperature  was  allowed  to 
rise  for  several  hours  and  then  records  of  the  two  forks  were  taken  in  the 
same  manner  as  in  the  first  experiment.  This  was  repeated  until  ten 
pairs  of  records  were  taken  while  the  temperature  was  lowered  in  the 
manner  just  described  from  2i°.2  C.  to  —  27°.C.  The  temperature 
of  the  room  was  then  allowed  to  rise  from  —  27®  to  the  normal  room 
temperature  and  15  more  pairs  of  records  were  taken.  The  experiment 
took  eight  days  and  the  rate  of  change  of  temperature  was  so  slow  during 
the  intervals  when  records  were  taken  that  the  temperature  could  be 
considered  as  constant.    The  results  of  this  experiment  are  indicated  by 


•xio* 


■=20"    Z(T 


curves  ///  and  IV  of  Fig.  11,  curve  ///  corresponding  to  No.  488  and 
curve  IV  to  No.  313. 

The  results  indicated  by  the  curves  //,  ///  and  IV  were  plotted  accu- 
rately on  a  large  scale  and  the  diflFerent  rates  of  increase  in  the  period 
at  different  temperatures  were  determined  for  each  curve.  The  average 
values  for  the  three  curves  are  given  in  Table  I.,  where  the  numbers  in 
the  first  colimm  represent  the  temperatures  and  those  in  the  second 
column  the  corresponding  values  of  the  temperature  coefficient  6  defined 

by 

_    l_dP 
^  ~  Po  dt' 


or 


P  =  P«(i  +  «). 
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Table  I. 


/. 

0. 

— «. 

t. 

0. 

— «. 

-20* 

-10" 

0" 

10" 

1.14  X  10-* 
1.27 
1.33 
1.36 

2.39  X  10-* 
2.65 
2.77 
2.83 

20" 
30" 
40 
50" 

1.38  X  10-* 
1.40 
1.42 
1.43 

2.87  X  10-« 
2.91 
2.95 
2.97 

-  20  to  50 

1.34 

2.79 

These  results  are  represented  graphically  by  curve  /  of  Fig.  I2.    The 

values  of  0  given  in  Table  I.  are  from  lo  to  40  per  cent,  higher  than  the 

average  value  of  the  results  obtained  by  former  observers  as  will  be  seen 

from  Table  II. 

Table  II. 


Odmiiw. 

Mercadier* 

Kayser* 

Koenig* 

Koenig* 

McLeod  &  Clarke^ 


RaiiftaCTeinp. 

T«iiip.Coef. 

3"-26" 

0.96  X 10-* 

0"-26" 

0.98 

3"-26" 

1.11 

26"-56" 

1.07 

lS"-26" 

1.10 

ObMrrer. 

Michelson*, . 

Lang* 

Pierpaoir. . . 
WoodniflF»... 
Dadourian . . 


RanftoCTemp. 


12"-24" 

14"-19" 

0"-30" 

20"-200" 

-  26"-S7" 


Temp-Coflf. 


1.00X10-* 

1.11 

1.05 

1.08 

1.34 


It  will  be  shown  in  Part  XII.  that  the  effect  of  temperature  upon  the 
period  of  a  fork  is  mainly  due  to  its  effect  upon  the  elasticity  of  the  fork 
2tnd  that  only  about  5  per  cent,  of  the  former  effect  is  due  to  the  increase 
in  the  dimensions  of  the  fork  resulting  from  a  rise  of  temperature. 

IX.  Constancy  of  Period. 

The  constancy  of  the  performance  of  the  W.E.  fork  No.  488  was  tested 
under  the  following  conditions:  The  pole-pieces  of  the  electromagnet 
were  set  at  1.37  mm,  from  the  prongs.  The  contact  points  were  adjusted 
so  that  the  length  of  the  gaps  was  .05  mm.  A  potential  of  24  volts  was 
applied  directly  to  the  binding  posts  on  the  fork.  Under  these  conditions 
an  amplitude  of  1.58  mm.  was  obtained  which  corresponds  to  the  sta- 
tionary period  of  the  fork  under  the  given  conditions.  The  fork  was 
operated  continuously  from  8.43  a.m.  until  12.45  M.,  and  chronographic 
records  were  taken.    The  period  was  then  determined  for  different  parts 

1  Mercadier,  Joum  de  Phys..  5.  p.  201,  1876;  C.  R.,  83,  p.  82a,  1876. 
s  Kayser,  Wied.  Ann.,  8,  p.  444,  1879. 

*  Koenig.  Wied.  Ann.,  9.  p.  394,  1880. 

*  McLeod  &  Clarke.  Phil.  Trans.  Roy.  Soc.,  171,  part  I.,  p.  i,  x88o. 

*  Michelson,  Am.  Joum.  Sci.,  25,  p.  61,  1883. 

*  Lang,  Wied.  Ann.,  29,  p.  132.  1886. 

'  Pierpaoli,  Rend  Line,  4  (i),  p.  714,  x888;  5  (2),  p.  265.  1889. 
» Woodruff,  Phys.  Rev.,  x6,  p.  325,  1903. 
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of  the  run  from  careful  measurements  of  the  record,  taking  intervals  of 
20  minutes.  The  results  of  these  determinations  are  given  in  Table 
III.  where  the  numbers  in  the  first  column  give  the  temperatures  at  tjie 
middle  of  the  different  20-minute  intervals,  those  in  the  second  column 
are  the  corresponding  observed  values  of  50  complete  periods,  the  num- 
bers of  the  third  column  are  these  values  corrected  to  20^.50  C.  and  those 
of  the  last  column  are  the  percentage  deviations  of  the  values  of  the 
periods  thus  determined  from  their  mean  value. 

Table  III. 


Temperature. 

50 -P. 

50  P.. 

SP/P. 

20^.30 

1.000885  sec. 

1.000913  sec. 

-  8.4  X  10-» 

20^34 

1.000903 

1.000925 

3.6 

20^.38 

1.000910 

1.000927 

5.6 

20^46 

1.000925 

1.000931 

9.4 

20^50 

1.000336 

1.000934 

13.6 

20».56 

1.000934 

1.000926 

4.6 

20^66 

1.000923 

1.000901 

-20.4 

20^69 

1.000940 

1.000913 

-    8.4 

20^72 

1.000954 

1.000923 

1.6 

1.0009214 

=b8.4 

Another  set  of  determinations  was  made  the  next  day  with  the  spark 

gaps  equal  to  0.3  mm,  the  pole-pieces  at  i.o  mm.  from  the  prongs,  and 

an  amplitude  of  1.75  mm.    The  fork  was  operated  from  12.55  until 

4.19  P.M.  and  a  continuous  record  taken.    The  values  of  50  periods  were 

then  determined  as  in  the  preceding  experiment  and  the  results  given  in 

Table  IV.  were  obtained. 

Table  IV. 


Temperature. 

50  P. 

50 /v 

6PfP, 

20^77 

1.004153  sec. 

1.004134  sec. 

-  10  X  io-» 

20^74 

1.004168 

1.004155 

11 

20^72 

1.004186 

1.004175 

31 

20^70 

1.004181 

1.004170 

26 

20^67 

1.004152 

1.004148 

4 

20^65 

1.004153 

1.004151 

7 

20^63 

1.004136 

1.004137 

-    7 

20^62 

1.004126 

1.004136 

-    8 

20^61 

1.004115 

1.004122 

-22 

20\60 

1.004114 

1.004121 

-23 

1.0041443 

rfc  14.9 

A  glance  at  the  last  columns  of  Tables  III.  and  IV.  shows  the  remark- 
able constancy  of  performance  of  the  fork.     In  the  first  run  the  maximum 
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deviation  from  the  mean  for  a  run  of  four  hours  is  only  one  part  in  50,000 
while  the  average  deviation  is  less  than  one  part  in  100,000.  In  the 
second  run  the  deviation  from  the  mean  is  larger.  But  in  this  case  the 
deviation  is  systematic  indicating  that  the  conditions  aflFecting  the  period 
were  not  kept  as  constant  as  during  the  first  run.  The  great  constancy 
of  performance  shown  by  the  fork  is  all  the  more  remarkable  because  it 
is  a  commercial  article  in  the  manufacture  of  which  no  great  effort  had 
been  made  to  secure  such  important  requirements  as  a  high  degree  of 
uniformity  of  thickness  of  prongs  and  synwnetry  relative  to  the  axis 
of  the  fork.  This  investigation  shows  conclusively  that  a  proper  control 
of  the  factors  affecting  the  period  is  of  prime  importance. 

X.  Expression  for  Period  of  Vibration. 

It  has  been  shown  by  Mercadier^  that  the  expression  for  the  period  of 
transverse  vibration  of  a  bar  obtained  from  the  theory  of  elasticity 
holds  good  for  a  tuning  fork  provided  the  projection  of  the  median  line 
of  the  prongs  upon  the  geometric  axis  of  the  fork  is  taken  for  the  length 
of  the  prongs  and  a  small  correction  term  is  added  to  this.  The  expression 
for  the  period  of  vibration  of  a  bar  is 

p  '  ^^  (I) 

where  /  is  the  length  and  a  the  thickness  of  the  bar,  v  the  velocity  of  sound 
in  the  bar,  and  r  the  root  of  the  equation 

(c*"  +  e-^)  sin  2r  +  2  =0  (2) 

and  equals  1.87011.*  For  rods  of  the  same  material  v  is  constant,  there- 
fore we  can  write 

P 

P  =  if-  (3) 

a 

Mercadier's  modified  expression  for  tuning  forks  is 

where  X  is  a  correction  term  introduced  in  order  to  satisfy  Mercadier's 
experimental  results  and  equals  .012/.  Evidently  the  value  of  X  will 
depend  upon  the  shape  of  the  fork  near  the  shoulders  of  the  prongs. 
Since  the  W.E.  forks  had  a  slightly  different  shape  from  those  used  by 
Mercadier  it  was  thought  desirable  to  determine  the  value  of  X  for  these 
forks.     Using  Mercadier's  experimental  value  of  K,  namely,  1/81,827 

1  E.  Mercadier,  C.  R..  79,  pp.  looi,  1069,  1874;  Joum.  de  Phys..  V.,  p.  201,  1876. 
*  Poisson,  Traits  Mecanique,  II.,  p.  390. 
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sec./cm.,  the  values  given  in  the  first  column  of  Table  V.  were  obtained 

for  ten  different  forks. 

Table  V. 


X. 

x//. 

£. 

hElE, 

-f-  0.16  cm. 

+  0.0040 

18.80  X  10>i 

-  0.016 

+  0.07     " 

+  0.0018 

18.92 

-0.009 

+  0.06    " 

+  0.0015 

18.98 

-0.006 

+  0.06    " 

+  0.0015 

19.03 

-0.004 

+  0.04    " 

+  0.0010 

19.07 

-0.002 

-0.03    " 

-0.0007 

19.16 

-0.003 

-0.05    " 

-  0.0012 

19.02 

+  0.004 

-0.09    " 

-  0.0022 

19.30 

+  0.010 

-0.10    " 

-  0.0025 

19.30 

+  0.011 

-0.17    " 

-0.0042 

19.42 

+  0.017 

-  0.005  " 

-0.0001 

19.10 

.0092 

It  will  be  observed  (a)  that  the  highest  value  of  X  obtained  is  only  one 
third  of  0.48  cm.  required  for  the  W.E.  forks  by  Mercadier's  empirical 
relation  X  =  0.012  /,  (6)  that  the  values  are  fairly  evenly  distributed  on 
the  two  sides  of  zero,  and  (c)  that  their  algebraic  sum  differs  from  zero 
by  an  amount  which  falls  within  the  experimental  errors  of  the  measure- 
ment of  the  lengths  of  the  prongs.  Therefore  the  unmodified  equation 
(3)  gives  closer  results  for  the  W.E.  forks  than  Mercadier's  equation  (3'). 

XI.  The  Modulus  of  Elasticity  and  Velocity  of  Sound  in  Steel. 

Replacing  v  in  equation  (i)  by  its  expression  in  terms  of  the  modulus 
of  elasticity  E  and  the  density  p  we  have 


P  = 


f* 


P    /7 


(4) 


Putting  in  the  last  equation  1.87011  for  r,  7.363  for  p  and  the  values  of 
P,  /,  and  a  obtained  from  the  ten  W.E.  forks  the  values  of  E  given  in  the 
third  column  of  Table  V.  were  obtained.  The  value  7.363  for  p  was 
obtained  from  a  careful  determination  of  the  density  of  four  pieces  which 
were  cut  off  the  ends  of  the  prongs  of  different  forks  in  adjusting  their 
periods.  Using  this  value  of  p  and  the  average  value  of  E  given  at  the 
bottom  of  the  third  column,  the  value  5.093  X  10*  cm.  per  sec.  was 
obtained  for  the  velocity  of  sound  in  steel. 

The  deviations  of  the  values  of  X  and  of  E  from  their  mean  values  are 
small  and  undoubtedly  due  to  the  facts  that  (a)  the  prongs  were  not  as 
uniform  as  might  have  been  reasonably  expected,  and  that  (b)  some  of 
the  forks  were  cut  in  more  at  the  shoulders  than  others. 
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XII.  Temperature  Coefficient  of  Modulus  of  Elasticity  of  Steel. 

Let  Poi  dot  h,  Po  and  £o  denote  the  values  at  o°  C.  of  the  quantities 
involved  in  equation  (4),  and  P,  a,  /,  p  and  E  denote  their  values  at  any 
other  temperature  /,  then  we  can  write 


Po      a  '/o  Apo/     \Eo)     •  ^^^ 


Introducing  in  the  last  equation  the  temperature  coefficients  a,  0,  and  « 
defined  by 

p  =  Po(i  +  et), 

E  =  £0(1  +  €t), 

we  obtain,  to  a  first  order  of  approximation,  the  relation 

or 

€  =  -  (2(?  +  a).  (6) 

Since  a  and  0  are  both  positive  magnitudes  €,  the  temperature  coefficient 
of  the  modulus  of  elasticity  must  be  negative.  In  other  words  the 
modulus  of  elasticity  decreases  with  increasing  temperature.  Taking 
the  coefficient  of  linear  expansion  of  steel  to  be  i.i  X  lo*^  and  substitut- 
ing in  equation  (6)  the  values  of  0  given  in  the  second  colimm  of  Table  I. 
we  obtain  the  figures  of  the  third  colunrn  for  the  values  of  €  correspond- 
ing to  the  temperatures  given  in  the  first  column.  The  variation 
of  e  with  the  temperature  is  shown  graphically  by  curve  //  of  Fig.  12. 
The  unmistakeable  increase  of  the  absolute  value  of  €  with  the  increase 
of  temperature  indicated  by  Table  I.  and  curve  //  is  in  agreement  with 
results  obtained  by  Pizati*  and  Dodge.^*^ 

The  relatively  large  differences  among  the  values  of  €  obtained  by 
different  observers  must  be  due  to  the  variety  of  the  specimens  of  steel 
used  and  also  due  to  experimental  errors.  It  may  be  stated  that  the 
indirect  method  used  in  this  paper  is  more  accurate  than  the  more  direct 
methods  by  which  the  other  observers  have  determined  the  temperature 
coefficient  of  elasticity. 

In  conclusion  the  author  wishes  to  acknowledge  his  indebtedness  and 
express  his  thanks  to  Professor  W.  F.  Magie  for  placing  the  facilities  of 
the  Palmer  Physical  Laboratory  at  his  disposal;  to  Professor  E.  H. 
Loomis  for  helping  him  place  the  constant  temperature  plant  in  working 
order;  to  Professor  H.  N.  Russell  for  the  use  of  the  observatory  chrono- 
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Table  VI. 


Obserrer. 

— «. 

Obsanrer. 

— «. 

Wertheim* 

2.8  X  10-^ 

4.6 

1.95 

2.21 

3.4 

3.87 

Gray,  etc.^ 

2.47  X  10^ 

Kohlrausch  &  Loomis' 

Wassmuth* 

2.64 

Pizati* 

Walker* 

2.5 

Mayer* 

Dodee" 

1.9 

Miss  Noves* 

Dadourian 

2.79 

Shakespeare* 

graph;  and  to  Captain  H.  B.  Williams,  who  had  charge  of  the  sound 
ranging  work  of  which  the  present  investigation  formed  a  part,  for  his 
interest  in  the  work. 

Palmer  Physical  Laboratory, 
Princbton  University. 

*  Wertheim,  Pogg.  Ann.,  3,  p.  i,  1848. 

*  Kohlrausch  &  Loomis.  Pogg.  Ann.,  141,  p.  481,  1870. 

•Pizati,  Nuo.  Cim.,  i,  p.  x8i;  2,  p.  137,  1877;  3,  p.  152,  1879;  5,  pp.  34.  I3S.  MS.  i879. 

*  Mayer,  Brit.  Assoc.  Rep.,  p.  573,  1894. 

» Miss  Noyes,  Phys.  Rev.,  3,  p.  433,  1896. 

*  Shakespeare,  Phil.  Mag.,  47,  p.  539,  1899. 

'  Gray,  BIyth  and  Dunlop,  Proc.  Roy.  Soc.,  67,  p.  180,  1900. 
»  Wassmuth,  Phsrs.  Zeits.,  6,  p.  755,  1906. 

*  Walker.  Proc.  Roy.  Soc.  Edln.,  28,  p.  562,  1907. 
w  Dodge,  Phys.  Rev.,  5,  p.  373,  19x5. 
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THE   MATHEMATICAL  STRUCTURE   OF   BAND   SERIES  II. 

By  Raymond  T.  Birgb. 

Synopsis. — In  the  first  article  of  this  series,  the  author  proposed  a  hsrperbolic  for- 
mula, for  the  accurate  representation  of  long  band  series.  The  present  paper 
initiates  a  more  general  discussion  of  this  formula,  and  bf  the  experimental  results 
which  the  author  has  since  obtained. 

Detailed  analsrtic  work  has  shown  the  new  formula  accurate,  within  limits  of 
experimental  error,  for  those  band  series  showing  the  most  radical  deviations  from 
the  simple  Deslandres'  law.  Preliminary  work  indicates  that  the  hyperbolic 
formula  is  equally  satisfactory  in  the  case  of  series  showing  positive  deviations  from 
Deslandres*  law,  instead  of  the  customary  negative  deviations. 

A  complete  investigation  of  any  band  series  is  greatly  facilitated  by  a  preliminary 
study  of  its  deviations  from  Deslandres'  law.  New  methods  have  accordingly  been 
developed  for  making  this  comparison  in  a  rapid,  jret  accurate  manner.  In  par- 
ticular, there  is  developed  a  new  Least  Squares'  formula,  giving  directly  the  value 
of  the  only  desired  constant  in  a  Deslandres'  formula,  thus  avoiding  the  more 
extended  calculations  necessary  when  all  three  constants  are  simultaneously 
evaluated. 

A  comparative  study  of  band  and  line  series  formulae  suggests  for  band  series 
a  modified  hyperbolic  formula.  This  modified  formula  has  been  tested  on  several 
series  and  has  been  found  very  satisfactory.  New  line  series  formuls  are  also 
suggested,  but  are  not  seriously  recommended  at  this  time. 

Introduction. 

IN  the  first  paper  on  this  subject,*  there  was  proposed  a  new  formula 
for  band  series,  together  with  the  detailed  quantitative  results  for 
the  main  (Ai)  "singlet"  series  of  the  3883  CN.  band.  It  was  shown 
also  that  preliminary  work  indicated  that  the  formula  would  hold  equally 
well  for  the  other  series  of  this  band.  In  particular,  the  singlet  series 
from  the  third  head  (Ci  series)  exhibits  the  most  radical  deviations  from 
Deslandres*  law  of  any  known  band  series.  It  therefore  forms  a  crucial 
test  for  any  new  formula.  This  series  has  since  been  extended  at  both 
ends,  the  new  lines  having  been  identified  from  the  author's  own  spectro- 
grams. The  complete  quantitative  results  for  this  series  were  presented 
to  the  American  Physical  Society  at  the  October,  191 7,  meeting.* 

Certain  remarkably  systematic  irregularities  in  the  Ci  series,  brought 
out  by  these  computations,  made  it  seem  desirable  to  study  also  the  Bi 
series.    This  work  has  now  been  completed,  much  of  the  actual  computing 

1  Astroph3rBical  Journal.  46,  85-103,  191 7.     In  the  future,  it  will  be  referred  to  as  I. 
«Phys.  Rbv.,  (2),  II,  136,  1918. 
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having  been  done  by  an  assistant,  for  whose  services  the  author  is  in- 
debted to  the  Rnmford  Conunittee  of  the  American  Academy  of  Sciences. 
At  the  same  time,  a  general  survey  was  made  of  practically  all  band  series 
which  seemed  to  show  large  deviations  from  Deslandres*  law.  A  very 
considerable  amount  of  material,  both  quantitative  and  qualitative, 
has  now  been  collected,  and  it  has  seemed  desirable  to  present  a  general 
review  of  the  progress  of  the  work  to  date.  Such  detailed  results  as 
appear  of  sufficient  importance  will  be  published  later. 
The  present  commimication  includes: 

1.  A  discussion  of  methods  of  handling  band  series  formulae,  in  par- 
ticular, Deslandres'  parabolic  formula. 

2.  A  new  viewpoint  as  to  the  original  hjrperbolic  formula,  together 
with  a  possible  alternative  formula  in  which  the  necessity  of  making  a 
simunation  is  avoided. 

In  the  next  paper  there  will  be  presented  a  review  of  typical  band 
series,  especially  of  those  showing  radical  deviations  from  Deslandres* 
law,  in  a  positive,  as  well  as  in  a  negative  sense. 

The  Mathematical  Analysis  of  Band  Series. 

It  is  well  known^  that  all  band  series  seem  to  conform  to  Deslandres' 
law^  for  at  least  an  initial  portion  of  their  extent.  The  investigations 
of  the  author  have  convinced  him  that  no  band  series  strictly  obeys 
Deslandres*  law  over  any  portion  of  its  extent.  But  for  short  series 
(t.  e.,  series  covering  a  small  frequency  interval)  the  deviations  from 
this  law  may  easily  be  far  less  than  the  experimental  errors.*  The  first 
step  however  in  the  examination  of  any  given  series  consists  in  determin- 
ing how  closely  it  conforms  to  the  simple  Deslandres'  formula.  Various 
methods  for  doing  this  have  been  used  by  previous  investigators,  but  no 
general  discussion  of  the  matter  has  yet  been  published. 

Deslandres'  formula,  in  its  original  form,*  states  that  the  frequencies  of 
successive  lines  of  a  band  series  are  given  by  the  parabola 

V  =  vo  +  am  +  brn^  (i) 

or 

v^A+B{m  +  c)\  (lO 

^  For  the  moot  complete  summarized  description  of  all  bands  discussed  in  this  series  of 
articles,  see  Konen,  "Das  Leuchten  der  Gase  und  D&mpfe,"  pp.  199-278. 

*  Deslandres,  Comptes  Rendus,  103,  375,  1886. 

*  It  may  be  remarked  in  passing  that  the  amount  of  deviation  from  Deslandres'  law  seems 
to  have  no  connection  with  the  spectral  extent  of  the  series,  nor  with  the  number  of  terms  in 
the  series.  Some  series  of  100  or  more  terms  show  a  scarcely  perceptible  deviation,  others  of 
the  same  length  a  most  radical  deviation.  Many  series  of  few  terms  (30  or  less)  but  of  large 
spectral  range  also  show  radical  deviations. 

*  For  discussion  see  I.,  pp.  86-87. 
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where  m  takes  successive  integral  values  o,  i,  2,  3,  etc.^    The  successive 
first  frequency  differences  are  then  given  by  the  straight  line 

Av  =  a  +  2bm  =  2B{fn  +  c),  (2) 

where  m  has  the  successive /rac/^na/  values  0.5,  1.5,  2.5,  etc.,  while  the 
second  frequency  differences  are  given  by  the  constant 

Ap  =  26  =  2-B,  (3) 

Any  series  for  which  the  second  frequency  difference  is  constant  there- 
fore, per  se,  obeys  Deslandres'  law,  and  the  first  obvious  method  of  testing 
this  law  is  to  compute  these  second  differences. 

But  because  of  experimental  errors,  true  perturbations,  etc.,  these 
differences  will  never  be  constant,  and  in  many  cases  it  is  difficult  to  tell 
from  mere  inspection  whether  they  exhibit  any  definite  trend  from 
constancy.  A  far  more  delicate  method  of  detecting  any  such  trend,  if 
present,  is  to  plot  the  first  frequency  differences  against  w,  on  a  fairly 
large  scale.  (50  X  50  cm.  is  recommended.)  This  curve,  by  Deslandres' 
law,  should  be  a  straight  line,  of  slope  26  (i.  e.,  secondary  frequency 
difference),  and  intercept  (Av  =  0)  w  =  —  a/26  =  —  c.  The  author 
has  called  it  the  "slope"  form,  and  has  found  it  to  be  actually  an  hyper- 
bola. 

In  practically  all  long  series  the  slope  curve  exhibits  a  very  definite 
trend  from  linearity.  Yet  in  instance  after  instance  investigators  have 
analytically  fitted  the  series  to  a  Deslandres'  formula,  and  have  con- 
cluded that  the  agreement  was  satisfactory,  when  the  slope  curve  (if  it 
had  been  plotted)  would  instantly  have  show^i  the  falsity  of  such  a 
conclusion. 

But  let  us  assume  that  a  casual  inspection  of  the  Av  :  m  curve  does 
not  indicate  any  definite  non-linearity.  This  condition  is  more  likely 
to  arise  when  the  experiipental  errors  are  rather  large  (over  0.02  A). 
A  case  in  point  is  the  main  series  of  the  3371  Nitrogen  band,  which 
Lewis^  extended,  by  using  self-induction  in  the  circuit,  until  it  entered 
the  next  band  at  3159  A.  The  Av  :  m  curve  for  this  band  is  apparently 
a  straight  line  and  the  equation  given  by  Lewis  is  the  best  obtainable 
when  the  simplified  Deslandres'  formula 

V  =^  A  +  Bm*  (4) 

>  Comparing  (i)  and  (i')  6  ■-  B;  c  =  a/ib;  v6  ^  A  +  B^.  There  seems  to  be  some 
confusion  as  to  just  what  is  to  be  considered  the  "head"  of  a  band.  The  ordinary  idea, 
stated  implicitly  if  not  explicitly,  is  that  this  head  is  given  by  the  line  corresponding  to  m  -  o, 
in  any  satisfactory  formula.  The  author  has  tried  in  I.  to  follow  consistently  this  usage. 
But  (i')  is  often  written  v  <»  vo  +  B{m  +  c)*.  This  makes  P9  (the  head)  correspond  to 
m  ■»  —  c.  I  doubt  if  anyone  actually  thinks  of  the  head  in  that  way,  and  so  the  form  is 
objectionable.    Of  course  when  c  —  o,  the  two  view-points  become  identical. 

*  Astrophysical  Journal,  40,  148,  1914. 
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is  used.  As  has  been  remarked^  (4)  is  not  Deslandres'  law,  and  its  use  is 
permissible  only  when  the  inaccuracy  of  the  data  makes  the  true  deter- 
mination of  the  intercept  (—  a/26  =—<;=.—  "the  phase")  impossible. 
In  this  case,  the  data  are  rather  inaccurate,  but  a  slight  improvement  can 
be  made  by  using  (i')  rather  than  (4). 

The  problem  now  becomes, — ^what  is  the  best  analytical  method  of 
handling  the  experimental  data,  in  order  to  determine  whether  or  not 
the  Deslandres'  formula  holds,  i.  e,,  whether  a  straight  line  is  really  the 
best  simple  smooth  curve  that  can  be  passed  through  the  experimental 
points  of  the  Av  :  m  plot,  and  if  so,  what  is  the  slope  of  this  curve?  This 
problem  is  identical  with  that  of  determining  the  constancy  of  the 
acceleration  of  gravity,  and  its  value,  if  constant,  given  the  position  of 
a  series  of  crests  on  an  Atwood's  Machine  curve,  but  with  the  time  and 
point  of  initial  descent  not  known.     For  this  latter  problem  we  have 

^  =  ^0  +  vo/  +  i/2g^  (5) 

or 

^  =  (^0  -  voV2g)  +  gl2{t  +  v,lg)\  (6) 

i.  «., 

s^a  +  p{t  +  \)\  (60 

where  X  =  the  "phase,"  f.  «.,  the  fractional  part  of  a  second  before 
/  =  o  at  which  descent  began.*  In  the  case  of  Deslandres*  law,  (i)  and 
(i')  correspond  to  (5)  and  (6')  respectively. 

If  a  study  of  the  actual  plotted  data,  together  with  a  knowledge  of  the 
experimental  conditions,  indicates  that  the  deviations  of  the  data  from 
any  simple  smooth  curve  are  due  solely  to  chance  experimental  errors, 
then  the  method  of  Least  Squares  leads  to  the  "most  probable"  values 
of  the  constants  of  the  equation  of  the  curve.  In  the  case  of  spectral 
series,  the  conditions  necessary  for  the  legitimate  application  of  Least 
Squares  are  actually  present, — i,  e,,  in  a  well-measured  series,  using  the 
new  International  standards,  there  is  practically  no  opportunity  for 
unsuspected  systematic  errors  of  any  appreciable  amount. 

The  full  details  of  the  method  of  Least*  Squares,  as  applied  to  the 
Deslandres*  formula,  are  given  by  V.  Carlheim-GyllenskSld.'  The  neces- 
sary calculations  are,  however,  rather  extended,  especially  in  the  case  of 
long  series.  Moreover  we  do  not,  at  the  outset,  wish  to  assume  the  truth 
of  Deslandres'  law.     Instead,  we  wish  to  investigate  whether  or  not  the 

^  I.,  p.  89. 

*  I.  e.,  we  assume  i  "■  o  f or  the  nearest  even  second  to  the  time  of  starting,  just  as  in  band 
series  we  choose  m  so  as  to  make  c  (the  "phase")  some  fraction  less  than  0.5.  This  may 
possibly  be  the  analogy  Thiele  had  in  mind  when  he  called  c  the  "phase."  The  question  of 
the  origin  of  the  term  has  recently  been  raised.     (Proc.  Phys.  Soc.  of  London,  30, 130,  1918.) 

*  Svenska  Vet.  Ak.  Handl.,  42  N  :  r  8,  1907. 
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best  smooth  Av  :  m  curve  has  a  constant  slope  or  a  varying  slope.  But 
in  the  case  of  a  long  band  series,  such  as  the  3371  N  series,  the  method 
of  Least  Squares  can  be  applied,  with  great  advantage,  to  this  problem 
as  well.  For  we  may  break  up  the  Av  im  curve  into  several  sections, 
and  determine,  by  Least  Squares,  the  most  probable  value  of  the  slope 
for  each  section.  With  30  or  more  lines  to  a  section,  the  probable  error 
of  this  procedure  is  far  less  than  that  of  any  graphical  method, — a  fact 
which  is  frequently  overlooked,  but  which  the  present  series  of  investiga- 
tions has  repeatedly  demonstrated. 

The  author  has  tried  also  various  approximate  methods  for  computing 
the  second  difference  and  of  testing  its  constancy,  but  has  come  finally 
to  the  conclusion  that  the  Least  Squares  solution  is  the  only  really  feasible 
procedure  in  a  case  like  that  under  consideration,  where  a  plotted  Ap  :  m 
curve  does  not  definitely  indicate  any  curvature.  Fortunately  however 
it  has  been  possible  to  very  considerably  reduce  the  amount  of  necessary 
calculations,  so  that  the  Least  Squares  method  becomes  but  slightly 
longer  than  various  approximate  methods. 

In  equation  (i)  we  have  three  undetermined  coefficients,  but  in  this 
particular  case,  we  are  interested  only  in  the  value  of  6.  Moreover,  the 
variable  m  takes  on  the  r^^ular  series  of  values  i,  2,  3,  etc.  Now  in  the 
case  of  the  simpler  equation 

y  =*  A  +  Bx  (7) 

it  is  possible  to  compute  directly,  by  Least  Squares,  the  value  of  B, 
when  X  =  I,  2,  3,  . . .,  n.     In  fact^ 

n  _  (»  -  i)(yn  -  yi)  +  (n  -  3)(yn-i  -  3^2)  +  ,   etc. 

^~  i/6n(n2-i)  •  ^^^ 

The  "physical  meaning"  of  (8)  is  that  we  are  to  combine  the  first  and 
last  observations,  the  second  and  next  to  last,  etc.,  and  each  difference 
thus  obtained  is  to  be  multiplied  by  a  factor  equal  to  the  length  of  the 
interval  (in  terms  of  the  corresponding  change  in  x).  Finally,  we  divide 
the  numerator  by  the  total  number  of  corresponding  changes  in  x.  Thus 
for  6  observations,  (8)  can  be  written 

o     5(yg  -  yi)  +  3(ys  -  yt)  +  (yi  -  y$)  .^,. 

^=  ¥T¥+T^  '  ^^^ 

In  the  case  of  equation  (i),  it  is  to  be  expected  that  a  similar  formula 
for  the  value  of  b  can  be  derived.  But  so  far  as  the  author  has  been  able 
to  ascertain,  no  such  formula  has  been  published.  Accordingly  this  work 
has  been  carried  out,  and  the  desired  expression  obtained.    As  is  to  be 

>  See  Kohlrausch,  "Physical  Measurements,"  p.  17  (English  translation  of  7th  German 
edition). 


Ji,  2,  3i  ...  w/2  for  n 
[1,2,  3,  ...  (»+  I)/: 
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expected,  the  necessary  reductions  and  the  final  result  are  much  more 
complicated  than  in  the  case  of  (7)  and  (8).    This  result  is 

*  °  n{n^  ■  ?)V  -  4)^{(3^r+yn+i-r)(^+[r-i]3+6[f-i][r~2t)},      (9) 

where  A  —  {n  —  2)(n  —  i), 
B  =  6(2  -  »), 

»  =  number  of  observations  (y)  \y  ~  v  of  (i)], 

even. 
,/2  for  n  odd.^ 
Thus  forn  =  6,  we  have 

,     5(yg  +  yi)  -  (ys  +  ya)  ~  4(3^4  +  y«)  ,  ^ 

i  = ^6 •  (90 

For  n  =  5 

J  ^  2(y6  +  yi)  ~  (y»  +  y^)  -  2(y«) 

The  "physical  meaning"  of  (9)  is  this:  The  coefficients  of  the  first  and 
last  observations,  the  second  and  next  to  last,  etc.,  are  the  same.  Hence 
the  readings  may  be  combined  in  pairs,  as  in  the  case  of  (8).  (But  note 
that  the  pairs  of  observations  are  added  while  in  (8)  they  are  subtracted.) 
The  successive  coefficients  of  these  pairs  of  observations  follow  a  parabolic 
law,  in  which  the  second  difference  is  constant  (=*  12).  Hence  the 
calculation  of  the  coefficients  is  very  simple.  In  (9)  A  is  the  initial 
coefficient,  and  B  the  initial  first  difference.  Thus  formula  (9)  may  be 
written 

*=n(n«-iKn^-4)^^^^"*'^*^ 

+  (.4  +  B)Cy,  +  yn-i)  +  (A+2B+  I2)(3fa  +  yn^^)  (10) 

+  (A  +3B  +  36)(yA  +  yn-4)  +  ,  etc.}. 

In  applying  (9)  to  the  N3371  series,  the  84  observed  frequencies  (all 
weighted  equally)  were  divided  into  two  equal  sets.  For  the  first  42 
(small  f»'s)  we  obtain  b  =*  3.681 ;  for  the  second  42  (large  w's) 
b  =»  3.605.*  The  mean  is  3.643,  very  close  to  Lewis*  value  of  3.634,  using 
the  simplified  equation  (4). 

Because  of  the  large  number  of  observations,  the  probable  error  in 
these  results  is  very  small.    There  is  thus  clear  evidence  of  a  variation 

'  Note  that  for  n  odd,  the  last  term  in  the  summation  contains  but  one  y,  i.  e.,  yn+i/i  ^ith 
the  coefficient  (i  —  if)(i  +  n)/2. 

*  The  best  approximate  methods  which  the  author  has  been  able  to  devise  give  for  the 
first  42.  b  =  3.64s  or  3.660;  for  the  last  42, — ^3.585  or  3.555, — showing  the  uncertainty  of 
the  methods. 
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of  slope  of  about  2  per  cent.  But  since  3.681  is  the  probable  slope  at  the 
center  of  the  first  half  of  the  series,  while  3.605  applies  to  the  center  of 
the  second  half,  we  have  a  probable  total  variation,  over  the  entire  extent 
of  the  observations,  of  about  4  per  cent.  It  is  thus  evident  that  the 
second  difference  decreases^  and  that  the  series  shows  deviations  from 
Deslandres'  law  in  the  negative  sense.  Moreover,  we  have  thus  detected 
this  4  per  cent,  variation  in  a  case  where  a  really  good  analytic  fitting  of 
Deslandres'  formula  reveals  practically  no  trace  of  systematic  deviations. 
Even  when  such  deviations  do  appear  in  the  analytic  work,  they  are 
difficult  to  interpret.  This  3371  series  has  been  used  for  illustration 
because  it  is  the  only  really  long  series,  among  those  studied,  which 
from  the  plotted  Av  :  m  curve  seemed  to  obey  the  parabolic  law. 

In  the  case  of  more  complex  formulae,  such  as  the  hyperbolic  law 
proposed  by  the  author,  it  is  practically  necessary  to  use  the  ordinary 
methods  of  calculation.  After  plotting  the  data  and  drawing  the  best 
smooth  curve  through  the  results,  a  number  of  points  on  this  curve,  equal 
to  the  number  of  arbitrary  constants  in  the  assumed  formula,  are  chosen 
and  the  theoretical  curve  is  made  to  pass  through  these 'points,  by  solving 
the  simultaneous  equations  of  condition.  The  Obs-Calc  value  for  each 
observation  is  then  calculated  and  plotted  (as  ordinate).  A  smooth 
curve  is  drawn  through  the  results  (the  so-called  "Residual  Plot"  0- 
The  object  is  then  to  **warp"  the  x-axis  until  it  fits  this  smooth  curve 
as  well  as  possible.  With  practice  one  can  predict  roughly  whether  it  is 
possible  to  so  warp  the  axis  as  to  give  a  really  good  agreement.  The 
criteria  depend  entirely  upon  the  form  of  equation  used,  and  general 
rules  cannot  be  given.  Each  warping  means,  of  course,  the  determination 
of  a  new  set  of  constants.  In  the  case  of  the  hyperbola,  four  trials  are 
usually  sufficient,  if  the  data  are  all  equally  trustworthy.  For  the  Bi 
and  Ci  series  of  the  3883  CN  band,  many  more  trials  were  necessary, 
since  the  systematic  deviations,  to  be  discussed  later,  made  it  difficult 
to  determine,  at  first,  just  what  would  constitute  the  best  agreement. 
Much  time  was  thus  lost  trying  to  do  (in  the  light  of  future  knowledge) 
quite  impossible  things. 

Also,  the  hyperbolic  formula  refers  to  the  Av  :  m  curve.  The  Obs-Calc 
values  are  however  calculated  and  plotted  for  the  v  :  m  curve.  The 
warping  of  the  ^-axis  of  the  Residual  Plot  then  consists  in  giving  it  a 
definite  new  slope  (i.  «.,  a  definite  new  Av)  at  selected  points,  and  solving, 
instead  of  giving  it  a  definite  new  ordinate.  The  judging  of  the  proper 
slope  is  far  more  difficult  than  the  judging  of  the  proper  ordinate,  and 
this  is  the  one  real  objection  to  the  use  of  the  "slope"  form  of  the  equa- 

1  Goodwin,  Precision  of  Measurements,  p.  60. 
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tion.  But  the  greater  simplicity  of  this  form  more  than  compensates. 
The  fact  that,  for'  the  proposed  hyperbolic  formula,  the  v  :  m  equation 
is  a  summation,  instead  of  an  integral,  is  an  objection  to  this  particular 
formula  but  not  to  the  use  in  general  of  the  Av  ;  m  curve,  rather  than  the 
V  :  m  curve. 

The  Hyperbolic  Formula,  and  a  Possible  Alternative  Form. 

As  shown  in  Fig.  2,  page  92  of  I.,  the  Av  :  m  curves^  for  the  Ai,  Bi, 
and  Ci  series  of  the  3883  CN  band  look  very  much  like  hyperbolae, 
instead  of  the  straight  line  demanded  by  Deslandres*  formula.  These 
three  series  have  now  been  found  to  fit  accurately  hyperbolic  curves, 
save  for  certain  systematic  perturbations  (previously  known)  and  for 
small  systematic  irregularities,  newly  discovered.  These  latter  amount  to 
a  change  of  frequency  of  only  one  part  in  300,000  as  a  maximum^  and  so 
are  inconsequential  as  far  as  the  general  form  of  the  curve  is  concerned. 
Aside  from  the  real  periodic  irregularities,  the  observed  and  computed 
curves  agree  to  at  least  0.005  A  throughout  a  series  200  A  long,  t.  e,, 
on  a  V  :  w  curve  extending  ten  feet  in  each  direction,  the  agreement  is  to 
less  than  o.i  mm.  throughout,  indicating  the  great  accuracy  of  the 
hjT^erbolic  formula. 

The  deviations  from  Deslandres'  law  in  all  of  these  series  are  in  a 
negative  sense,  in  that  the  successive  frequency  differences  increase  less 
rapidly  than  demanded  by  the  law,  i.  «.,  the  second  differences  decrease. 
Series  of  this  type  will  be  referred  to  as  negative  series^  and  bands  contain- 
ing them  as  *  *  bands  of  the  negative  type. ' '  The  phrase '  *  negative  bands '  * 
is  already  in  use,  with  a  distinctly  different  meaning.  In  I.  the  statement 
was  made  that  in  only  one  band  are  series  known  in  which  the  deviations 
are  in  a  contrary  sense,  i,  e,,  the  2370  band  of  air.  This  statement  is 
quite  incorrect.  At  the  time  of  discovery,  these  2370  series  were  the 
only  known  examples  of  what  we  shall  call  positive  series.  Since  then  a 
number  of  similar  series  have  been  found.  It  is  these  series  which  the 
author  has  been  particularly  studying.     In  the  2370  band  there  are  four 

^  In  all  detailed  quantitative  work,  the  author  has  used  the  frequency  in  vacuo,  but  for 
the  qualitative  work  to  be  described  in  the  following  paper  the  reduction  to  vacuo  is  not 
necessary  and  has  not  been  made.  Wave-lengths  should  never  be  used,  except  incidentally. 
In  this  connection  it  might  be  added,  since  it  seems  not  known  everywhere,  that  there  is 
published  a  table  of  reciprocals  (Cotsworth*s  Reciprocals, — McCorquodale  and  Co.,  London.) 
giving  to  seven  figures  the  reciprocals  of  all  numbers  to  100,000.  By  linear  interpolation  to 
hundredths  one  can  obtain  the  reciprocal  of  any  7  figure  quantity  to  seven  figures.  The 
maximum  error  is  one  unit  in  the  last  figure,  the  probable  error  considerably  less  than  half 
a  unit.  The  rule  for  interpolating  .the  seventh  figure,  as  given  in  the  tables,  is  obviously 
incorrect.  The  author  has  found  it  more  convenient  to  use  a  slide  rule  for  all  interpolations. 
When  a  succession  of  adjacent  frequencies  is  desired,  as  in  a  band  series,  each  can  be  obtained 
in  a  very  few  seconds, — quite  as  rapidly,  in  fact,  as  by  the  use  of  the  best  calculating  machines. 
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positive  series,  and  four  negative  series.  We  shall  call  such  a  band  a 
''neutral  bandy  At  present  the  2370  band  is  I  believe  the  only  known 
example. 

In  the  only  detailed  study  of  this  band,^  a  very  good  drawing  but  no 
data  on  the  observed  wave-lengths  are  recorded.  (Schniederjost*  resolves 
only  a  few  lines  of  this  band.)  The  only  data  given  are  the  Obs-Calc 
values  for  every  fifth  line,  for  four  of  the  series,  together  with  the  equa- 
tions used.  With  this  data  it  is  possible  to  work  back  to  the  observed 
frequencies,  for  every  fifth  line,  and  thus  to  determine  roughly  the  form 
of  the  Ai^  :  m  curves.  These  curves  show  but  slight  deviations  from  a 
straight  line,  the  maximum  variation  in  slope  being  about  9  per  cent,  (for 
the  II2  and  IV2  series).  That  is,  the  final  slope  (highest  m)  is  about 
109  per  cent,  or  92  per  cent,  respectively,  of  the  initial  slope  (at  m  =  0). 
The  Av  :  in  curve  for  the  Ai  series  of  the  3883  band  has  been  given  in 
Fig.  2  of  I.  (page  92)  and  for  convenience  in  comparing  other  series  the 
slope  at  various  points,  in  terms  of  the  initial  slope  (i.  e.<,  the  relative 
second  frequency  differences)  is  given  herewith. 

w  =    o  100     per  cent.  m  =  loi      76.5  per  cent. 

21  98     percent.                 121     61.5  per  cent. 

41  95     per  cent.                 141      29.0  per  cent. 

61  91     per  cent.                 151      14.0  per  cent. 

81  85.5  per  cent.                 156.5     o    per  cent.  (max.  Av) 

In  respect  to  the  magnitude  of  the  departure  from  Deslandres'  law, 
the  2370  series  are  thus  not  in  a  class  with  the  3883  series,  or  with  many 
others  studied,  and  the  fitting  of  them  to  a  six  constant  equation,  such  as 
that  proposed  by  the  author,  would  be  a  simple  matter.  The  striking 
point  about  these  2370  series  is  however  the  fact  that  four  of  them  show 
positive  deviations,  and  four  negative,  and  the  deviations  in  corresponding 
series  are  equal.  This  shows  that  if  the  negative  series  are  hyperbolic 
(and  the  Ai'  :  m  curves  look  quite  similar  to  the  initial  portion  of  the 
Ai  3883  curve)  the  positive  series  are  also  hyperbolic.  It  also  suggests 
a  new  point  of  view  on  the  entire  subject. 

We  have  assumed  in  I.  that  the  hyperbolic  law  is  due  to  the  funda- 
mental field  of  force  of  the  molecule  (all  spectroscopists  now  agreeing 
that  band  series  are  due  primarily  to  molecular  structure,  rather  than 
to  atomic).  Let  us  assume  however  that  the  tangent  to  the  Av  :m  curve 
at  m  ^  o  represents  this  fundamental  field  of  force,  i.  e.,  a  Deslandres* 
law,  and  that  the  deviations  from  this  straight  line  indicate  disturbing 
effects.    Let  us  denote  any  Av  on  the  straight  line  by  Av,  and  any  Av 

>  Deslandres  and  Kannapell,  Comptes  Rendus,  139.  584,  1904. 
*  Zeitschrift  fUr  wise.  Photographie,  a,  265,  1904. 
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on  the  hyperbola  by  Ai'n.  Let  Avg  —  Av»  =  D.  Then  if  the  Avn  -  m 
curve  is  truly  an  hyperbola,  the  D  :  m  curve  will  also  be  an  hyperbola 
(and  conversely)  since  we  have  made  only  a  linear  transformation  of 
variables  in  which  the  derivatives  db  —  4c*  remains  invariant.  (The 
transformation  is  mathematically  the  same  as  that  from  fixed  to  moving 
axes.)  Moreover,  the  curve  in  —  Z?  and  m  is  also  an  hyperbola,  by 
symmetry,  and  thus  the  curve  in  Av,  —  (—!>)=  Avp  is  an  hyperbola. 
(The  converse  transformation  of  variables.)  Thus  the  four  positive 
series  (Ai^p  :  m  curves)  are  hyperbolae,  if  the  four  negative  series  (Av*  :  m 
curves)  are.  Also,  we  can  state  that  the  systematic  deviations  (D) 
from  the  fundamental  field  of  force  of  the  molecule  (assumed  to  be  such 
as  to  give  a  Deslandres*  law)  are  of  such  nature  as  to  yield  hyperbolic 
D  :  m  curves,  instead  of  saying  that  the  field  of  force  is  such  as  to  yield 
hyperbolic  Av  :  m  curves.  The  two  statements  are  actually  only  different 
ways  of  viewing  the  phenomena,  for  the  physical  facts  are  the  same,  in 
either  case. 

The  chief  use  that  has  been  made  of  the  above  ideas  is  in  the  handling 
of  positive  series.  It  is  difficult  to  recognize  the  hyperbolic  form,  in  such 
series,  and  I  have  therefore  drawn  the  tangent  at  f»  =  o,  reversed  the 
deviations  {D)  from  this  line,  and  drawn  the  resulting  curve,  thus  obtain- 
ing the  corresponding  negative  Ai'  :  m  curve.  This  curve,  in  all  cases, 
has  appeared  to  be  hyperbolic,  as  nearly  as  could  be  judged  by  mere 
inspection.  This  procedure  also  gives  a  simple  method  of  judging,  in 
the  case  of  positive  series,  how  radical  are  the  departures  from  Deslandres' 
law.  In  only  one  series  (one  of  those  in  the  3064  water  band)  does  the 
corresponding  negative  Av  :m  curve  extend  past  the  point  of  maximum 
Av.  In  this  one  case  it  has  about  the  extent  of  the  Ai  3883  curve. 
Thus  no  positive  series  shows  anythiilg  like  the  deviation  of  the  Ci  3883 
series. 

The  so-called  positive  series  are  thus  found  (qualitatively,  at  least)  to 
be  no  exception  to  the  hyperbolic  law,  but  to  represent  simply  positive 
hjrperbolic  deviations  from  Deslandres'  law,  instead  of  negative  deviations. 
Needless  to  say,  the  structure  of  positive  band  series  is  somewhat  different 
from  that  of  negative  series.  The  former  has  no  point  of  maximum  Ai'  and 
no  "tatil."  The  remarks  on  page  loi  of  I.  should  therefore  be  considered 
as  applying  only  to  negative  series. 

The  hyperbolic  law  proposed  by  the  author  has  the  form 

Ai^  +  BAv.m  +  Cm*  +  DAv  +  Em  +  F  =  o,  (11) 

where  F  =  o  for  the  Ai  3883  series. 
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Solving  for  Av  we  have 
Ai.  =  -  Bm/2  -  D/2±yJ(^^^^^m^  +  (^  -E^m  +  ^-F,  (12) 

where  m  =  0.5,  1.5,  2.5,  etc.,  and  the  negative  sign  before  the  radical  is 
to  be  used.    Then 

Fn  =  vo  +  [SAI.]:::J.7^^•  (13) 

Since  Ai'  is  given  by  an  hyperbola  we  might  write  (13)  as 

V  =  vo  +  ^  hyperbola.  (14) 

As  explained  in  I.,  pages  loo-ioi,  the  best  convergent  series  that  approxi- 
fnates  this  function  is  probably 

F  =  a  +  6m*  —  cm^  +  dm^,  etc.,  (15) 

which  Kilchling^  uses  as  an  empirical  formula,  but  which  Ritz*  derived 
on  theoretical  grounds. 

The  formal  analogy  between  line  and  band  series  has  frequently  been 
pointed  out.    The  approximate  formula  for  line  series  (Rydberg)  is 

or 

No 


=  (m  +  m)^  (17) 

The  approximate  formula  for  band  series  is 

V  ^  A  +  B{m  +  /*)'  (i')' 


or 

v-A 


^      =  (m  +  m)^  (18) 

(18)  and  (17)  have  the  same  functional  form,  and  hence  the  formal 
analogy,  previously  stated  by  various  authors.  The  following  sugges- 
tions however  are  believed  to  be  mainly  original. 

There  seem  to  be  two  possible  methods  of  modifying  the/(w)  occurring 
in  (17)  and  (18),  in  order  to  obtain  more  accurate  formulae,  (i)  Compute 
successive  differences,  in  (17)  and  (18).    This  gives 

2(m  +  m),  (19) 


A 


yv^-  v) 

\—B~^)  =  ^  =  2(m  +  m).  N 


»  Zeitschrift  fUr  wiss.  Photographic,  15.  293.  1916. 

«Ritz  (Weiss)  Comptes  rendus,  152,  585,  1911,  or  Astrophysical  Journal,  35,  75.  1912. 

*  Here,  as  explained.  A\snot  exactly  equal  to  vo  (the  true  head)  but  differs  from  it  by  B^. 
In  giving  the  formal  analogy  between  line  and  band  series,  equation  (i')  is  usually  written 
with  I'D  in  place  of  A,    But  to  avoid  inconsistency,  this  has  not  been  done  here. 
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But  the  author  has  found  that  Av  =  hyperbola,  instead  of  Av  =»  straight 
line.     By  analogy  we  might  expect  for  line  series 

^  (  y^l  y  )  "  hyperbola.  (21) 

The  other  method  is  (2)  Compute  the  square  roots  of  (17)  and  (18).    This 
gives 


\ ^—  ^  tn+fi,  (22) 


4 


-^-  ^  m  +  n.  (23) 


In  the  case  of  line  series,  this  second  procedure  has  always  been  followed. 
The  ViVo/i'oo  —  V  instead  of  being  a  straight  line,  is  actually  a  much  more 
complex  f(fn).  Nicholson^  concludes  that  it  must  be  some  /(m  +  /*). 
Ritz  uses  /(m)  =  tn  +  a  +  b/m^.  Hicks  uses  m  +  a  +  b/tn.  Nichol- 
son,^ in  order  to  get  accurate  agreement  for  even  the  simple  Helium  series, 
has  had  to  use 

a  b  c 

w  +  M  +—-r-  +  /„.  .     x^  + 


But  possibly  this  f{m)  is  an  hyperbola.     By  analogy  we  would  have,  for 
band  series. 


4 


V  -  A 
— —  =  hyperbola,    or     v  ^  A  +  (hyperbola),*  (24) 


where  B  has  been  incorporated  into  the  hyperbola.  By  comparing  (24) 
with  (14)  it  is  seen  that  we  have  thus  replaced  the  summation  by  a 
square,  and  have  thus  greatly  simplified  the  necessary  calculations. 

Formula  (24)  has  been  carefully  tested  on  the  Ai  and  Ci  series  of  the 
3883  band.  It  seems  to  fit  these  series  almost  as  well  as  does  (14).  More 
trials  might  possibly  result  in  an  equally  good  agreement.  If  either  the 
Ai  or  Ci  series  were  slightly  longer,  it  would  be  possible  to  decide  definitely 
between  the  two  formulae.  The  Ci  series  extends  much  further  (in  terms 
of  curvature)  than  the  Ai,  but  because  of  the  greater  size  of  the  perturba- 
tions and  other  irregularities  of  the  Ci  series,  there  is  a  greater  uncertainty 
as  to  the  best  position  of  the  theoretical  curve.  The  two  formulae  can 
be  made  to  give  practically  identical  results  for  small  values  of  m,  but 
not  for  larger  values. 

The  methods  of  handling  the  two  formulae  are  quite  different,  but 
only  the  following  brief  statement  will  be  made  at  this  time.  With 
formula  (24)  it  is  possible  to  handle  the  data  directly  in  terms  of  v  and  m. 

» Proc.  Roy.  Soc.,  (A),  91,  255,  1915. 
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But  since  the  computations  necessary  in  solving  six  simultaneous  equa- 
tions are  several  times  as  extended  as  those  necessary  for  five,  the  author 
has  preferred  to  work  with  the  hyperbbla,  i.  e,\  with  the  curve  in  ^v  —  A 
and  m.  Now  the  experimental  values  of  ^v  ^  A  are  indeterminate,  since 
i4  is  as  yet  unknown.  In  the  case  of  line  series  [compare  (22)  with  (23)] 
it  is  possible  to  determine  v^  with  great  accuracy,  regardless  of  the  type 
of  function  used.  The  same  thing  is  roughly  true  for  A  in  band  series. 
Any  simple  formula,  such  as  Deslandres',  applied  to  the  known  smaller 
values  of  m,  will  give  an  approximate  value  of  i4.  It  is  moreover  known 
that  the  curve  in  Vv  —  ^4  and  m  must  approach  linearity,  with  decreasing 
m,  since  all  band  series  approach  Deslandres'  law  in  this  region,  and  this 
curve  is  very  sensitive  to  small  changes  in  -4,  when  m  is  small.  It  is 
thus  possible  to  determine  accurately  the  value  of  i4,  necessary  to  get 
even  approximate  linearity.  All  computations  can  be  made  with  a  20- 
inch  slide  rule.  It  is  not  necessary  to  have  a  good  agreement  between 
the  observed  and  computed  ^v  ^  A  :m  curves,  for  m  small,  since  in  this 
case  a  relatively  large  change  in  ^v  —  A  produces  a  relatively  small 
change  in  v  —  i4 .  The  converse  is  true  for  large  values  of  t»,  so  that  in 
this  region  the  observed  and  computed  Vi/  —  ^4  itn  curves  must  agree 
very  exactly. 

By  using  the  above  method,  the  time  required  to  determine  a  given 
set  of  constants  is  the  same  for  the  two  formulae.  But  for  the  new 
formula  the  time  required  for  testing  the  constants  is  far  less,  and  this 
constitutes,  with  the  old  formula,  the  major  portion  of  the  work.  Since 
either  of  the  formulae  give  practically  satisfactory  results  for  the  3883 
series,  it  is  inmiaterial  which  form  is  used,  in  testing  other  simpler  series. 
But  since  the  original  form  allows  the  data  for  the  hyperbolic  curve 
(Av  :  m)  to  be  computed  directly  from  the  observations,  this  form  has 
been  used  in  all  the  general  work  to  date.  Each  form  has  six  coefficients, 
or  five,  if  the  hyperbola  cuts  the  origin. 

In  lines  series,  by  analogy,  we  would  have  instead  of  (22) 

""  "  ''-      (hyperbola)^  *  ^^^^ 

The  author  has  plotted  the  experimental  curves,  for  certain  well-known 
line  series,  in  terms  of  A{Nq/v^  —  i^)  and  m,  and  also  in  terms  of  Vi^o/^'oo""  •' 
and  m.  The  hyperbolae  (if  either  of  the  curves  are  such)  are  reversed, 
compared  to  band  series,  approaching  linearity  for  large  values  of  f», 
while  the  vertex  occurs  near  the  origin.^    Unfortunately,  line  series  do  not 

*  The  limiting  slope  (m  •■  00)  equals  two,  for  the  first  form,  or  unity,  for  the  second, 
regardless  of  the  equation  used,  and  thus  should  be  the  same  for  all  line  series,  if  ^t  is  truly 
a  universal  constant.     (Rydberg  Constant).     In  band  series  one  finds  a  great  diversity  of 
nitial  slopes  and  there  is  no  such  corresponding  universal  constant. 
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yield  themselves  to  graphical  methods,  for  if  an  error  of  o.oi  A  in  term 
f»  =  2  is  represented  by,  let  us  say,  o.oi  mm.,  an  equal  error  in  m  =  30 
may  be  represented  by  about  5  mm.  or  more. 

The  author  is  not  prepared,  at  the  present  time,  even  to  suggest  the 
use  of  either  (21)  or  (25)  for  line  series.  The  present  trend  of  line  series 
work  is  to  derive  formulae  directly  from  theoretical  considerations. 
Because  of  the  recent  success  of  such  efforts,  by  the  use  of  various  modi- 
fications of  the  Bohr  atom,^  it  does  not  seem  desirable  to  introduce  any 
new  purely  empirical  formula.  In  the  case  of  band  series,  we  should 
expect,  from  theoretical  considerations,  a  formula  of  the  type  of  (14) 
rather  than  of  (24),  since  any  application  of  the  quantum  idea  must 
involve  a  summation,  implicitly  if  not  explicitly. 

Addendum. 

The  author  has  just  received  a  reprint  of  a  long  paper  by  T.  Heurlinger 
entitled  '*  Untersuchungen  Uber  Die  Struktur  der  Bandenspektra  "  (Lund, 
1918).  A  small  portion  of  Heurlinger's  work  duplicates  work  (un- 
published) of  the  author.  In  general  however  the  ground  covered  is 
different.  Heurlinger  is  not  primarily  interested  in  a  new  type  of  formula. 
He  uses  simply  the  power  series  (15),  or  a  modification,  and  compares  the 
numerical  constants,  for  the  various  series.  His  main  object  is  to  relate 
together  all  the  series  in  any  one  band,  or  group  of  bands,  and  to  thus 
formulate  general  rules  regarding  band  structure.  The  paper  contains 
several  ideas  on  band  structure,  radically  new,  but  very  suggestive,  and 
apparently  supported  by  a  large  amount  of  experimental  evidence.  The 
author  intends  to  discuss  these  ideas  more  fully  in  a  future  paper. 

University  of  California, 
December,  1918. 

*See  particularly  H.  S.  Allen,  Proc.  London  Phys.  Soc.,  30,  127,  1918.  Vegard,  Phil. 
^^g'*  35t  393.  1918*  Ishtwara,  Proc.  Math.  Phys.  Soc.  of  Toldo,  (a),  8,  106,  1915;  (2),  8, 
173.  1915;   (2).  8.  540.  1916;   (2).  9,  20.  1917;   (2),  9.  160,  1917. 
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THE  PASSAGE  OF  PHOTOELECTRONS  THROUGH  METALS. 

By  K.  T.  Compton  and  L.  W.  Ross. 

Synopsis. — ^Theoretical  expressions  are  derived  giving  the  rate  of  escape  of 
photo-electrons  from  the  surface  of  a  thin  metallic  film  as  a  function  of  its  thickness. 
These  expressions  result  from  various  assumptions  regarding  the  probability  of 
escape  of  an  electron  photoelectrically  excited  at  a  given  depth  within  the  metal. 

The  photoelectric  currents  from  films  of  platinum  and  of  gold  of  various  thick- 
nesses are  measured  for  different  wave-lengths  of  light,  smd  the  results  are  found 
to  be  consistent  with  the  view  that  the  average  distance  in  smy  direction  which  an 
excited  electron  may  move  without  losing  its  ability  to  escape  is  about  2.67  (io)~'cm. 
in  platinum  and  5.0  (io)~'  cm.  in  gold,  and  that  the  probability  of  going  a  given 
distance  without  losing  its  ability  to  escape  falls  off  exponentially  with  the  distance. 
This  average  distance  is  shown  to  be  independent  of  the  initial  kinetic  energy  of 
the  electron.  There  is  evidence  that  platinum  is  first  deposited  in  a  relatively  un- 
stable and  electropositive  state,  and  that  it  spontaneously  changes  into  the  ordinary 
stable  form. 

A  critical  discussion  and  comparison  of  methods  of  measuring  film  thicknesses 
shows  that  they  may  be  relied  upon  if  proper  precautions  are  taken.  Various  inter- 
esting properties  of  these  thin  films  are  illustrated  and  discussed. 

Introduction. — ^Ladenburg^  was  the  first  to  prove  that  electrons, 
excited  photoelectrically  within  a  metal  by  ultra-violet  light,  may  travel 
some  distance  through  the  metal  before  escaping  from  its  surface.  He 
deposited  nickel  electrolytically  on  glass,  and  showed  that  the  photo- 
electric currents  from  the  films  increased  with  increasing  film  thickness 
up  to  about  2(10)"*  cm.  This  result  was  qualitatively  confirmed  by 
Rubens  and  Ladenburg,*  who  showed  that  the  ratio  of  the  photoelectric 
currents  on  the  incident  and  emergent  sides  of  a  piece  of  gold  foil  was 
about  100  :  i,  while  the  ratio  of  the  incident  and  emergent  light  intensities 
was  about  1,000  :  i. 

In  1913,  Partzsch  and  Hallwachs*  published  a  criticism  of  the  quanti- 
tative results  of  Ladenburg's  measurements,  and  also  made  a  theoretical 
and  experimental  study  of  the  optical  and  photoelectric  properties  of 
thin  metal  films  deposited  on  quartz.  The  theoretical  treatment  in 
the  present  paper  is  based  on,  and  is  an  extension  of,  the  work  of  Partzsch 
and  Hallwachs. 

The  experimental  measurements  here  recorded  are  in  many  respects 

» Ann.  d.  Phys.,  12,  p.  558,  1903. 

*  Ber.  d.  D.  Phys.  Ges.,  p.  749,  1907. 

*  Ann.  d.  Phys.,  41,  p.  247,  1913. 
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similar  to  measurements  published  by  Robinson,^  and  in  the  main  con- 
firm his  results.  Certain  refinements  had  to  be  added  to  his  experimental 
procedure,  however,  in  order  to  attain  sufficient  accuracy  to  permit  a 
quantitative  application  of  the  theory. 

Method. — ^The  general  plan  of  the  experiment  was  to  allow  ultra- 
violet light  of  definite  wave-length  to  enter  a  metal  film,  deposited  on  a 
quartz  plate,  from  the  quartz  side  and  to  measure  the  total  photo- 
electric emission  from  the  film.  This  was  done  with  films  of  various 
thicknesses,  maintaining  other  conditions  constant,  so  that  the  photo- 
electric emission  was  obtained  as  a  function  of  the  film  thickness.  The 
nature  of  the  variation  of  emission  with  thickness  depends  on  the  distance 
rate  of  absorption  of  light  in  the  film  and  on  the  probability  that  an 
electron,  photoelectrically  excited  by 
the  light  at  any  point  in  the  film, 
may  reach  and  escape  from  the  sur- 
face of  the  film.  The  rate  of  absorp- 
tion of  light  in  the  film  is  known,  or 
may  easily  be  measured.  Thus  the 
experimental  results  depend  ultimate- 
ly on  the  probability  of  the  escape 
of  an  electron  from  any  point  in  the 
film.  Various  assumptions  regarding 
the  form  of  the  expression  of  this 
probability,  associated  with  various 
assumptions  regarding  the  passage  of 
electrons  through  the  metal,  may 
therefore  be  tested  by  the  experimental  results.  In  the  following  section 
several  such  assumptions  are  put  into  forms  suitable  for  quantitative 
tests. 

Theory. — Let  QQ'  and  FF'  in  Fig.  i  represent  sections  of  the  quartz 
plate  and  metal  film,  respectively,  the  thickness  of  the  latter  being  d. 
Light  of  intensity  /  strikes  the  film  from  the  quartz  side,  but  part  of  it 
is  reflected,  so  that  /o  represents  the  intensity  of  the  light  which  enters 
the  film.  Since  the  reflecting  power  of  the  film  varies  with  its  thickness, 
/o  is  a  function  of  d. 

Let  dx  be  the  thickness  of  a  layer  of  the  film  distant  x  from  its  free 
surface.  The  intensity  of  the  light  in  this  layer  is  /o€~*^''~*\  where  a 
is  the  coefficient  of  absorption  of  the  light.  If  we  let  v  represent  the 
number  of  electrons  which  are  photoelectrically  excited  per  unit  time, 
per  imit  volume,  per  unit  light  intensity,  then  the  rate  at  which  electrons 

1  Phil.  Mag.,  2St  p.  115.  1913;  ibid.,  32,  p.  421,  1916. 


x^dx 


Fig.  1. 
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are  excited  in  the  layer  dx  is 

where  A  is  the  area  of  the  film.  From  symmetry  it  is  evident  that  half 
of  these  start  moving  toward  the  free  surface.^ 

Let  F(x)  be  the  probability  that  an  electron  will  move  a  distance 
whose  component  normal  to  the  surface  is  x  without  losing  its  ability  to 
escape.  Then  the  rate  of  escape  from  the  film  of  electrons  which  start 
from  the  layer  dx  is 

dN  =  —-€-^<^-'^F(x)dx. 

The  total  rate  of  emission  of  electrons  is  therefore 

JV  =  ^-€-M    e'F{x)dx.  (i) 

Special  Cases. — (a)  Assume  that  the  number  of  electrons  which  retain 

ability  to  escape  falls  off  exponentially  with  distance  moved  normally  to 

the  surface^  or 

F{x)  =  e'^%  (2) 

where  i/fi  is  the  average  distance  which  an  electron  can  move  normally 
to  the  surface  without  losing  its  ability  to  escape.  Then  the  integration 
in  equation  (i)  is  easily  performed,  giving 

^=—      ^-«      ^  (3) 

which  is  identical  with  the  equation  derived  by  Partzsch  and  Hallwachs.* 
(b)  Assume  that  the  number  of  electrons  which  retain  ability  to  escape 
falls  off  exponentially  with  the  distance  moved  (in  any  direction). — Consider 
those  electrons  which  start  toward  the  surface  from  an  element  of  volume 
dr  in  the  layer  dx  and  escape  from  an  element  of  the  free  surface  dS. 
Of  these,  the  fraction  dS  cos  6/2Tr^  start  toward  dS;  but  of  these,  only 
the  fraction  e~^  succeed  in  escaping,  according  to  our  present  assump- 
tions.   Thus 

dS  cos  0 


2iri^ 


e-^ 


^  This  assumes  that  the  electrons  begin  to  move  with  equal  probabilities  of  motion  in  all 
directions  and  therefore  in  directions  which  are  independent  of  the  orientation  of  the  electric 
vector  in  the  light  wave.  There  is  possibly  some  experimental  evidence  that  this  assumption 
is  not  strictly  true.  If  the  electron  is  ejected  from  the  atom  by  a  direct  pull  from  the  electric 
field  of  the  light  wave  the  present  assumption  is  probably  seriously  in  error.  If,  however, 
the  photoelectric  emission  is  a  secondary  effect  caused  by  a  storing  up  of  energy  in  the  atom 
and  its  consequent  instability,  the  assumption  is  valid. 

*  Loc,  cU. 
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is  the  probability  that  an  electron,  starting  toward  the  surface  from  Jr, 
will  escape  from  dS,  It  is  to  be  noted  that  this  probability  is  the  same 
for  electrons  starting  from  any  point  in  ^  at  a  distance  between  y  and 
y  +  dy  from  0.  Thus  the  probability  that  an  electron,  starting  toward 
the  surface  from  any  point  in  the  layer  dx,  will  escape  from  dS  is 


aX. 


''"•  dS  cos  $ 


since  the  layer  may  be  considered  to  extend  to  infinity  in  comparison 
with  the  depth  x.  Finally,  the  probability  that  an  electron,  starting 
toward  the  surface  from  dx,  will  escape,  is  found  by  substituting  A  for  dS, 
and  is 

f*cos^      ^, 

This  expression  may  be  written 

of  which  the  solution  is 

Fix)  =€->-  +  7^£i(-7^),  (4) 

where  £i(—  7x)  represents  the  exponential  integral 


Ei{-'tx)  =  -f'^t-'-dr, 


whose  value  for  various  values  of  (7^)  is  given  in  Laska's  "Sammlung 
von  Formeln." 

On  this  assumption,  therefore,  the  total  rate  of  electron  emission  from 
the  film  should  be,  by  equation  (i), 

The  integral  of  this  expression  may  be  easily  evaluated  by  graphical 
methods.* 

1  This  equation  may  be  integrated  by  parts  after  substituting  for  Ei(  —  rx)  its  alternative 
form  given  above.  In  performing  this  integration  it  is  necessary  to  express  the  limits  of 
integration  of  one  of  the  terms  by 

^  f{x)dx  ^  J^   f{x)dx  -  J     f{x)dx 
and  to  remember  that 

/  -    dx  >  log . 

We  thus  find  for  the  solution 
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In  this  expression,  1/7  repres^its  the  average  distance  in  any  direction 
which  an  electron  may  move  without  losing  its  ability  to  escape.^ 

(c)  Assume  that  an  electron  loses  energy  in  proportion  to  the  distance 
moved  through  the  metal. — ^Let  a  be  the  energy  lost  per  centimeter  path. 
The  electron  starts  with  an  amount  of  energy  hvy  where  h  is  Planck's 
constant  ajid  v  is  the  frequency  of  the  exciting  light;  of  this  energy,  an 
amount  hvo  is  necessary  to  enable  it  to  escape  from  the  surface  of  the 
metal.    Therefore 

cTfo  =  h(v  —  vo)  (6) 

determines  the  greatest  distance  r©  which  an  electron  can  move  in  the 
metal  without  losing  its  ability  to  escape.  As  in  case  (6),  the  fraction 
dS  cos  6/2Tr^  of  the  electrons  starting  toward  the  free  surface  from  dr 
move  toward  dS.  All  these  will  escape  if  r  <  r©,  and  none  if  r  >  fo. 
Thus  the  probability  that  an  electron  starting  toward  the  surface  from 
the  layer  dx  will  escape  from  dS  is 

I    r^^^^^dS  cos  e  ,        dSf  x\ 

if  X  <  ro  and  is  zero  if  x  >  fo.    Therefore 

i^(x)  =  (i-^j     if    *<r.;|  (^) 

=  0  if    jc  >  fo.  J 


By  equation  (i),  ii  d  >  ro, 


€ 
2 


Jo    \         ro) 


2  Jft    V  raJ 

(8) 


Although  this  equation  permits  numerical  computations  to  be  made,  such  computations  are 
neither  as  rapid  nor  as  accurate  as  those  made  by  a  graphical  solution  of  equation  (5).  The 
inaccuracy  is  due  to  the  fact  that  the  value  for  A*^  is  expressed  as  the  difference  between  rela- 
tively  large  terms,  and  the  tables  of  Ei{  —  rx)  are  not  suflEiciently  accurate  to  give  the 
difference  with  high  percentage  accuracy. 

1  We  have  implicitly  assumed  that  the  "ability  to  escape  "  depends  on  the  velocity  but  not 
on  the  direction  of  motion  of  an  electron  at  the  surface.  This  is  objectionable,  since  the  chance 
of  escaping  against  the  attraction  of  the  induced  positive  charge  left  on  the  film  is  certainly 
dependent  on  direction  as  well  as  speed  of  motion  of  an  electron.  The  mechanism  of  "escape  " 
and  the  nature  of  the  work  done  in  escaping  is  so  little  tmderstood,  however,  that  we  have 
neglected  this  factor.  If  most  of  the  work  done  in  escaping  is  done  within  distances  from  the 
surface  which  are  of  atomic  order  of  magnitude,  the  present  assumption  will  probably  not 
be  seriously  in  error.  It  can  furthermore  be  shown  that  the  relations  between  N,  a  and  r 
are  such  as  to  reduce  any  error  from  this  cause  to  a  minimum. 
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Thickness  of  Film  giving  Maximum  Photoelectric  Emission. — It  is  much 
eafiier,  in  practice,  to  determine  or  test  values  of  j3,  y  and  <r  by  finding 
the  thickness  of  film  giving  maximum  emission  than  by  attempting  to 
fit  the  entire  graphs  of  the  theoretical  equations  to  the  experimental 
curves.  We  shall  therefore  discuss  the  conditions  under  which  maximum 
emission  is  obtained  in  the  three  cases  considered  above. 

(a)  By  equating  to  zero  the  derivative  of  equation  (3)  with  respect 
to  film  thickness  d  we  find  the  thickness  dm  for  maximum  emission  to  be 
given  by 

in  which  the  term  I /A  dio/dd  arises  from  the  variation  of  the  reflecting 
power  of  the  quartz-film  surface  with  thickness  and  may  be  determined 
experimentally,  as  described  later.  Taking  experimental  values  of  this 
term  and  of  the  coefficient  of  light  absorption  a  we  find  the  values  of  if. 
for  various  values  of  a  and  p  shown  graphically  in  Fig.  2.    If  d^  and  a 


Fig.  2. 
are  determined  experimentally,  the  appropriate  value  of  0  may  be  found 
from    these    curves. 

(6)  To  find  the  maximum  value  of  JV  from  equation  {5)  the  easiest 
method  is  to  actually  plot  the  equation,  as  is  done  in  Fig.  3  for  various 
values  of  y,^    From  these  and  similar  curves  the  values  of  dm  appropriate 

'  In  Fig.  3  ttle  curvea  for  variauB  valuea  of  r  are  drawn  to  as  to  merge  into  tbe  curve  giving 
the  percentage  of  tianamitted  light,  thus  calling  attention  to  the  fact  that  for  thick  film«  the 
photoelectric  emlgsion  varies  with  thickness  In  practically  the  same  manner  as  does  the 
transmitted  light.  To  do  this,  however,  the  four  curves  had  to  lie  plotted  to  four  different 
scale*.  If  drawn  to  the  nunc  scale  the  maximum  values  of  AT  for  the  four  curves  1. 1,  3  and 
4  would  be  31.3.  39-!>>  TO.p  and  131.7  respectively. 
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to  various  values  of  7  and  a  have  been  determined  and  plotted  in  Fig.  4, 
whence  7  may  be  found  if  a  and  dm  are  experimentally  determined. 


Fig.  3. 

(c)  In  case  enei^y  is  lost  in  proportion  to  the  distance  moved  througli 
the  metal,  the  thickness  for  maximum  emission  is  given  by  differentiation 
of  equation  (9),  whence 

d.  =  ilog(i  +aro),  (") 

where  r^  is  defined  by  equation  (6)  as  the  greatest  distance  which  an 
electron  can  go  through  the  metal  without  losing  its  ability  to  escape. 


Since  aifn  is  an  extremely  small  quantity,  equation  (11)  may  bewritt"' 
without  appreciable  error,  cd^  =  art,,  whence,  by  equation  (6) 

d.-''^'~"'>.  (") 
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If  this  were  the  actual  type  of  energy  loss,  the  thickness  of  film  giving 
maximum  current  should  be  proportional  to  {v  —  vo),  which  is  the  dif- 
ference between  the  frequency  of  the  exciting  light  and  the  least  frequency 
of  light  which  will  produce  photoelectric  emission. 

Apparatus. — In  order  to  test  the  foregoing  assumptions  and  to  meas- 
ure some  of  the  quantities  involved,  metallic  films  were  deposited  on 
quartz  plates  by  the  method  of  ** sputtering,"  in  a  vessel  whose  essential 
features  are  shown  by  Fig.  5.  Transparent  quartz  plates  one  centimeter 
square  and  one  millimeter  thick  were  carefully  cleaned  in  boiling  caustic 
potash,  nitric  acid  and  distilled  water  and  mounted  by  a  touch  of  sealing 
wax  over  holes  in  a  brass  disk,  as  at  P. 
Twelve  such  plates  were  mounted  on  the 
disk,  which  was  then  placed  in  the  vacuum 
chamber  shown  in  Fig.  5,  so  that  the 
plates  could  be  placed  in  turn  under  the 
cathode  C  by  turning  the  ground  glass  joint 
/.  A  stationary  brass  shield  55'  was  held 
just  above  the  disk  NN'  so  as  to  shield 
from  the  discharge  all  the  plates  except 
the  one  P  below  the  cathode.  The  vessel 
was  rendered  air  tight  by  melting  wax  in 
the  groove  GG\  Great  care  was  taken  to 
keep  the  inside  of  the  vessel  free  from  wax 
or  grease,  and  where  wax  was  necessary  it 
was  entirely  shielded  from  the  discharge. 
The  exhaust  tube  was  connected  through  a 
liquid  air  trap  to  a  McLeod  gauge  and  Gaede  pump.  The  source  of 
the  discharge  current  was  a  Snook  high  potential  transformer  designed 
to  give  a  very  steady  discharge. 

Measurement  of  Thickness  of  Films, — ^Three  methods  were  employed 
to  measure  the  thickness  of  the  films.  Of  these,  the  most  direct  method 
was  to  weigh  the  thickest  film,  thence  calculate  its  thickness  and  take 
the  thickness  of  the  other  films  proportional  to  their  times  of  exposure  to 
** sputtering."  B.  Pogdny^  has  shown  that  this  method  is  accurate  if 
the  sputtering  conditions  are  maintained  constant.  In  order  to  have 
constant  conditions  we  adopted  the  following  procedure.  An  iron  disk 
/  was  placed  over  the  hole  in  the  shield  SS'  so  that  none  of  the  quartz 
plates  was  exposed  to  the  discharge.  The  discharge  in  the  vessel  was 
then  continued  for  about  two  hours,  until  no  more  gas  could  be  detected 
coming  from  the  walls  of  the  vessel  under  the  influence  of  the  discharge. 

»  Phys.  Zeit.,  15,  p.  685,  19 14. 


Fig.  5. 
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Then  the  iron  disk  /  was  removed  by  a  magnet  and  the  plates  were 
exposed  successively  to  the  discharge.  They  were  exposed  in  the  fol- 
lowing order:  I,  2,3,  ••  •,  II,  12, 12,  II,  •  ••,2, 1, 1,2,  •  •  •,  12, 12,  •••,  i; 
so  that  the  eflfect  of  any  change  in  sputtering  conditions  would  be  evenly 
distributed  among  the  plates.  During  the  entire  process  the  gas  pressure 
was  maintained  constant  by  a  regulating  valve.  Ordinarily,  the  times 
of  deposit  ranged  from  i  minute  to  100  or  more  nunutes. 

The  second  method  employed  involved  a  measurement  of  the  absorp- 
tion of  light  in  the  films.  The  disk  NN'  was  mounted  on  an  optical 
bench  so  that  light  from  a  mercury  arc  could  be  focused  on  any  one  of 
the  films.  The  reflected  or  transmitted  light  was  focused  on  the  slit 
of  a  Hilger  monochromatic  illuminator  provided  with  a  linear  thermopile, 
which  served  to  measure  the  intensity  of  the  light.  By  thus  determining 
the  intensity  of  the  incident  light,  the  reflection  and  absorption  by  the 
quartz  plate  and  the  intensities  of  the  lights  transmitted  and  reflected 
by  the  film  covered  plates,  we  found  the  fraction  of  the  light  entering 
the  film  which  was  absorbed  by  it.  The  coefficient  of  absorption  of 
light  of  the  wave-lengths  used,  576.9/1^1  and  579.1/1^1,  is  accurately 
known,  whence  the  thickness  of  each  film  could  be  calculated. 

The  third  method  involved  the  use  of  data  concerning  the  variation 
of  reflection  of  ultra-violet  light  with  thickness  of  platinimi  films  on 
quartz,  published  by  Partzsch  and  Hallwachs.*  When  light  strikes  a 
platinum  film  from  the  quartz  side,  they  found  that  the  intensity  /o  of 
light  entering  the  film  is  less  than  the  intensity  /  of  light  incident  on 
the  quartz  by  an  amount  shown  by  curve  i.  Fig.  6,  for  films  of  various 
thicknesses  J.  Ninety- two  per  cent,  of  the  incident  light  is  transmitted 
by  a  blank  plate..  From  this  we  find  that  the  ratio  of  the  intensity  of 
light  transmitted  by  a  blank  plate  to  that  transmitted  by  a  plate  with 
film  of  thickness  d  is  given  by 

Hq        .92 

in  which  a  is  known  with  considerable  accuracy  for  the  wave-length 
253-6  fifi  as  a  result  of  a  slight  extra-polation  of  measurements  made  by 
Meier.*  Taking  a  =  .078  /LtM~S  we  obtain  curve  2,  Fig.  6.  The  intensity 
of  the  light  transmitted  by  any  film  was  taken  to  be  proportional  to  the 
photoelectric  current  produced  when  this  light  fell  upon  a  plate  P  (Fig. 
7)  which  could  be  placed  in  the  path  of  the  light.  The  ratio  of  this 
current  to  that  produced  by  light  which  has  passed  through  a  blank  plate 
was  therefore  equal  to  n/no.    Thus  the  thickness  of  the  film  d  could  be 

*  Loc.  cit, 

*  Ann.  d.  Phys.,  31,  p.  1017,  1909. 
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found  directly  from  curve  2,  Fig.  6,  as  soon  as  the  ratio  w/wo  was  deter- 
mined. 

The  reliability  of  these  methods  of  estimating  film  thickness  is  proven 
by  a  comparison  of  their  results  when  applied  to  the  same  set  of  films. 
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Fig.  6. 

In  Table  I.,  /  represents  the  time  of  sputtering  and  du  (k,  dz  are  the 
thicknesses  calculated  by  the  three  methods,  respectively.    The  area 

Table  I. 


No. 

/  (sec). 

d\{jiii). 

^'iCm/*). 

di(jiit). 

1 

0 

0 

0 

0 

2 

20 

1.5 

1.8 

1.7 

3 

30 

2.3 

2.5 

2.5 

4 

40 

3.1 

3.0 

3.0 

5 

50 

ZA 

3.8 

3.9 

6 

60 

4.5 

4.4 

4.6 

7 

70 

5.3 

5.5 

5.5 

8 

80 

6.0 

6.5 

6.2 

9 

90 

6.8 

6.8 

6.6 

10 

120 

9.0 

8.6 

8.6 

11 

150 

11.3 

11.8 

11.6 

12  ' 

6000  • 

452.0 

? 

? 

of  plate  no.  12  was  0.95  sq.  cm.  and  the  mass  of  film  deposited  on  it  was 
0.000925  gm.  This  film  was  so  opaque  that  no  estimates  of  its  thickness 
could  be  made  by  the  second  and  third  methods.    The  experimental 
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data  which  were  used,  with  Curve  2,  Fig.  6,  to  find  the  values  of  d% 
are  found  in  Table  II. 

Of  these  methods,  the  third  was  most  convenient,  and  was  used  for 
most  of  the  work  with  platinum  fihns.  The  data  for  its  use  in  dealing 
with  gold  films  are  lacking,  so  that  we  employed  the  second  method  in 
this  case. 

Fhoioelectric  Measurements. — ^The  photoelectric  properties  of  these  fibns 
were  tested  in  the  brass  vessel  shown  in  Fig.  7.  Electrical  contact 
between  the  films  and  the  brass  disk  NN'  was  made  by  gold  leaf,  cemented 
with  a  little  India  ink.    The  disk  was  mounted  on  a  shaft  A  in  such  a 

manner  that  any  film  F  could  be 
placed  in  the  path  of  ultraviolet 
light  from  a  quartz  mercury  arc 
and  a  Hilger  monochromatic 
illuminator.  This  light  entered 
through  a  quartz  window  W, 
was  brought  to  a  focus  at  the 
slit  5,  passed  through  the  quartz 
plate  and  film  and  entered  the 
hollow  brass  box  B.  This  box 
was  designed  to  reduce  the 
amount  of  light  returning  to  the 
film  after  reflection  from  the  box, 
and  a  calculation  proved  that 
less  than  one  j)er  cent,  of  the 
photoelectric  current  from  the 
film  could  be  due  to  light  reflected  from  the  box. 

The  photoelectric  current  N  from  the  film  F  passed  to  the  box  B 
which  served  as  the  receiving  electrode,  and  was  connected  with  an 
electrometer  which  was  used  at  a  sensitiveness  between  2,000  and  50,000 
mm.  per  volt,  depending  on  the  type  of  measurement  being  made. 
The  vessel  and  films  were  charged  to  a  negative  potential  of  about  10 
volts,  indicated  by  the  voltmeter  V,  and  the  insulation  of  the  electrometer 
system  was  protected  by  the  guard  ring  G. 

In  order  to  measure  the  intensity  of  the  light  transmitted  by  the  film, 
the  platinum  plate  P  was  turned  to  the  position  of  the  box  B  and  the 
potential  of  the  vessel  changed  to  +  10  volts,  so  that  the  electrometer 
measured  the  photoelectric  current  n  from  the  plate. 

To  facilitate  quick  substitution  of  one  film  for  another,  a  second 
toothed  wheel  Af' ,  which  could  be  rotated  by  the  outside  handle  Jkf,  was 
made  to  engage  the  toothed  disk  NN\    A  small  lamp  L  illuminated  the 
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inside  of  the  vessel,  and  the  adjustment  of  any  film  to  the  position  F 
was  visible  when  looking  through  the  window  W\ 

Experimental  Results.  Platinum. — ^Ten  sets  of  platinum  fihns 
were  tested,  each  set  being  examined  to  determine  (a)  the  thickness  of 
film  giving  maximum  photoelectric  emission,  {b)  the  effect  of  using 
different  wave-lengths  of  exciting  light  and  (c)  the  nature  of  changes 
which  occur  in  the  films  after  they  are  deposited  on  the  quartz  plates. 
These  points  will  be  taken  up  separately. 

(a)  The  Thickness  of  Film  Giving  Maximum  Photoelectric  Emission. — 
Table  II.  contains  typical  experimental  measurements.    The  numbers 

Table  II. 


No. 

iVi. 

Ai. 

N. 

m. 

nu 

n. 

d(iAM). 

1 

0 

0 

0 

191 

186 

188 

0.0 

2 

47 

45 

46 

170 

168 

169 

1.7 

3 

74 

68 

71 

162 

158 

160 

2.5 

4 

83 

82 

82 

153 

152 

152 

3.0 

5 

81 

81 

81 

145 

139 

142 

3.9 

6 

77 

72 

75 

134 

131 

133 

4.6 

7 

67 

68 

67 

122 

124 

123 

5.5 

8 

65 

62 

63 

117 

113 

115 

6.2 

9 

67 

67 

67 

112 

112 

112 

6.6 

10 

58 

60 

59 

92 

93 

93 

8.6 

11 

31 

29 

30 

71 

71 

71 

11.6 

12 

0 

1 

1 

0 

0 

0 

? 

in  the  columns  marked  N  refer  to  the  electrometer  deflections  per  half 
minute  due  to  the  photoelectric  currents  from  the  films.  Those  marked 
n  refer  to  currents  from  the  plate  P  and  measure  the  intensity  of  the  light 
transmitted  by  the  films;  these  data  are  used  with  Fig.  6  to  determine 
the  film  thickness  d.  In  order  to  avoid  error  due  to  "time "  changes,  such 
as  photoelectric  fatigue,  all  measurements  were  taken  in  order  i,  2,  3, 
•  •  •,  II,  12  and  back  again  12,  11,  •  •  •,  2,  i,  as  shown  in  the  columns 
marked  with  subscripts  i  and  2.  The  means  of  these  measurements 
are  given  in  columns  N  and  n. 

These  results  are  shown  graphically  in  Fig.  8  (c).  It  is  seen  that  there 
are  two  maxima,  instead  of  the  one  predicted  by  the  theory.  It  might 
be  thought  that  this  is  due  to  some  erratic  photoelectric  condition  of 
films  9  and  10,  if  it  were  not  for  the  fact  that  they  were  found  in  every 
one  of  the  ten  sets  of  platinum  films  tested.  Other  examples  are  shown 
in  curves  (a),  (b)  and  (d),  in  which  the  ordinates  have  been  changed  by 
constant  factors  in  order  to  avoid  confusion  in  plotting.  It  appears 
that  there  is  one  maximum  at  d  =  3.75  nfs,  zt  .25  fifi  and  another  in  the 
neighborhood  of  d  =  7.5  fifi  it  i.o  mm« 
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Numerous  testa  were  made  in  an  attempt  to  discover  the  cause  of  the 
second  maximum.  For  one  set  of  films  mercury  vapor  was  allowed  free 
access  to  the  sputtering  and  testing  vessels,  while  in  other  teats  all  parts 
were  carefully  cleaned  and  mercury  vapor  excluded  by  liquid  air  traps, 
but  no  difference  was  observed.     Apparently  it  made  no  difference 


Fig.  8. 

whether  the  films  were  allowed  to  stand  in  air  or  in  vacuo.  We  have 
concluded  that  both  maxima  are  really  due  to  properties  of  the  platinum 
films.  The  interpretation  of  these  maxima  is  suggested  by  experiments 
discussed  in  the  following  sections. 

One  other  feature  of  these  curves  is  of  interest.  All  the  curves  near 
the  origin  show  an  inflection,  as  if  the  photoelectric  currents  increased  with 
thickness  of  film,  first  slowly  and  then  more  rapidly.  If  the  quantity  » 
in  our  theoretical  equations  were  constant,  this  portion  of  the  curve 
would  be  straight,  indicating  proportionality  between  emission  and 
thickness.  Robinson,'  who  has  noticed  this  phenomenon,  has  supj>osed 
that  it  indicates  less  intrinsic  photoelectric  sensitiveness  for  thin  than 
for  thicker  films.  We  have  been  able  to  prove,  however,  that  y  really  is 
constant,  and  that  the  inflecrion  in  the  curves  is  due  to  a  secondary 
cause,  viz.,  lack  of  conrinuity  of  very  thin  films.  When  a  very  thin  film 
is  first  exposed  to  the  ultra-violet  light,  the  rate  of  electrometer  deflection 
falls  off  rapidly  as  the  exposure  is  continued.  If  the  light  is  shut  off 
the  film  regains  its  original  apparent  sensitiveness  only  after  a  lapse  of 
some  minutes.  If  the  initial  rate  of  deflection  instead  of  the  total 
deflection  in  a  relatively  long  time  interval  is  used  to  determine  N, 
it  is  found  that  the  values  of  N  tend  to  lie  on  the  theoretical  straight 
line,  such  as  the  dotted  line  in  curve  (c).    This  is  much  more  marked 
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in  the  case  of  gold  films  than  in  the  case  of  platinum  films — which  is  in 
line  with  the  observation  that  a  greater  thickness  of  gold  than  of  platinum 
is  required  to  g;ive  an  electrically  conducting  layer.'  The  upward  con- 
cavity of  the  curves  near  the  origin  is  apparently  to  be  explained,  there- 
fore, by  the  effect  of  isolated  regions  of  the  film  which  quickly  charge 
up  to  such  positive  potentials  as  to  reduce  the  rate  of  emission  from  these 
and  contiguous  parts  of  the  film.  This  phenomenon  is  easily  detected 
by  the  failure  to  get  electrometer  deflections  which  are  proportional  to 
time,  but  it  was  never  observed  in  the  case  of  a  platinum  film  thicker 
than  2  Hit. 

(b)  The  Effect  of  Using  Different  Wave-lengths  of  Exciting  Light.~The 
influence  of  the  wave-length  of  exciting  light  upon  the  character  of  the 
emission  is  shown  by  the  curves  of  Fig.  9.     AH  show  the  double  maximum. 


Fig.  9. 

but  there  are  two  points  of  difference.  The  second  maximum  is  relatively 
smaller  and  the  first  maximum  is  displaced  toward  the  left  when  dealing 
with  the  shorter  wave-lengths.  Every  set  of  hlms  tested  showed  these 
characteristics,  although  they  were  more  pronounced  in  some  sets  than 
in  others. 

(c)  Time  Changes. — An  examination  of  Fig.  8  shows  that  even  for  a 
given  wave-length,  the  two  maxima  are  not  always  of  the  same  relative 
magnitude.  This  is  due  to  a  slow  time  change  in  the  properties  of  the 
films,  an  actual  example  of  which  is  shown  by  Fig.  10.  The  second 
maximum  becomes  relatively  less  important  as  the  film  stands,  and  it 
makes  no  apparent  difference  whether  the  films  stand  in  vacuo,  or  exposed 
to  air.  Heating  the  films  in  an  oven  at  about  150"  C,  however,  greatly 
accelerates  the  change,  and  after  this  treatment  the  second  hump  is 
scarcely  noticable. 

'  King,  Phvs.  Rbv.,  10,  p.  291,  1917. 
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Discussion  of  Results.  Interpretation  0}  the  Two  Maxima.— Ap- 
parently the  two  maxima  of  the  curves  must  be  ascribed  to  platinum 
in  two  conditions.  Of  these  conditions,  the  one  giving  rise  to  the  right 
hand  maximum  is  evidently  more  unstable  and  more  electropositive 
than  the  other,  since  it  is  relatively  more  important  soon  after  the 
formarion  of  the  films  and  relatively  more  sensitive  to  light  of  long 
wave-lengths.  We  therefore  take  the  first  maximum  to  be  characteristic 
of  platinum  in  its  ordinary  stable  state,  while  the  second  maximum  is  due 


Fig.  10. 

to  platinum  in  the  amorphous  or  spongy  state  in  which  it  is  first  deposited. 
Since  the  change  from  the  amorphous  to  the  stable  state  is  spontaneous, 
the  latter  state  must  be  one  of  less  internal  potential  energy,  which  is  in 
accord  with  the  observation  that  the  platinum  in  this  state  is  more 
electronegative.  It  is  also  seen,  by  reference  to  Figs.  2  and  4,  that  the 
average  distance,  i/0  or  1/7,  moved  by  an  electron  without  losing  its 
ability  to  escape  is  greater  in  the  less  compact  state.  These  deductions 
are  all  consistent  with  each  other  and  are  also  in  line  with  well  known 
facts  regarding  the  abnormal  resistivity  of  freshly  sputtered  films  and 
the  change  to  normal  resistivity  produced  by  "aging."  We  shall  there- 
fore confine  the  remaining  discussion  to  the  information  regarding  ordi- 
nary platinum  which  is  given  by  a  study  of  the  first  maximum. 

Comparison  of  the  Three  Assumptions  Regarding  the  Process  by  which 
an  Electron  Loses  its  Ability  to  Escape. — ^The  third  assumption,  viz., 
that  an  escaping  electron  loses  energy  in  direct  proportion  to  the  distan<% 
traveled  through  the  metal,  may  at  once  be  discarded.  According  to  it, 
the  thickness  giving  maximum  emission  should  be  directly  proportional 
to  (p  —  Co)  by  equation  12,  or  to  (i/X  —  i/Xo),  where  X  is  the  wave-length 
of  the  exciting  light  and  Xo  is  the  longest  wave-length  of  light  which  will 


Na's^^^']        PASSAGE  OF  PHOTOELECTRONS   THROUGH  METALS,  389 

cause  photoelectric  emission.  Xo  is  known  to  be  about  280  mm  for  plati- 
num.^ The  values  of  X  employed  ranged  from  210  mm  to  265  fifi.  Thus 
the  assumption  requires  that  dm  should  be  four  or  five  times  larger  for 
the  shorter  than  for  the  longer  wave-lengths.  Not  only  is  this  not  the 
case,  but  what  little  variation  of  dm  with  X  is  found  is  in  the  opposite 
direction  to  that  required  by  the  assumption. 

As  far  as  we  can  see,  either  the  first  or  the  second  assumptions  are  in 
conformity  with  the  facts.  We  are  unable  to  decide  between  them  experi- 
mentally, since  either  equation  (2)  or  equation  (5)  satisfies  the  experi- 
mental results  within  the  limits  of  uncertainty  introduced  by  the  presence 
of  the  second  maximum.  Of  the  two  assumptions,  however,  the  more 
reasonable  one  is  the  second — ^viz.,  that  the  probability  that  an  electron 
will  retain  its  ability  to  escape  decreases  exponentially  with  the  distance 
traveled  from  its  starting  point. 

On  this  assumption,  we  may  determine  1/7,  the  average  distance 
which  an  electron  may  move  without  losing  its  ability  to  escape.  For 
X  =  253.6  fifif  we  may  take  dm  =  3.75  fifJi'  as  the  mean  of  all  our  deter- 
minations.    Taking  a  =  .078  fifT^,  we  find  7,  from  Fig.  4,  to  be  0.375  /*M~^« 

For  shorter  wave-lengths,  dm  has  slightly  smaller  values.  This  may 
be  due  to  a  larger  value  of  a  for  shorter  wave-lengths  or  to  a  larger  value 
of  7.  This  latter  possibility  is  very  unlikely,  since  it  would  mean  that 
the  rapidly  moving  electrons  have  less  average  penetrating  power  than 
the  slow  ones.  We  attempted  measurements  of  a  for  the  shorter  wave- 
lengths and  did  succeed  in  proving  that  a  increases  as  X  is  decreased 
below  about  245  fifi,  but  our  measurements  were  not  accurate  enough  to 
prove  that  the  shift  of  dm  with  wave-length  is  due  entirely  to  this  cause. 
We  are,  however,  safe  in  saying  that  there  is  no  evidence  that  1/7  increases 
as  X  decreases,  i.  c.,  there  is  no  evidence  that  electrons  with  large  initial 
velocities  retain  their  ability  to  escape  over  longer  paths  than  the  slower 
electrons. 

This  result  is  rather  surprising  and  is  of  considerable  importance,  for 
it  proves  that  an  electron  loses  its  ability  to  escape  at  a  single  catastrophe, 
and  not  by  gradual  process  or  a  succession  of  small  energy  losses.  If 
we  define  one  of  these  catastrophes  as  a  "collision,"  then  we  may  identify 
1/7  with  the  "mean  free  path"  of  the  electron  in  the  metal.  This 
"mean  free  path"  is  apparently  independent  of  the  velocity  of  the  elec- 
tron, within  the  limits  of  velocity  of  photoelectrons.  It  is  not  easy  to 
see  how  the  theory  of  free  electrons  moving  like  molecules  of  a  perfect 
gas  in  a  metal  can  be  reconciled  with  these  results  which  indicate  definite 
collisions  of  an  inelastic  type.    These  experiments  are  therefore  consistent 

^  Compton  and  Richardson,  Phil.  Mag.,  26,  p.  549,  19 13. 
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With  the  facts  of  specific  heats  of  metals  in  indicating  that  electrons  can- 
not exist  in  metals  freely  and  independently  sharing  the  thermal  energy 
with  the  atoms. 

The  magnitude  of  the  mean  free  path  1/7  is  2.67  (io)~'  cm.,  which  is 
greater  than,  but  of  the  same  order  of  magnitude  as  the  distance  between 
atomic  centers  in  platinum.  It  is  therefore  probable  that  the  electrons 
lose  at  least  the  greater  part  of  their  kinetic  energy  at  encounters  with 
atoms,  and  they  may  entirely  lose  their  freedom  at  these  encounters. 

Patterson^  has  calculated  the  mean  free  path  of  conducting  electrons 
by  data  regarding  the  Hall  effect  in  platinum  and  also  by  appl5dng  J.  J. 
Thomson's  theory  of  the  resistance  of  thin  films.  By  each  method  he 
finds  the  mean  free  path  to  be  about  6(io)~'  cm.,  not  far  different  from 
the  value  we  have  calculated.  Strict  comparison  is  inadmissible,  how- 
ever, because  the  "mean  free  path"  does  not  mean  quite  the  same  thing 
in  the  two  cases,  and  because  the  assumptions  underlying  the  formula 
used  by  Patterson  cannot  be  accepted  in  their  present  form. 

Gold  Films.  In  dealing  with  gold  films  the  experimental  difficulties 
were  so  great  as  to  preclude  the  possibility  of  any  great  accuracy,  and 
no  extensive  tests  were  made.  The  difficulties  arise  from  the  high  re- 
sistence  of  films  of  the  thickness  necessary  for  the  present  tests,  and  are 
apparently  due  to  lack  of  continuity  of  the  films.  Isolated  portions  of 
the  films  quickly  chaise  up  to  retarding  potentials,  causing  the  rate  of 
electrometer  deflection  to  decrease  rapidly.  This  phenomenon  was 
noticed  with  only  the  very  thinnest  films  of  platinum. 

In  order  to  be  more  independent  of  errors  from  this  cause,  the  films 
were  kept  shielded  from  light  until  the  electrometer  key  was  opened  and 
we  were  ready  to  make  an  observation.  A  shutter  was  opened,  so  as 
to  expose  the  film  for  two  seconds.  The  deflection  due  to  the  electrons 
liberated  in  this  interval  was  taken  to  represent  the  relative  photoelectric 
sensitiveness  of  the  film.  The  results  of  these  tests  are  shown  in  Fig.  11. 
There  is  no  evidence  of  a  double  maximum,  though  the  determinations 
may  not  be  accurate  enough  to  make  this  conclusion  certain.  The 
mean  free  path  1/7  may  be  calculated  by  Fig.  4  to  be  about  5.0  (io)~'  cm. 
The  value  of  a  used  in  this  calculation  is  given  by  Meier*  as  a  =  .056  nfT^ 
for  wave-length  253.6  mm«  Patterson  has  suggested  a  value  i6(io)~^  cm. 
for  the  mean  free  path  of  the  conducting  electrons,  while  Partzsch  and 
Hallwachs  suggest 

-  =  ii.6(io)~^  cm. 

P 

(See  the  second  assumption  of  the  present  paper.) 

1  Phil.  Mag..  3,  p.  655.  1902. 
*  Loc.  cit. 
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Summary. — ^The  experiments  described  in  this  paper  indicate  that: 

1.  Photoelectrons,  excited  within  a  metal,  lose  their  initial  kinetic 
energy  as  the  result  of  single  and  definite  catastrophes,  or  "collisions," 
rather  than  by  a  gradual  process  or  a  succession  of  small  energy  losses. 

2.  The  average  distance  which  an  electron  can  move  before  it  loses  its 


Fig.  11. 

energy  by  one  of  these  "collisions"  is  independent  of  the  initial  velocity 
and  is  of  the  same  order  as,  but  slightly  larger  than,  the  distance  between 
atoms.  The  measurements  indicate  a  mean  free  path  of  about  2.67 
(lo)"''  cm.  in  platinum  and  5.0  (io)~'  cm.  in  gold. 

3.  Platinum  films  thinner  than  2  lifi  and  gold  films  thinner  than 
about  8  ftii  are  apt  to  be  imperfectly  conducting  due  to  isolated  regions 
which  are  not  In  conducting  contact  with  the  main  body  of  the  film. 
Platinum  films  therefore  appear  to  be  more  homogeneous  than  gold 
films. 

4.  The  small  penetrating  power  of  photo-electrons  renders  it  extremely 
improbable  that  the  thermionic  emission  from  metals  may  be  accounted 
for  by  considering  it  to  be  a  photoelectric  effect  from  the  entire  body 
of  the  metal  integrated  over  the  complete  radiation  spectrum.' 

I  Thit  poesibillty  Ii  dlMUssed  in  detail  In  Richardson's  "The  Emission  oC  Electricity  from 
Hot  Bodks,"  pp.  95-Toi. 

■  Since  the  above  paper  was  written,  a  paper  dealing  with  the  same  general  subject  has 
been  published  In  the  February  number  of  this  Journal  by  Dr.  Otto  Stuhlman,  Jr.  His 
experimental  results  ore  not  in  good  agreement  with  ttiose  in  this  paper,  and  his  Interpreta* 
tion  of  them  Is  quite  different.  We  are  at  present  unable  to  suggest  a  saClsiactory  explana- 
tion of  the  apparent  lack  of  axreement. 
Palmkb  Physical  Labokatokv, 
Prikcetok,  N.  J. 
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The  Fundamental  Equations  of  Dynamics  and  its  Main  Coordinate  Systems 
Vectorially  Treated  and  Illustrated  from  Rigid  Dynamics.  By  Frederick 
Slate.     Berkeley:  University  of  California  Press,  191 8.     Pp.  vii  +  233. 

This  is  a  critical  exposition  of  dynamical  principles  in  the  form  of  a  com- 
mentary rather  than  a  text-book  or  treatise,  covering  the  concepts  associated 
with  systems  of  particles  and  rigid  bodies  with  some  passing  reference  to  de- 
formable  media.  One  declared  purpose  is  to  utilize  the  values  that  appear  in 
some  of  the  more  recent  aspects  of  the  subject,  especially  the  point  of  view  of 
energetics,  the  theory  of  relativity,  and  the  formulation  in  terms  of  vector 
algebra.  Mention  is  made  of  the  Einstein  theory,  but  the  only  relativity 
actually  considered  is  of  the  Galileo-Newton  type,  extended  to  cover  the  study 
of  motion  relative  to  rotating  frames  of  reference  and  the  forces  of  Coriolis. 
Extended  treatment  is  given  the  Euler  coSrdinates  for  a  rigid  body,  which  also 
supplies  the  main  illustration  given  of  the  Lagrange  equations.  At  the  end 
of  the  volume  are  a  series  of  notes,  partly  historical,  partly  on  comparison 
references.  The  style  is  somewhat  verbose  and  seems  stilted  at  times,  perhaps 
because  of  a  conscious  effort  at  sufficient  novelty  of  wording  to  avoid  the  risk 
of  conventionalism  which  is  so  real  in  such  a  familiar  subject.  For  this  reason 
and  in  view  of  its  apparent  purpose  the  value  of  the  book  will  appear  best  to 
those  who  already  have  acquaintance  with  the  matter  and  are  interested  to 
think  through  its  foundations  in  a  fresh  way. 

/\,  \^»  L/» 
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THE  FUNCTION  OF  PHASE  DIFFERENCE  IN  THE  BINAURAL 

LOCATION  OF  PURE  TONES. 

By  R.  V.  L.  Hartley. 

Synopsis. — This  paper  ofiFere  an  explanation  of  the  sound  images  observed 
when  pure  tones  of  the  same  frequency  and  intensity  but  of  different  phase  are 
applied  to  the  two  ears.  Use  is  made  of  theoretical  curves  calculated  by 
Stewart  and  Fry  giving  the  relation  between  the  position  of  an  actual  source  and 
the  resulting  phase  difference  P  of  the  sound  at  the  two  ears.  On  the  assumption 
that  the  listener  subconsciously  perceives  the  phase  difference  and  places  the  image 
in  the  position  that  experience  has  taught  him  to  associate  with  that  phase  difference, 
most  of  the  observed  phenomena  follow  directly  from  the  curves. 

For  frequencies  below  about  600  cycles  they  account  for  (i)  the  observed  rota- 
tion of  the  image  with  continuously  varjdng  P;  (2)  its  motion  toward  the  ear 
followed  by  a  range  of  uncertainty  as  P  approaches  180°;  (3)  the  increase  with 
frequency  of  the  value  of  P  for  maximum  lateral  displacement  of  the  image.  For 
higher  frequencies  they  explain  the  progressive  decrease  in  definiteness  of  the 
image  with  increase  in  frequency  as  due  to  the  presence  of  a  number  of  simul- 
taneous images.  These  multiple  images  as  given  by  the  curves  are  in  very  good 
agreement  with  those  observed  in  the  rather  unique  experiments  of  Bowlker. 

The  completeness  with  which  the  assumed  theory  of  direct  perception  of  phase 
difference  explains  the  observed  phenomena  is  strong  evidence  in  its  favor  against 
the  rival  theories  based  on  cross  conduction  through  the  head. 

Introduction. 

•^  I  ""HE  problem  of  the  location  of  a  source  emitting  a  pure  tone  presents 
-*•  features  which  differentiate  it  quite  sharply  from  the  general 
problem  of  sound  location.  In  the  first  place,  pure  tones  are  much  less 
easily  localized  than  are  complex  sounds.  And  in  the  second  place, 
persons  who  are  deaf  in  one  ear  have  almost  no  sense  of  location  for 
pure  tones  (provided  the  head  is  fixed),  even  though  they  may  locate 
other  sounds  almost  as  well  as  a  person  with  normal  hearing. 

Hence,  while  both  monaural  and  binaural  effects  may  be  utilized 
in  locating  complex  sounds,  the  location  of  a  pure  tone  is  essentially 
binaural,  and  so  must  depend  upon  differences  in  the  characteristics  of 
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the  sound  reaching  the  two  ears.  A  sustained  pure  tone  is  completely 
determined  by  its  frequency,  amplitude  and  phase,  and  of  these  char- 
acteristics only  the  last  two  are  subject  to  variation  with  the  position 
of  the  source.  It  follows  therefore  that  the  sense  of  location  can  be 
dependent  only  on  differences  of  intensity  or  phase  or  both.  The 
existence  of  a  connection  between  relative  intensity  and  location  was 
probably  recognized  before  that  of  phase  difference,  but  both  have  been 
known  for  a  comparatively  long  time.  In  what  follows  it  will  be  as- 
sumed that  the  effect  of  relative  intensity  is  reduced  to  a  minimum  by 
keeping  the  intensities  equal  at  the  two  ears. 

Stewart,*  in  his  article  on  Binaural  Beats,  includes  a  very  good  review 
of  the  literature  on  phase  difference  as  affecting  location.  The  experi- 
mental results  may  be  very  briefly  summarized  here.  Two  general 
methods  have  been  used.  In  one,  a  particular  phase  difference  is  main- 
tained by  means  of  an  adjustable  difference  between  the  paths  from  a 
single  source  to  the  two  ears.  In  the  other  the  phase  difference  is  made 
to  vary  continuously  by  exciting  the  two  ears  from  sources  of  slightly 
different  frequency.  The  rate  of  variation  is  determined  by  the  difference 
in  frequency. 

It  is  commonly  observed  that  with  zero  phase  difference,  the  apparent 
source  of  the  sound,  or  for  brevity  the  image,  is  in  the  median  plane. 
Its  location  varies  with  different  experimenters  but  more  often  appears 
to  be  in  front.  For  frequencies  below  about  600  cycles  it  is  agreed  that 
the  image  lies  on  the  side  for  which  the  phase  at  that  ear  leads.  With 
continuously  varying  phase  difference  the  image  is  described  as  starting 
from  a  position  straight  in  front  for  zero  phase  difference,  moving  more 
or  less  in  a  circle  to  one  side,  till  opposite  the  ear,  then  moving  in  toward 
the  ear,  entering  the  head,  jumping  quickly  to  the  other  ear  for  180®, 
and  continuing  on  around  to  the  front  along  a  similar  path  on  that  side. 
For  higher  frequencies  most  observers  report  a  falling  off  in  the  definite- 
ness  of  the  location  and  finally  a  complete  loss  of  the  sense  of  direc- 
tion. 

In  attempting  to  explain  the  mechanism  by  which  the  phase  difference 
determines  the  position  of  the  image,  two  general  theories  have  been 
advanced.  One  of  these,  which  we  may  term  the  direct  perception 
theory,  assumes  that  the  listener  is  able  to  take  cognizance  of  a  difference 
in  phase,  as  such,  and  by  virtue  of  his  past  experience,  or  that  of  his 
ancestors,  is  able  to  associate  any  particular  phase  difference  with  the 
direction  from  which  he  has  been  accustomed  to  receive  sounds  having 
that  phase  difference. 

*  G.  W.  Stewart*  Phys.  Rev.,  June,  191 7,  p.  502. 
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Lord  Rayleigh*  has  attempted  to  explain  in  a  general  way  the  observed 
facts  on  the  basis  of  this  theory.  He  pointed  out  that  for  a  fork  of  128 
cycles,  moving  around  the  head,  the  phase  difference  would  never  exceed 
about  one  eighth  of  a  period,  and  commented  on  the  fact  that  in  the 
laboratory  experiment  the  location  effect  persisted  for  phase  differences 
right  up  to  half  a  period.  He  noted  also  that  at  a  frequency  around  512, 
the  phase  difference  with  the  source  opposite  one  ear  should  be  i8o**  and 
concluded  there  could  be  no  discrimination  at  that  frequency  for  sounds 
directly  right  or  left.  For  somewhat  higher  frequencies  he  pointed  out 
that  the  same  phase  difference  could  be  produced  by  a  sound  on  either 
the  right  or  the  left,  and  considered  it  fortunate  that  our  sense  of  direc- 
tion fails  us  at  the  point  where  it  would  begin  to  give  misleading  results. 
It  should  be  noted  that  in  arriving  at  the  phase  difference  for  an  actual 
source  at  one  side  he  made  use  of  the  very  rough  assumption  that  the 
difference  in  the  paths  to  the  two  ears  is  one  foot.  He  also  drew  other 
conclusions  from  the  unjustifiable  assiunption  that  the  sense  of  lateral- 
ness  is  a  maximum  when  the  phase  difference  is  90^.  On  the  whole,  his 
results  were  not  particularly  conclusive. 

Against  this  theory  certain  psychologists  advanced  the  argument  that 
it  involved  a  violation  of  the  general  principle  that  the  sensation  resulting 
from  the  stimulation  of  a  sensory  nerve  is  independent  of  the  nature  of 
the  stimulus.  In  other  words,  they  held  that  the  characteristic  phase  of 
the  sound  stimulus  at  each  ear  could  not  be  preserved  in  the  nervous 
impulses  reaching  the  brain  as  would  be  necessary  for  a  perception  of 
difference  in  phase.  Apparently,  however,  this  general  principle,  has 
been  deduced  from  rather  limited  experimental  evidence,  and  it  is  not 
considered  by  psychologists  generally  to  be  very  definitely  establi^ed. 
This  objection,  therefore,  is  not  sufficient  to  warrant  a  rejection  of  the 
theory,  provided  it  can  be  shown  to  be  satisfactory  in  other  respects. 

Nevertheless,  it  was  probably  this  argument  which  led  to  attempts 
on  the  part  of  physicists  to  show  how  differences  in  phase  could  give  rise 
to  differences  in  the  intensity  of  the  stimuli,  which  latter  would  cause  a 
location  on  the  side  of  the  stronger  stimulus.  This  resulted  in  various 
theories  being  advanced  which  we  may  designate  as  cross-conduction 
theories,  since  they  are  based  on  the  assumption  that  an  appreciable 
fraction  of  the  sound  entering  each  ear  is  conducted  through  the  head  to 
the  other  ear  and  there  combines  with  that  entering  directly. 

Myers  and  Wilson*  present  such  a  theory.  In  order  to  make  the 
directions  fit  the  experiments  they  find  it  necessary  to  introduce  an 

>  Rayleigh,  Phil.  Mag.,  13,  1907,  pp.  314 /md  316. 

*  C.  S.  Myers  and  H.  A.  Wilson,  Proc.  Roy.  Soc.,  80,  1908,  p.  260. 


COMD 


376  JL   V.  L.  HARTLEY.  gj 

arbitrary  phase  reversal  in  passing  through  the  head.  Even  then  their 
theory  explains  only  the  most  general  features  of  the  experiments,  since 
it  makes  the  displacement  of  the  image  proportional  to  the  sine  of  the 
phase  difference.  More  recently  Stewart^  has  embodied  the  same  idea 
in  a  more  elaborate  theory  and  uses  it  to  account  for  the  location  when 
the  phase  difference  is  between  90*^  and  270**.  For  the  rest  of  the  cycle 
he  assumes  direct  perception  of  phase. 

Against  this  type  of  theory  nimierous  objections  have  been  raised. 
Probably  the  most  important  of  these  is  the  experimental  evidence 
showing  that  the  amount  of  sound  actually  reaching  the  ear  by  cross- 
conduction  is  far  too  small  to  produce  the  effects  ascribed  to  it.  A  good 
summary  of  this  evidence  is  given  by  Peterson.*  Further,  if  the  location 
effect  due  to  phase  difference  were  determined  purely  by  the  resulting 
intensity  relation  it  should  be  very  strongly  affected  by  changes  in  the 
relative  intensity  of  the  sounds  coming  to  the  two  ears.  Under  certain 
conditions,  however,  it  is  found  to  be  practically  imaffected  by  very 
considerable  changes  of  this  sort.  In  order  to  give  even  a  qualitative 
explanation  of  the  phenomena  it  is  necessary  to  introduce  a  purely 
arbitrary  assumption  of  phase  reversal  within  the  head.  To  make  the 
agreement  at  all  quantitative  even  over  a  limited  range  of  frequency, 
it  has  been  necessary  to  set  up  a  very  complicated  theory  involving  a 
rather  large  number  of  assumptions. 

To  put  the  situation  briefly  then,  the  cross-conduction  theory,  while 
it  does  give  something  of  an  explanation,  is  open  to  very  serious  objec- 
tions. The  direct  perception  theory,  on  the  other  hand,  while  it  has 
nothing  very  serious  against  it,  has  so  far  had  no  very  positive  evidence 
advanced  in  its  favor,  such  as  would  be  furnished  by  a  quantitative 
explanation  of  the  experimental  facts.  The  most  obvious  line  of  attack 
then  is  to  find  out  whether  or  not  any  such  explanation  is  possible  on  the 

basis  of  direct  perception. 

Purpose. 

It  is  the  present  purpose  to  attack  this  question  by  attempting  to 

trace  a  correlation  between  the  phase  differences  produced  at  the  ears 

by  actual  sources  in  various  positions  and  the  positions  of  the  images 

which  result  when  sounds  of  equal  intensity  and  predetermined  phase 

differences  are  applied  experimentally  to  the  two  ears. 

Data  and  Discussion. 
For  this  the  first  essential  is  a  knowledge  of  the  phase  at  the  ear  as  a 
function  of  the  position  of  the  source  for  various  frequencies.    Stokes* 

^  G.  W.  Stewart.  Phys.  Rev.,  June,  1917,  p.  514. 
*  Joseph  Peterson,  Psychol.  Rev.,  Vol.  23,  No.  $,  p.  333,  1916. 
Lord  Rayleigh.  Theory  of  Sound,  Ch.  17. 
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has  developed  a  method  whereby  it  is  possible  to  calculate,  for  any 
point  on  a  great  circle  of  a  rigid  sphere,  the  phase  of  a  sound  whose 
source  is  in  the  plane  of  the  great  circle.  The  wave-length  of  the  sound 
and  the  distance  of  the  source  are  expressed  in  terms  of  the  radius  of 
the  sphere.  Stewart^  has  applied  this  method  to  the  calculation  of 
certain  special  cases.  At  the  time  this  work  was  undertaken,  T.  C. 
Fry,  a  colleague  in  the  Western  Electric  Co.,  had,  independently,  applied 
the  method  to  certain  other  cases.  A  study  of  these  two  sets  of  results 
led  to  the  conclusions  described  below.  Later  Fry  extended  his  calcula- 
tions securing  the  results  from  which  have  been  plotted  the  curves  given 
in  Figs.  I  to  5. 

Stewart  assumes  the  head  to  be  such  a  rigid  sphere  of  60  cm.  circum- 
ference, the  ears  being  at  opposite  ends  of  a  diameter.  For  a  single  case, 
corresponding  to  a  source,  of  frequency  about  280  cycles,  distant  about 
480  cm.,  he  plots  the  difference  in  phase  at  the  two  ears  as  a  function 
of  the  direction  of  the  source.  The  only  deduction  which  he  draws  from 
this  curve  is  that,  "The  phase  difference  changes  the  most  rapidly  when 
the  source  of  sound  is  in  front  or  behind  the  hearer." 

In  plotting  the  curves  of  Figs,  i  to  5,  the  circiunference  of  the  head  was 
assumed  to  be  55  cm.  (radius,  r  =  8.75  cm.).  The  angular  separation  of 
the  ears  in  the  horizontal  plane  was  taken  as  165®  and  the  velocity  of 
sound  as  340  m.  per  second.  The  figures  represent  progressively  in- 
creasing frequencies.  The  individual  curves  of  each  figure  are  for  sources 
at  various  distances  R  from  the  center  of  the  head,  ranging  from  2r  to 
infinity.  (Unfortunately,  the  method  of  calculation  was  not  adaptable 
to  sources  at  the  surface  of  the  head  where  R  =  f .)  Abscissae  represent 
the  angular  displacement  ^  of  the  source  from  a  point  straight  in  front, 
being  taken  positive  to  the  right  and  negative  to  the  left,  180®  being 
at  the  back.  Ordinates  represent  the  phase  lead  P  at  the  right  ear  over 
the  left.  Negative  values  then  mean  that  the  phase  is  leading  at  the 
left  ear.  A  phase  lead  180®  +  *  (^  <  180®)  at  one  ear  is  equivalent  to 
a  lead  of  180  —  x  at  the  other  ear.  In  other  words,  those  parts  of  the 
curve  where  the  phase  lead  exceeds  180®  in  either  direction  must  have 
360®  either  added  or  subtracted  so  as  to  keep  the  ordinates  between 
—  180®  and  +  180®.    This  has  been  done  in  Figs.  3,  4  and  5. 

From  this  theoretical  information  it  is  possible  to  predict,  on  the  basis 
of  the  direct  perception  theory,  where  a  listener  should  place  the  image 
when  the  phase  difference  at  the  ears  is  given  any  arbitrary  value.  For 
it  is  only  necessary  to  read  from  the  curve  corres|X)nding  to  the  frequency 
of  the  sound,  the  value  of  ^  corresponding  to  the  given  value  of  P. 

>  G.  W.  Stewart.  Phys.  Rbv.,  1914,  4,  p.  252. 
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As  the  curves  give  only  those  values  of  ^  lying  between  —  90**  and  +  90®, 
they  give  only  the  images  located  in  front  of  the  observer.  If  extended 
to  ^  =  180®  in  each  direction  the  curves  would  be  nearly  synunetrical 
with  respect  to  ^  =  *  90®.  (The  departure  from  symmetry  is  due  to 
taking  the  ears  as  165^  apart  rather  than  180^.)  This  means  that  any 
particular  phase  difference  could  be  produced  by  a  source  either  in  front 
of  or  behind  the  observer  and  hence  we  should  expect  the  image  to  be 
in  either  one  or  both  of  these  positions.  As  already  noted  some  expexi- 
menters  find  it  in  one  place  and  some  in  the  other.    Inasmuch  as  the 
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majority  seems  to  find  the  image  in  front,  the  discussion  will  be  limited 
to  those  quadrants  with  the  understanding  that  the  same  general  con- 
clusions hold  for  images  at  the  back. 

Consider  first  the  case  of  the  low  frequency  note  of  310  cycles,  shown 
in  Fig.  I.  For  values  of  phase  difference  less  than  about  86**,  we  may 
for  each  ordinate  choose  an  abscissa  lying  on  any  one  of  an  infinite  number 
of  curves  distributed  between  those  of  J?  =  r  and  J?  =  00.  This  means 
that  so  far  as  phase  alone  Is  concerned  there  is  in  this  region  nothing  to 
fix  the  distance  of  the  image,  while  its  angular  |X)sition  is  determined, 
within  limits,  by  this  distance.  The  observed  fact  that  the  image  is 
generally  at  a  considerable  distance  is  probably  to  be  explained  by  the 
equality  of  intensity.  Generally  speaking,  for  any  given  direction  the 
intensities  at  the  ears  become  more  nearly  equal  the  greater  the  distance 
of  the  source.  This  then  would  explain  why  the  image  in  moving 
around  from  the  front  would  stay  at  a  considerable  distance  till  it  was 
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opposite  the  ear  for  a  phase  difference  of  86®.  For  a  further  increase  in 
phase  there  is  no  longer  a  corresponding  abscissa  on  the  curve  for  2?  =  oo 
so  it  is  necessary  to  go  to  the  curve  for  the  greatest  distance  which  will 
still  give  a  point.  This  means  that  once  the  image  has  reached  a  position 
near  90®  its  direction  remains  unchanged,  but  in  spite  of  equal  intensity, 
it  moves  in  toward  the  ear,  reaching  it  for  a  phase  difference  somewhat 
greater  than  90®,  being  the  maximum  value  of  the  h5TX>thetical  curve 
for  R  =  r.  This  is  in  agreement  with  the  observations  quoted  above 
for  the  case  of  continuously  changing  phase  difference.  Beyond  this 
point  there  is  no  corresponding  position  for  an  actual  source  and  hence 
the  curves  tell  us  nothing  as  to  where  an  image  is  to  be  expected.  How- 
ever, it  does  not  follow  that  such  phase  differences  are  foreign  to  the 
experience  of  the  listener.  They  may  very  easily  be  produced  by  the 
reflections  which  occur  in  an  enclosed  space.  Or  they  may  occur  when 
the  source  is  within  the  head,  or  when  the  latter  is  in  direct  contact  with 
the  sounding  body.  Most  observers  describe  the  image  as  being  located 
within  the  head  in  this  case.  Bowlker,^  however,  speaks  of  the  image 
as  being  spread  over  a  considerable  angle  on  either  side  of  90®.  In  any 
case  the  definiteness  of  the  sense  of  location  should  be  much  less  than  for 
small  phase  differences.  It  is,  therefore,  not  surprising  that,  as  Stewart 
has  observed,  the  position  of  the  image  is  affected  much  more  by  unequal 
intensities  when  the  phase  difference  is  near  180**  than  when  it  is  near  zero. 
Consider  next  the  effect  of  increasing  the  frequency.  Up  to  something 
over  600  cycles  (Figs,  i  and  2)  the  curves  are  of  the  same  general  form 
and  we  should  expect  the  same  general  behavior  of  the  image,  as  is  found 
to  be  the  case.  The  main  variation  is  that  the  phase  difference  at  which 
the  image  reaches  its  maximum  lateral  displacement  increases  with  the 
frequency.  Thus  for  620  cycles  (Fig.  2)  the  sense  of  lateralness  should 
be  a  maximum  for  about  170®,  instead  of  90®  as  Rayleigh  assumed. 
In  support  of  this  variation  in  the  value  of  P  for  maximum  image  dis- 
placement, may  be  cited  the  results  obtained  by  Myers  and  Wilson* 
using  a  variable  path  arrangement.  They  give  curves  in  which  the 
sensation  of  lateralness,  measured  in  arbitrary  units,  is  plotted  against 
the  path  difference,  and  attempt  to  show  a  connection  between  this 
apparent  displacement  and  the  sine  of  the  phase  difference.  An  inspec- 
tion of  the  curves,  however,  shows  that  for  a  frequency  of  128,  the 
maximum  displacement  occurs  for  a  phase  difference  considerably  less 
than  90°,  while  above  90®  the  displacement  shows  a  decided  falling  off. 
At  384  cycles,  the  maximum  is  more  nearly  at  90®,  while  for  512,  it  is 

» T.  J.  Bowlker,  Phil.  Mag.  (6).  15,  p.  318,  1908. 
*  C.  S.  Mj^rs  and  H.  A.  Wilson,  loc.  cU, 
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on  the  side  toward  i8o^.  What  is  perhaps  a  more  striking  confirmation 
is  a  statement  made  by  Bowlker,*  in  connection  with  some  experiments  in 
which  various  path  differences  were  obtained  by  placing  tubes  of^different 
lengths  over  the  two  ears  and  listening  to  a  distant  sound.  He  says 
''A  wave-length  of  about  36  inches  (frequency  about  370)  .  .  .  gave 
an  image  displaced  90®.    Sound  with  longer  wave-length  gave  a  dis- 


n 

if^ 

IM 

J^ 

v^ 

KM 

/^. 

^^s 

96 

/ 

r            "* 

• 

6d 

/ 

^ 

5« 

0 

/ 

js^OQ 

^ 

»o        « 

0         a 

°  A 

3 

0         « 

0           9C 

A 

A 

f  -^ 

y 

no 

^ 

/ 

150 

^ 

lAG 

Fig.  2. 

placement  of  90**  before  a  phase-difference  of  half  a  wave-length  was 
reached,  and  the  sound  image  then  seemed  to  spread  over  a  continually 
increasing  length  of  arc  on  each  side  of  90**." 

As  the  frequency  is  still  further  increased  a  marked  change  occurs  in 
the  nature  of  the  curves  owing  to  the  fact  that  an  actual  source  may 
then  cause  a  phase  difference  greater  than  180**.  For  a  frequency  of 
930  cycles,  Fig.  3  shows  that  for  ordinates  above  126°  there  are,  on  the 
curve  for  J?  =  00,  two  abscissae,  one  positive  and  one  negative.  This 
means  two  images,  one  on  the  right  and  one  on  the  left.  In  the  range 
between  126**  and  106®  there  can  be  no  image  at  infinity  on  the  left, 
but  there  can  be  one  at  some  distance  greater  than  2f .  (As  before,  the 
equality  in  intensity  should  tend  to  keep  the  image  as  far  away  from  the 
head  as  is  consistent  with  the  phase  relations.)  For  P  less  than  the 
critical  value  corresponding  to  J?  =  r,  there  is  only  one  image  as  at 
lower  frequencies. 

Starting  then  with  P  =  o,  the  image  is  in  front.  As  P  increases  the 
image  moves  rather  slowly  to  the  right  keeping  at  a  considerable  distance. 

^  Bowlker.  loc,  cU. 


Vol.  XIILl 
No.  6.        J 


PHASE  DIFFERENCE  IN  PURE  TONES. 


381 


When  P  is  somewhat  less  than  106®  it  has  moved  out  about  20**,  when  a 
second  image  appears  at  the  left  ear.  This  new  image  moves  quite 
rapidly  outward  from  the  ear,  reaching  a  great  distance  by  the  time  the 
first  has  moved  to  33®  (P  =  126®).  It  then  swings  around  in  a  circle 
toward  the  front,  at  first  rather  rapidly  and  then  more  slowly,  arriving 
at  51^  on  the  left  at  the  same  time  that  the  other  image  reaches  the  same 
position  on  the  right  (P  =  180®).  To  complete  the  cycle  P  must  be 
varied  from  —  180  to  0°.  The  image  on  the  right  now  moves  on  around 
the  circle  with  increasing  speed  till  opposite  the  ear,  when  it  moves  in  to 
the  ear  and  disappears.    Meanwhile,  the  left  image  moves  slowly  toward 


Fig.  3. 

the  front  reaching  there  for  P  =  o.  That  is  to  say,  the  two  images 
follow  the  same  path  relative  to  their  respective  sides  but  in  op|X)site 
directions.  The  one  on  the  side  where  the  phase-lead  is  increasing  begins 
in  front  and  disappears  at  the  ear,  the  one  on  the  other  doing  the  reverse. 
It  will  be  noticed  that  the  paths  followed  are  exactly  the  same  as  for  the 
low  frequencies  discussed  above.  The  difference  lies  in  the  ms^pnitude 
of  the  variation  of  P  required  to  cover  the  path. 

For  still  higher  frequencies  the  range  on  either  side  of  180®  in  which 
two  images  are  present  increases  progressively  (see  Fig.  4)  until  the  whole 
cycle  is  covered.  For  higher  frequencies  still,  where  the  possible  phase 
difference  exceeds  360**,  there  should  be  a  third  image  for  values  of  P 
close  to  zero,  being  on  the  right  for  small  positive  values  of  P  and  on  the 
left  for  negative.  Fig.  5  shows  a  case  where  this  third  image  is  present 
for  most  of  the  cycle.    For  still  further  increasing  frequencies  it  follows 
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from  the  above  that  the  greatest  number  of  images  in  the  field  during 
any  part  of  a  cycle  increases  by  one  each  time  the  maximimi  possible 
phase  diflference  increases  by  i8o**. 

Before  the  foregoing  picture  of  the  sound  images  for  high  frequencies 
can  be  used  to  predict  the  experimental  results  to  be  obtained  at  those 
frequencies,  there  must  be  something  known  or  assumed  as  to  the  ability 
of  the  listener  to  perceive  and  localize  a  plurality  of  simultaneous  images, 
giving  to  each  the  location  assigned  to  it  by  the  phase  relations.  It  is 
quite  conceivable  that  the  listener  would  be  unable  to  do  this,  in  which 


Fig.  4. 

case  he  might  either  have  the  sensation  of  a  single  image  in  some  sort  of 
average  position  or  he  might  have  no  sense  of  direction  at  all.  In  either 
case  his  judgmen't  would  be  much  less  certain  than  for  a  single  image. 
Under  these  circumstances  he  would  probably  be  influenced  considerably 
by  the  equality  of  intensity,  which  would  tend  to  cause  him  to  locate  the 
image  in  the  median  plane,  particularly  since  at  high  frequencies  the 
variation  of  intensity  ratio  with  the  position  of  the  source  is  more  marked 
than  at  low.  This  assumption  appears  to  be  in  agreement  with  the 
results  of  most  observers,  who  find  that  from  about  600  cycles  upward  the 
sens)e  of  location  by  phase  difference  becomes  progressively  less  trust- 
worthy. That  the  change  should  appear  to  be  gradual  follows  from  the 
fact  that  the  region  of  two  images  is  at  first  confined  to  a  small  part  of 
the  cycle  and  gradually  extends  over  the  remainder.  So  far  then,  the 
theoretical  deductions  are  not  inconsistent  with  the  experiments,  on  the 
assumption  that  more  than  one  image  can  not  be  located  separately. 
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That  this  is  not  universally  true,  however,  is  shown  by  a  series  of 
experiments  by  Bowlker/  in  which  he  was  able  to  recognize  two  and 
even  three  separate  images,  in  the  field  at  once.  Whether  this  was  due 
to  some  peculiarity  of  his  apparatus  or  of  his  individual  sense  of  hearing 
is  not  known,  but  in  either  case  the  experiments  are  of  special  interest 
as  being  probably  the  only  ones  available  for  testing  the  above  theory 
regarding  multiple  images. 

The  method  used  was  an  improvement  of  that  referred  to  above  in 
which  tubes  of  unequal  length  were  used.    In  order  to  eliminate  possible 


inequalities  of  intensity  due  to  the  unequal  lengths  of  the  tubes,  or  to 
sound  shadows  cast  by  the  head,  he  used  exactly  similar  tubes  0^  the 
two  ears,  bending  them  upward  so  as  to  make  the  openings  horizontal 
in  a  plane  well  above  the  top  of  the  head.  The  difference  in  path  was 
then  secured  by  facing  in  various  directions  relative  to  the  source.  The 
latter  consisted  of  an  organ  pipe  about  30  feet  away.  The  distance  L 
between  the  openings  was  31  inches.  The  path  difference  was  given  by 
L  into  the  sine  of  the  angle  turned  through  from  the  position  facing  the 
source.  With  this  arrangement  he  was  able  to  locate  the  direction  of  the 
sound  image  with  considerable  exactness,  especially  near  the  front. 
Due  to  some  asynmietry  either  of  the  tubes  or  the  ears,  the  image,  when 
facing  the  source,  was  not  always  exactly  in  front.  It  was  necessary 
for  some  frequencies  to  turn  through  as  much  as  4®  to  bring  it  in  front. 
This  position  was  then  used  as  the  corrected  zero.    At  moderately  low 

>  Bowlker,  loc,  cU, 
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frequencies  the  image  moved  around  toward  the  side  of  leading  phase, 
until  at  a  point  corresponding  to  a  path  difference  of  half  a  wave-length 
(P  =  180®),  it  jumped  to  a  similar  position  on  the  left.  Continuing  the 
rotation  till  this  new  image  was  straight  in  front  the  angle  was  generally 
found  to  agree  quite  closely  with  a  path  difference  of  a  whole  wave-length. 
The  position  of  the  image  just  before  and  after  it  crosses  to  the  other  side 
he  calls  the  crossover  angle.  At  frequencies  of  263  and  335  he  gives  this 
as  ''90^  (wide  image),"  which  agrees  with  his  results  for  imequal  tubes. 
At  higher  frequencies  it  decreases  progressively,  having  the  following 
values;  for  485  cycles,  40®  to  50®;  690  cycles,  36°;  970  cycles,  18**,  and 
1290  cycles,  15°.  He  speaks  of  this  cross-over  angle  as  being  "near  the 
maximum  displacement  that  phase  will  produce  with  the  particular 
wave-length  under  observation." 

At  this  point  he  reduced  the  separation  of  the  openingf^  to  15  inches 
so  as  to  avoid  the  necessity  of  measuring  very  small  angles.  Repeating 
the  experiment  with  1,290  cycles  he  found  for  the  cross-over-angle,  20°. 
He  also  observed  that  for  all  positions  corresponding  to  phase  differences 
between  180^  and  about  100^  both  images  were  present  in  the  field  at 
once.  At  1,675  cycles  he  says:  "Two  images  were  evident  during  nearly 
the  whole  range — there  were  practically  always  two  and  sometimes  three 
images  evident,  though  I  had  some  doubts  whether  the  central  image  was 
always  real  or  a  result  of  attention  to  the  two  side  images."  In  place  of 
the  cross-over  angle  he  gives  the  maximimi  displacement  as  12^. 

He  then  reduced  the  apertures  of  the  tubes  from  2  inches  to  0.6  inches. 
For  a  note  of  2,090  cycles  he  says,  "now  three  images  could  always 
apparently  be  heard  together  when  facing  one  of  them."  The  maximum 
displacement  is  here  given  as  about  9®.  At  2,310  cycles,  "the  image 
further  to  the  left  seemed  stronger  and  tended  to  draw  off  one's  atten- 
tion." At  3,050  cycles,  "it  was  very  difficult  to  determine  even  approxi- 
mately the  position  of  an  image,  the  one  to  the  left  of  the  two  or  three 
in  the  field  of  view  seeming  the  loudest  as  a  rule.  I  only  felt  sure  that 
phase  was  still  playing  a  part  in  fixing  the  maxima  and  minima  which 
gave  rise  to  the  centers  of  the  sound  images." 

The  general  agreement  of  these  experiments  with  the  theoretical 
results  is  obvious.  The  order  of  the  changes  in  the  images  with  increasing 
frequency  is  in  striking  agreement.  First  at  low  frequencies  there  is  the 
progressive  increase  in  the  value  of  P  to  give  maximiun  lateral  displace- 
ment, accompanied  by  a  narrowing  of  the  region  in  which  the  image 
appears  diffuse.  This  represents  the  range  of  frequency  in  which  the 
maximum  of  the  P  —  ^  curve  is  less  than  180^.  Next  comes  a  range  in 
which  the  displacement  of  the  image  for  P  =  180®  is  less  than  90®  and 


nS"6^"^*]  phase  difference  in  pure  tones.  385 

decreases  progressively  with  increasing  frequency.  This  corresponds 
to  the  diminishing  value  of  ^  for  P  =  180°,  over  the  frequency  range  in 
which  the  values  of  maximum  phase  difference  exceed  180^.  Along  with 
this  comes  the  appearance  of  a  second  image  on  the  opposite  side,  the 
part  of  the  cycle  for  which  it  is  present  increasing  progressively.  When 
it  has  covered  the  whole  cycle  a  third  image  appears,  corresponding  to 
the  condition  where  the  maximum  value  of  P  exceeds  360**. 

The  quantitative  agreement  is,  however,  not  exact.  The  greatest 
angular  displacement  in  the  case  of  multiple  images  is  always  given  as 
quite  small  and  never  reaches  90^  as  the  theory  would  indicate.  Also 
the  frequencies  at  which  the  additional  images  appear  are  rather  higher 
than  the  theoretical  values.  The  second  of  these  discrepancies  is  prob- 
ably a  result  of  the  first.  Suppose,  for  example,  that  in  Fig.  4  the  observer 
could  not  detect  the  second  image  when  its  displacement  exceeded  say 
45**.  The  second  image  (P  =  00)  would  then  appear  when  P  reached 
170^  instead  of  50^  as  it  otherwise  would.  In  order  to  have  it  appear  at 
50^  under  the  assimied  conditions  it  would  be  necessary  to  go  to  a  higher 
frequency.  That  the  second  image  should  not  have  been  detected  under 
certain  conditions  is  not  surprising,  when  it  is  considered  that  practically 
all  the  other  experimenters  have  failed  to  observe  it  at  all.  Furthermore, 
the  assumptions  underlying  the  theoretical  calculations  are  such  that 
we  should  not  expect  a  very  close  agreement  with  experiment.  The  head 
is  not  a  sphere  nor  is  its  circumference  likely  to  be  exactly  55  cm.  The 
ear^  do  not  lie  on  a  great  circle  and  in  most  cases  are  not  separated  by 
exactly  165®.  In  fact,  the  differences,  both  physical  and  psychological, 
among  the  different  observers  are  so  great  that  there  should  be  wide 
variations  in  the  experimental  results  themselves.  It  should  be  strongly 
emphasized,  therefore,  that  although  fairly  definite  quantitative  values 
have  been  given,  it  has  been  done  chiefly  for  the  sake  of  clearness  in 
exposition,  and  there  is  no  justification  for  using  these  values  to  predict 
with  equal  definiteness  the  results  of  any  given  experiment. 

RssBARCH  Laboratory  ow  thb 
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AN  EXTENSION  OF  THE  ELECTRON  THEORY  OF  METALS. 
L    THERMOELECTRICITY  AND  METALLIC 

CONDUCTION. 

By  a.  E.  Caswsll.  . 

Synopsis. — Using  as  a  starting-point  the  simple  equati<ms  deduced  from  the 
electron  theory  by  J.  J.  Thomson  and  others  for  thermo  E.M.F.,  thermoelectric 
power,  Peltier  E.M.F.  and  the  Thomson  efifect.  and  assuming  that  the  number  of 
free  electrons  in  unit  volume  of  a  metal  is  an  exponential  function  of  the  tempera- 
ture, the  author  shows  that  (i)  the  thermoelectric  power  is  a  linear  function  of  the 
temperature,  (a)  the  equations  relating  thermo  E.M.F.  and  temperature,  and 
Peltier  E.M.F.  and  temperature,  represent  parabolas  having  their  axes  perpen- 
dicular to  the  axis  of  temperature,  and  (3)  the  Thomson  effect  is  different  for  different 
metals  and  may  be  either  positive  or  negative,  but  will  usually  have  a  positive  tem- 
perature coefficient.  Likewise,  using  the  equations  for  electrical  and  thermal 
conductivity  and  making  the  second  assumption  that  the  number  of  positive  centers 
with  which  the  electrons  collide  changes  with  the  temperature  (these  centers  being 
atoms,  molecules  or  clusters  of  molecules),  it  is  found  that  (4)  the  electrical  conduc- 
tivity of  pure  metals  decreases  with  increase  of  temperature  but  is  not  exactly  . 
inversely  proportional  to  the  absolute  temperature,  (5)  the  peculiar  behavior  of  the 
electrical  resistance  of  alloys  can  be  accounted  for,  and  (6)  the  thermal  conductivity 
may  either  increase  or  decrease  with  the  temperature,  the  temperature  coefficient 
depending  both  upon  the  temperature  and  the  material.  A  third  assumption,  viz., 
that  the  positive  centers  take  part  in  the  conduction  of  heat  but  not  of  electricity, 
leads  to  the  conclusion  that  (7)  the  usual  value  deduced  for  the  Wiedemann-Franz- 
Lorenz  ratio  is  too  small,  and  the  variations  in  the  value  of  this  ratio  at  ordinary 
temperatures  is  accounted  for.  The  above  theoretical  results,  especially  (i),  (a) 
and  (3).  are,  at  least  within  the  ordinary  range  of  temperatures,  in  substantial 
agreement  with  experiment,  since  the  constants  involved  in  the  theory  can  be 
determined  from  experimental  data,  and  so  the  author  concludes  that  (8)  the  con- 
centration of  electrons  in  a  metal  is  an  exponential  function  of  the  temperature,  and 
(9)  the  number  of  positive  centers  changes  with  the  temperature,  the  exact  relation 
being  somewhat  uncertain.  The  number,  however,  must  generally  increase  with 
the  temperature. 
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I.  Introduction. 

THE  theory  outlined  in  this  paper  is  an  attempt  to  amplify,  or 
expand,  the  electron  theory  of  metals  as  applied  to  thermo- 
electricity and  metallic  conduction  so  as  to  bring  it  more  nearly  into 
harmony  with  the  experimental  facts  without  at  the  same  time  doing 
violence  to  such  portions  of  the  theory  as  are  not  treated  here.  Three 
simple  assiunptions,  relating  the  electrons,  molecules  and  temperature, 
are  made  which  will  be  studied  in  detail  later.  Certain  mathematical 
forms  are  employed  to  express  the  assumed  relations.  It  is  not  claimed 
that  these  expressions  are  more  than  first  approximations  to  the  true 
functions,  neither  is  it  claimed  that  they  are  even  first  approximations 
in  the  neighborhood  of  the  absolute  zero  and  temperatures  near  which 
marked  changes  in  the  structure  of  the  material  occur.  It  is  claimed, 
however,  that  the  theory  presented  here  offers,  at  least  within  the  range 
of  ordinary  temperatures,  as  good  an  explanation  of  the  experimental 
facts  here  treated  as  previous  theories  do,  and  it  explains  some  facts 
which  have  been  unaccounted  for  hitherto. 

At  the  outset  the  writer  wishes  to  state  that  much  of  such  merit  as 
the  present  paper  possesses  is  due  to  the  fact  that  he  has  had  the  advan- 
tage of  constant  consultation  with  his  colleague.  Professor  W.  P.  Boynton, 
whose  familiarity  with  the  kinetic  theory  of  matter  has  made  his  numerous 
suggestions  and  criticisms  of  primary  importance. 

Throughout  this  discussion  the  symbols  employed  have  the  following 
meanings: 

m  =  mass  of  an  electron, 

u  =  "mean  square  velocity"  of  the  electrons, 

T  =  absolute  temperature, 

t  =  Centigrade  temperature, 

a  =  the  gas  constant  for  a  single  electron,  being  defined  by  the 
equation  }/^mu*  =^  aT, 

€  =  charge  on  an  electron, 

X  =  mean  free  path  of  the  electrons, 

N  =  number  of  free  electrons  in  one  c.c.  of  a  metal, 

n  =  number  of  positive  centers  in  one  c.c.  of  a  metal, 

P  =  Peltier  E.M.F., 

Q  =  thermoelectric  power, 

E  =  thermo  E.M.F., 

<r  =  Thomson  E.M.F.,  or  so-called  "specific  heat  of  electricity," 

K  =  electrical  conductivity, 

p  =  electrical  resistivity,  and 

k  =  thermal  conductivity. 
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The  other  symbols  used  are  constants  whose  significance  is  obvious 
from  the  context.  The  subscripts  i  and  2  are  used  to  refer  to  two 
different  metab  except  where  some  other  convention  is  specifically  stated. 

A  theory  to  be  completely  satisfactory  should  account  for  the  following 
facts. 

1.  The  thermo  E.M.F.  between  any  two  metals  can  usually  be  ex- 
pressed by  an  equation  of  the  form  E  ^  At  +  ^^Bfi. 

2.  Similarly,  the  thermoelectric  power  of  any  two  metals  can  usually 
be  represented  by  a  equation  of  the  form  Q  ^  A  +  Bt. 

3.  The  Peltier  E.M.F.  must  satisfy  the  equation  P  «  QT. 

4.  The  Thomson  effect  may  be  either  positive  or  n^;ative  and  is 
different  for  different  metals. 

5.  The  Thomson  effect  has  a  temperature  coefficient. 

6.  The  electrical  conductivity  of  pure  metab  at  ordinary  tempera- 
tures is  almost  inversely  proportional  to  the  absolute  temperature,  or 
the  resistivity  is  nearly  proportional  to  the  absolute  temperature. 
Usually  the  resistivity  increases  somewhat  more  rapidly  than  the  absolute 
temperature. 

7.  At  ordinary  temperatures  the  electrical  conductivity  of  alloys  is 
frequently  nearly  indep^dent  of  the  tempierature  and  occ^ionally  m- 
creases  with  increase  of  temperature. 

8.  The  thermal  conductivity  of  a  number  of  metals  is  nearly  constant 
at  ordinary  temperatures  and  may  either  increase  or  decrease  as  the 
temperature  is  raised. 

9.  The  ratio  of  the  thermal  to  the  electrical  conductivity  at  all  ordinary 
temperatures  is  nearly  the  same  for  all  metals,  the  ratio  being  nearly 
proportional  to  the  absolute  temperature.  In  the  case  of  pure  metals 
the  ratio  usually  increases  somewhat  faster  than  the  absolute  temperature, 
but  in  the  case  of  alloys  it  usually  increases  more  slowly. 

Besides  the  facts  just  enumerated  which  are  explained  in  the  present 
paper  there  are  niunber  of  galvanomagnetic,  thermomagnetic  and  elec- 
tronic emission  phenomena  which  must  ultimately  be  explained.  No 
attempt  is  made  to  account  for  these  effects,  their  treatment  being 
reserved  for  a  subsequent  paper.  So  far  as  known  none  of  the  hjrpotheses 
advanced  here  in  any  way  interferes  with  the  explanation  of  any  of  these 
effects.* 

1  For  general  discussions  of  ttie  above  phenomena,  including  the  subject  matter  of  the 
present  paper*  the  reader  is  referred  to  J.  J.  Thomson's  Corpuscular  Theory  of  Matter,  p.  49 
et  seq.;  O.  W.  Richardson's  The  Electron  Theory  of  Matter,  p.  407  et  seq.;  E.  Bloch's 
La  Thterie  Electronique  des  M^taux  (in  a  series  of  essays  published  under  the  title  Les 
Id^es  Modemes  sur  la  Constitution  de  la  Matite,  Villars,  Paris);  K.  Baedeker's  Die  Elek- 
trischen  Erscheinungen  in  Metallischen  Leitem  (Braunschweig);  also  N.  R.  Campbell's 
Modem  Electrical  Theory,  pp.  54-86. 
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2.  Previous  Theories  and  Their  Limitations. 

The  equations  deduced  from  the  electron  theory  by  Sir  J.  J.  Thomson, 
and  which  are  taken  as  a  starting-point  in  the  present  discussion,  are: 

2aT ,     Ni 

2a  r       d  I  1 

and 

*  =  i  aiVX«.  (5) 

From  equations  (4)  and  (5)  we  obtain  the  Wiedemann-Franz  law  that 
the  ratio  k/K  is  a  constant  for  all  metals  at  any  given  temperature  and  the 
Lorenz  law  that  this  ratio  is  proportional  to  T,  which  laws  together  give 


(6) 


The  thermoelectric  equations  sa;tisfy  the  following  equations  which 

were  deduced  from  thermodynamical  considerations  by  Lord  Kelvin, 

namely, 

•P  =  QT,  (7) 

and 

<ri  -  <r,  =  T-jjZ  .  (8) 

The  constant  multiplying  factors  on  the  right-hand  side  of  equations 
(i)  to  (5),  inclusive,  have  been  given  different  values  by  different  theorists, 
but  in  any  case  they  only  differ  by  simple  numerical  factors.  Thus 
Drude»  replaces  2a/3«  by  4a/3«  in  equations  (i),  (2)  and  (3),  and  Lorentz,* 
assimiing  the  Maxwellian  distribution  of  velocities  among  the  electrons, 
finds  instead  of  equation  (4)  the  equation 

f-)>  (4a) 


IT  /^ 


and  instead  of  equation  (5)  the  equation 


o  V-^x 


9  ^3»^«^"^-  ^Sa) 


>  Ann.  Phys.,  i*  566.  1900  and  3,  369,  1900. 
*  Lorentz,  The  Theory  of  Electrons,  pp.  63-67. 
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From  (4fl)  and  (5a)  it  follows  that 

The  value  of  the  ratio  k/KT  thus  found  is  but  two  thirds  of  that  found 
from  the  simple  theory  by  Thomson  and  Drude.  Since  these  differences 
in  multiplying  constants  are  of  only  secondary  im|X)rtance  in  connection 
with  the  present  discussion  they  will  be  disregarded  for  the  present. 
It  may  be  remarked,  however,  that  experimental  data  may,  with  the  aid 
of  the  theory  presented  in  this  paper,  enable  one  to  discriminate  between 
the  different  methods  of  approach  to  the  problem  and  to  select  that  one 
which  agrees  best  with  experiment. 

It  has  usually  been  assimied  either  that  N  remained  constant  or  else 
was  either  directly  or  inversely  proportional  to  the  square  root  of  the 
absolute  temperature.  The  first  assumption  was  made  in  order  to  explain 
the  optical  properties  of  metals,  the  second  was  made  by  J.  J.  Thomson 
to  account  for  the  Thomson  effect,  and  the  last  was  made  to  account  for 
the  fact  that  at  ordinary  temperatures  the  temperature  coefficient  of 
resistance  of  a  number  of  metals  is  approximately  equal  to  1/273  per 
Centigrade  degree.  From  equation  (4)  it  follows  that  if  the  electrical 
conductivity  is  inversely  proportional  to  the  absolute  temperature,  either 
iV  or  X  must  be  inversely  proportional  to  the  square  root  of  the  absolute 
temperature,  since  u  =  y2aT/in,  We  see  no  reason  why  X  should  vary 
to  any  appreciable  extent  if  the  nimiber  of  molecules  does  not  change  and 
the  alteration  in  volume  is  quite  small.  Then  N  must  change  with 
temperature.  But  from  the  optical  properties  of  metals  it  seems  that  N 
does  not  change.^  So  one  has  his  choice :  either  N  changes  or  it  does  not. 
But  whether  N  is  constant  or  is  proportional  to  some  power  of  the  abso- 
lute temperature,  the  proportionality  factor  depending  upon  the  material, 
certain  results  follow  which  are  not  in  harmony  with  experiment.  Some 
of  these  discrepancies  are: 

1.  The  thermo  E.M.F.  is  a  linear  function  of  the  temperature. 

2.  The  thermoelectric  power  is  constant  for  any  given  pair  of  metals. 

3.  The  Thomson  effect  is  the  same  for  all  metals  at  all  temperatures. 

4.  The  thermal  conductivity  of  any  metal  is  independent  of  the 
temperature. 

5.  The  ratio  k/KT  is  the  same  for  all  metals  at  all  temperatures  and 
within  the  range  of  ordinary  temperatures  is  usually  too  small. 

On  the  whole,  the  most  that  can  be  said  for  the  theories  so  far  published 
is  that  they  show  that  these  properties  are  to  be  expected,  but  they  are 
wholly  inadequate  when  it  comes  to  quantitative  measurements. 

^  Drude,  Ann.  Phys.,  14,  951,  1904. 
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3.  Statement  of  the  New  Theory. 

The  fundamental  assumptions  upon  which  this  theory  is  based  are 
(i)  That  the  number  of  free  electrons  in  a  metal  changes  with  the 
temperature, 

(2)  That  the  number  of  positive  centers  with  which  the  electrons 
collide,  whether  these  centers  are  atoms,  sub-atoms,  molecules  or  groups 
of  molecules,  changes  with  the  temperature,  and 

(3)  That  these  positive  centers  take  part  in  the  transfer  of  heat  but 
not  of  electricity. 

The  mathematical  forms  which  have  been  selected  to  express  the  rela- 
tions between  the  nimibers  of  electrons  and  positive  centers  are 

N  =»  a^^,  (9> 

and 

n  =  b^^  (10) 

where  a  and  b  are  positive  constants,  and  nothing  is  postulated  regarding 
the  signs  of  x  and  y. 

We  are  led  to  the  first  assiunption  by  the  fact  that  unless  equations 
(i),  (2)  and  (3)  are  entirely  wrong,  N  must  depend  upon  T.  The  expo- 
nential form  of  equation  (9)  is  suggested  by  the  logarithmic  form  of  these 
three  equations.  The  excellent  agreement  of  the  resulting  equations 
with  experiment  indicates  the  probability  that  equation  (9)  is  an  accurate 
representation  of  the  facts. 

The  assumption  that  the  nimiber  of  positive  centers  with  which  the 
electrons  collide  changes  with  the  temperature  is  somewhat  startling.^ 
For  our  purposes  it  is  unimportant  whether  these  centers  are  atoms,  sub- 
atoms,  molecules  or  clusters  of  molecules.  A  great  deal  of  uncertainty 
exists  as  to  the  states  of  aggregation  in  solids  and  liquids,  and  there 
is  no  a  priori  reason  why  the  state  of  aggregation  in  a  substance  should 
not  vary  with  the  temperature  of  the  substance.  It  is  not  necessary 
that  all  the  centers  shall  be  alike.  A  continual  process  of  disintegratioa 
and  recombination  of  the  centers  may  be  going  on.  If  a  theory  based  on 
this  assumption  should  harmonize  better  with  experiment  than  others^ 
this  circumstance  would  lend  color  to  the  assumption. 

Remembering  that,  as  in  the  kinetic  theory  of  gases,  X  =  /M^,  where 
r  is  the  radius  of  the  positive  centers  and/  is  a  constant,  and  substituting 
be?'^  for  n  in  equation  (10),  we  obtain 

X  =  ce-'"',  (II) 

where  c  =  f/br^- 

When   r  =  o,  N  —  a,  n  =^  b  and  X  =  c.     But  when   T  =  00 ,  thea 

'Cf.  Richardson's  The  Electron  Theory  of  Matter,  p.  467. 
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N  and  n  are  both  infinite,  and  X  =■  o.  In  practice,  of  course,  T  never 
approaches  infinity,  and  since  both  x  and  y  prove  to  be  small,  the  values 
of  N  and  n  at,  say,  2000®  C.  will  probably  seldom  exceed  50  to  100  times 
the  correspbnding  values  at  the  absolute  zero. 

The  third  assumption  seems  reasonable  from  the  fact  that  insulators 
conduct  heat  even  though  they  do  not  conduct  electricity,  and  have 
very  few,  if  any,  free  electrons. 

The  only  assumption  involved  in  the  theory  of  thermoelectricity  here 
presented  is  the  first,  namely,  that  the  number  of  free  electrons  is  a 
function  of  the  temperature.  The  second  assumption  is  introduced  to 
account  for  electrical  conductivity,  namely,  that  the  number  of  positive 
centers  is  a  function  of  the  temperature.  The  third  assumption,  that  the 
positive  centers  take  part  in  the  conduction  of  heat,  is  involved  only  in 
those  portions  of  the  theory  which  deal  with  thermal  conductivity. 

Equations  (i)  to  (5),  inclusive,  are  taken  as  the  starting-points  in  the 
present  discussion.  This  is  not  to  be  interpreted  as  indicating  a  prefer- 
ence on  the  part  of  the  writer  for  one  physicist's  theory  rather  than  that 
of  another.  In  the  light  of  our  present  knowledge,  however,  it  seems 
that  these  equations  are  likely  to  be  as  valid  as  any  of  the  others. 
Changing  th^  constant  factors  has  no  effect  upon  the  qualitative  results 
of  the  theory  presented  here,  and  only  to  a  minor  extent  upon  the 
quantitative  results. 

4.  Peltier  E.M.F. 

Sir  J.  J.  Thomson  obtained  equation  (i)  given  above  for  the  Peltier 
E.M.F.  by  assuming  that  electrons  under  the  influence  of  an  electric 
force  flow  across  the  boundary  between  two  metals  until  the  electric 
force  is  in  equilibrium  with  the  opposing  pressure  gradient  at  the  boun- 
dary. The  expression  for  the  Peltier  E.M.F.  on  the  basis  of  the  present 
extension  of  the  simple  theory  is  readily  obtained  by  substituting  in 
equation  (i)  the  values  of  Ni  and  N%  given  in  equation  (9),  namely, 
Ni  =  GifT^^  and  Nt  =  a^e**^.    This  gives 

2aT\ 


3c 


{log^+(xi-:c2)r}.  (12) 


This  equation  may  be  rewritten  in  the  form 

P  =  ^r  +  J5P,  (12a) 

or 

P  =  Po  +  (2735  +  Oo)/  +  BP,  (12J) 

where 

2a  2a 

A  =  —  log  {aila%),  B  ^—{xi-xt),  Qo-=^  A  +  273S,  Po  =  273^0, 
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and  t  =  T  —  273.  Po  is  the  Peltier  E.M.F.  at  o®  C.  and,  as  we  shall 
see  in  the  next  section,  Qo  is  the  thermoelectric  power  of  the  pair  of  metals 
at  o**  C. 

The  equations  (12),  (12a)  and  (12&)  represent  a  parabola  with  its 
axis  perpendicular  to  the  axis  of  temperature.  We  should  expect  the 
Peltier  E.M.F.  to  have  a  maximum  value  at  the  absolute  temperature. 

r  =  -  A/2B,  (13) 

or  in  Centigrade  degrees, 

^'  =  -  A/2B  -  273  =  -  (273S  +  Qo)/2B.  (13a) 

The  value  of  the  Peltier  E.M.F.  at  the  temperature  T'  should  be 

P'  =  -  A*/4B.  (14) 

If  we  knew  the  experimental  form  of  the  parabola  it  would  be  possible 
for  us  to  calculate  the  values  of  A  and  J9,  and  from  these  values  we  could 
obtain  the  value  of  the  ratio  ai/aj  and  also  of  the  difference  (xi  —  xi). 
In  practice,  however,  it  will  be  very  much  simpler  to  obtain  these  values 
from  the  thermo  E.M.F. 

5.  Thermoelectric  Power. 

The  equations  for  the  thermoelectric  power  are  readily  obtained  from 
the  corresponding  ones  for  the  Peltier  E.M.F.  by  dividing  by  T  (see 
equation  (7)).    From  equations  (12),  (12a)  and  (126)  we  thus  obtain 

eii  =  ^{iog^+(xx-x,)r},  (15) 

Q=^A+BT,  (15a) 

and 

Q^Qo  +  Bt,  (15J) 

where  A,  B  and  Qo  have  the  same  values  as  in  the  preceding  section. 
These  equations  represent  quite  accurately,  by  a  suitable  choice  of  con- 
stants, the  thermoelectric  power  of  a  thermocouple  consisting  of  almost 

any  pair  of  metals. 

6.  Thermo  E.M.F. 

The  expression  for  the  thermo  E.M.F.  is  obtained  from  that  for  the 
thermoelectric  power  by  integrating  the  latter  with  respect  to  T.  If  E 
is  the  thermo  E.M.F.  between  two  metals  i  and  2,  when  their  junctions 
are  at  the  temperature  T\  and  7^2,  then 


whence 


£=   f    QdT, 

£  =  ^ { ( log^) (r,  -n+\ {X,  -  x,)(r,«  -  Ti*) } .     (16) 
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If  we  put  Ti  =  o  and  Tt  =  T,  then  equation  (i6)  becomes 

where  E  is  the  thermo  E.M.F.  between  two  junctions  at  o®  and  T^ 
absolute,  respectively.     Equation  (17)  may  be  rewritten  in  the  form 

E  =  AT+HBT^.  (17a) 

Substituting  /  +  273**  for  T2  and  273  for  Ti  in  equation  (16)  we  obtain 

E  =  Q^  +  }4Bfi,  (16a) 

where  E  is  the  thermo  E.M.F.  between  two  junctions  at  o**  C.  and  /^  C, 
respectively. 

Equations  (17),  (17a)  and  (i6a)  represent  a  parabola  with  its  axis 
perpendicular  to  the  axis  of  temperature.  The  maximum  value  of  E 
occurs  at  the  neutral  temperature,  which  is  therefore  given  by  the 
equation 

r  =  -  A/B,  (18) 

or 

/'  =  -  Qo/B.  (i8a) 

The  thermo  E.M.F.  of  the  couple  when  one  junction  is  at  o®  C.  and  the 
other  is  at  the  neutral  temperature  is  given  by  the  equation 

£'  =  -  Q0V2B.  (19) 

Experimentally  it  is  found  that  the  thermo  E.M.F.  between  any  two 
metals  is  quite  accurately  represented  by  a  parabola  with  its  axis  per- 
pendicular to  the  axis  of  temperature,  that  is,  by  equations  of  the  type 
deduced  above,  where  A  and  B  may  either  positive  or  negative.  Thus 
we  see  that  the  equations  here  deduced  for  thermoelectric  power  and 
thermo  E.M.F.  are  in  agreement  with  the  experimental  facts.  And 
since  equation  (7)  has  been  shown  to  be  true  both  experimentally  and 
theoretically,  the  equations  for  the  Peltier  E.M.F.  must  also  be  in  agree- 
ment with  the  experimental  facts.  From  our  theory  we  see  that  A  is 
positive  or  negative  according  as  ai  is  greater  or  less  than  aj.  Similarly, 
B  is  positive  or  negative  according  as  Xi  is  greater  or  less  than  Xj. 

From  the  known  values  of  A  and  B  obtained  from  exi>eriment  we  may 

calculate  the  values  of  ai/a2  and  (xi  —  xt)  by  means  of  the  following 

equations: 

ai/aa  =  e''^^**,  (20) 

and 

Xi  —  X2  =  3eB/2a.  (21) 

It  may  be  remarked  in  passing  that  if  N  were  a  constant  different  for 
different  metals,  or  if  N  were  proportional  to  any  power  of  the  absolute 
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temperature,  the  proportionality  factor  being  different  for  different 
metals,  then  the  thermoelectric  power  would  be  constant  and  the  thermo 
E.M.F.  would  be  proportional  to  the  difference  between  the  absolute 
temperatures  of  the  two  junctions.  These  conclusions,  however,  are 
contrary  to  experiment. 

7.  Thomson  Effect. 
When  we  substitute  ae^^  tor  N  in  equation  (3)  we  obtain 

<r=|^(rx-H).  (22) 

Since  for  practically  all  metals  the  absolute  value  of  <r  is  considerably 
less  than  a/$€,  it  follows  that  x  must  be  positive.  Hence,  we  may  con- 
clude that  in  order  to  account  for  the  Thomson  effect  it  is  necessary  to 
assume  thai  the  number  of  free  electrons  in  a  metal  increases  with  the  absolute 
temperature.  So  long  as  x  is  positive,  <r  will  have  the  same  sign  as 
{Tx  —  J^),  and  the  absolute  value  of  <r,  when  it  is  negative,  cannot  be 
greater  than  a/36.  On  the  other  hand,  <r  may  have  any  positive  value 
when  X  is  positive.  In  the  case  of  certain  alloys^  it  appears  that  <r  is 
negative  and  greater  than  a/3c.    In  such  cases  x  must  be  negative. 

Differentiating  equation  (22)  with  respect  to  T",  we  obtain 

dc       2ax  ,     . 

From  equation  (23)  it  appears  that  the  Thomson  effect  hcLS  a  temperature 
coefficient,  and  that  this  temperature  coefficient  is  normally  positive.  Quali- 
tatively at  least,  this  result  is  in  harmony  with  some  of  the  best  experi- 
mental results  such,  for  example,  as  those  obtained  by  Berg*  on  copper. 
In  the  case  of  the  alloys  mentioned  above,  which  have  abnormally  high 
negative  values  of  the  Thomson  effect,  Laws  found  that  the  temperature 
coefficients  were  negative.    This  is  in  harmony  with  our  theory. 

From  the  value  of  the  Thomson  effect  at  any  temperature  it  is  possible 
to  calculate  the  value  of  x.    Solving  equation  (22)  for  x  we  obtain 

Generally  speaking,  Tx  cannot  be  very  far  different  from  J^  at  ordinary 
temperatures,  since  <r  is  usually  quite  small  in  comparison  with  a/3€. 
This  being  so,  let  us  assume  that  Tx  —  }4  and  that  T  =  300°  absolute 
(27**  C).    Then  x  =  0.001667.    Substituting  this  value  of  x  in  equation 

» Laws,  Phil.  Mag..  7.  pp.  560-578.  1904.  and  Caswell.  Phys.  Rev.,  N.S.,  XII..  pp.  231- 
337. 1918. 

« Ann.  Phys.,  32.  pp.  477-519.  ipio* 
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(9),  we  find  the  ratio  of  the  value  of  N  at  any  temperature  (T  +  i)  to 
its  value  at  the  temperature  T  to  be  1.0017.  Or,  to  use  a  somewhat 
larger  temperature  interval,  the  ratio  of  iV  at  (/  +  100)®  C.  to  its  value 
at  t^  C.  is  1. 181.  For  a  temperature  interval  of  1000®  C.  the  ratio  is 
5.294.  Assuming  0.002  as  a  probably  maximum  value  of  x  for  a  pure 
metal,  we  find  the  corresponding  values  of  the  ratio  for  a  temperature 
interval  of  one  degree  Centigrade  to  be  1.0020,  for  a  100**  C.  interval 
1. 22 14,  and  for  a  1000®  C.  interval*  7.389. 

If  our  theory  is  correct,  the  Thomson  effect  is  a  linear  function  of  the 
temperature  which  approaches  the  common  value  for  all  metals  at  the 
absolute  zero  of  <r  =  —  a/3€.  In  case  we  should  have  used  4a/3€  instead 
of  2a/36  in  equations  (i),  (2)  and  (3),  then  <r  should  have  a  different 
limiting  value.  The  same  is  true  if  any  other  factor  is  used  instead  of 
2a/3€.  If  this  limiting  value  of  <r  can  be  determined,  then  we  have  a 
means  of  selecting  the  best  from  among  the  different  equations  proposed. 

It  follows  at  once  from  equation  (22)  that 

<^i  -  <^a  =  "TT  ^^*  "■  ^*^'  ^^^^ 

or 

<ri  -  <r,  =  BT,  (25a) 

these  equations  being  in  the  form  of  equation  (8).  It  is  obvious  that  the 
metal  having  the  more  positive  value  of  x  will  have  the  more  positive 
value  of  <r,  and  vice  versa.  Consequently,  if  we  were  to  arrange  a  series 
of  metals  in  the  order  of  the  slope  of  the  corresponding  lines  in  a  thermo- 
electric power  diagram,  the  metals  should  also  be  arranged  in  the  order 
of  their  Thomson  effects  at  any  given  temperature. 

8.  Electrical  Conductivity. 

In  the  preceding  sections  the  only  assumption  which  has  been  employed 
is  that  the  number  of  free  electrons  is  a  function  of  the  temperature,  and 
the  satisfactory  agreement  between  the  theory  and  experiment  seems  to 
prove  the  wisdom  of  selecting  the  expression  ae^^  to  represent  this  number 
at  any  temperature  T.  No  assumption  was  made  as  to  the  sign  of  «, 
but  we  have  found  that  to  account  for  the  Thomson  effect  in  most  sub- 
stances X  must  be  positive.  To  this  assumption  we  now  add  a  second, 
namely,  that  the  number  of  positive  centers  is  a  function  of  the  tempera- 
ture, and,  in  consequence,  the  mean  free  path  of  the  electrons  is  a  function 
of  the  temperature.  Any  discrepancies  between  theory  and  exi>eriment 
which  appear  in  this  section  must,  therefore,  arise  not  from  the  first 
assumption,  but  from  the  second. 


NoVd!^"^']  ELECTRON   THEORY  OP  METALS,  397 

Substituting  the  value  of  N  from  equation  (9),  the  value  of  X  from 
equation  (11),  and  u  =  {2aT/fny^^  in  equation  (4),  we  obtain  as  the  value 
of  the  electrical  conductivity 

2^l2am 
which  we  shall  rewrite  in  the  form 

^  =  Ce-'^  •  T^'f\  (26a) 

where  C  =  ^ac/2(2amy^^f  and  z  >=  y  —  x.  Both  C  and  z  are  constants 
for  any  given  metal. 

Since  the  electrical  conductivity  of  pure  metals  within  the  range  of 
ordinary  temperatures  is  roughly  inversely  proportional  to  the  absolute 
temperature,  it  follows  from  equation  (26a)  that  the  exponential  factor 
on  the  right-hand  side  of  the  equation  must  decrease  with  increase  of 
temperature.  In  order  that  this  shall  be  so,  2;  must  be  positive  or 
(x  —  y)  must  be  negative.  But  since  x  is  positive  in  the  case  of  pure 
metals,  y  must  also  be  positive  and  greater  than  x.  Hence,  we  conclude 
that  in  the  case  of  pure  metals  both  the  number  of  free  electrons  in  the  metal 
and  the  number  of  positive  centers  with  which  they  collide  increases  with 
the  temperature,  the  number  of  positive  centers,  in  general,  increasing  faster 
than  the  number  of  electrons. 

In  the  case  of  alloys  the  electrical  conductivity  cannot  be  said  to  bear 
any  general  relation  to  the  temperature.  In  fact  in  the  case  of  some 
alloys,  such  as  manganin,  the  temperature  coefficient  is  exceedingly 
small.  In  such  cases  the  exponential  factor  may  increase  with  the  tem- 
perature. That  is,  if  x  is  positive,  then  y  is  either  positive  and  less  than 
X  or  else  y  is  negative,  but  if  x  should  happen  to  be  negative,  as  we  have 
seen  is  probable  in  the  case  of  some  alloys,  then  y  is  also  negative  but 
numerically  greater  than  x.  The  case  when  both  x  and  y  are  positive 
seems  the  most  likely  to  occur,  since  this  is  the  rule  for  pure  metals. 
In  any  case  we  may  conclude  that  in  some  substances,  particularly  alloys, 
the  number  of  free  electrons  increases  with  the  temperature  faster  than  the 
number  of  positive  centers  with  which  they  collide} 

The  electrical  conductivity  of  carbon,  which  though  not  a  metal 
conducts  metallically,  increases  rather  rapidly  with  the  temperature. 
This  means  that  z  for  carbon  has  a  comparatively  large  negative  value. 
This  probably  indicates  a  large  positive  value  of  x  with  a  smaller  positive, 
or  possibly  negative,  value  of  y.    An  abnormally  large  value  of  x  corre- 

>  A  good  account  of  the  electrical  properties  of  alloys  is  given  in  Baedeker's  Elektrischen 
Erscheinungen  in  Metallischen  Leitem.  Lord  Rayleigh  (Scientific  Papers,  Vol.  IV.,  p.  232) 
has  suggested  that  the  resistance  of  allo>^  is  unduly  high  owing  to  a  "false  resistance"  arising 
from  the  Peltier  effect  between  non-homogeneous  parts  of  the  metal. 
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8ponds  to  an  abnormally  large  positive  value  of  the  Thomson  effect. 
Since  p  is  the  reciprocal  of  k  it  follows  that 


whence 


p  =  i  ^'  .  7^/t.  (27) 


«  =  ^(log  C  +  log  p  -  3^  log  T).  (28) 


If  p  is  proportional  to  T,  as  is  assumed  but  is  not  strictly  true  to  fact, 
then 

«  =  ^  (log  {CD)  +  H  log  r),  (28a) 

where  p  is  put  equal  to  DT. 

From  equation  (28a)  it  appears  that  either  p  is  not  proportional  to  T 
or  else  z  is  not  constant  as  assumed,  but  is  a  function  of  T.  Whenever 
the  value  of  z  is  greater  than  the  right-hand  side  of  equation  (28a)  the 
resistivity  increases  faster  than  the  absolute  temperature,  but  when  the 
reverse  is  true  the  resistivity  increases  more  slowly  than  the  absolute 
temperature. 

From  equation  (27)  it  is  obvious  that  the  resistivity  of  a  metal  ap- 
proaches zero  at  the  absolute  zero,  and  increases  continuously  with  the 
temperature  providing  z  is  positive.  In  case  z  is  negative  the  re^stivity 
should  have  a  maximum  value  when  7"  =  —  (jl^z). 

Since  the  factors  a  and  c,  which  are  contained  in  the  value  of  C,  are 
as  yet  undetermined,  we  cannot  use  equation  (28a)  to  calculate  the  value 
of  2.    But  since  we  know  how  p  varies  with  T  we  may  write 

a .  ^,-.,  (^.  )■",         (,„ 

where  pi  and  po  are  the  resistivities  at  Ti®  and  T^  absolute,  respectively. 
Putting  Ti  =  To  +  I,  and  solving  for  2,  we  obtain 

z  =  log^'  -  J^log  (  I  +  ^)  .  (29a) 

Po  \  ^  0  / 

If  we  denote  the  temperature  coefficient  of  resistance  at  To  by  jS,  we  may 
rewrite  equation  (29a)  thus: 

2  =  log(i+)9)  -Hlog(i+^J,  (29i) 

or  as  a  first  approximation  which  gives  a  result  about  one  half  per  cent, 
too  high 

2  =  i3  -  -^r .  {29c) 

21 0 
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We  find  the  temperature  cxjefficient  of  resistivity  of  copper  given  as 
0.00428  at  18®  C,  *.  e.,  To  =  291,  and  so  «  is  found  to  be  0.002545  if 
we  use  equation  (29ft),  but  is  found  to  be  0.00256  if  we  use  equation  (29^). 
From  the  ratio  of  the  resistivities  of  two  metals  at  any  temperature 
T  we  may  determine  the  ratio  Ci/cj,  thus : 

Since  all  the  quantities  on  the  right  can  be  determined  the  ratio 

Ci/Ci  can  be  calculated.     It  should  be  noted,  however,  that  the  numerical 

values  which  we  obtain  for  ai/aj,  and  consequently  for  Ci/ct,  depend  upon 

whether  we  use  2a/3€  or  some  other  multiplying  factor  in  equations  (i), 

(2)  and  (3). 

9.  Thermal  Conductivity. 

We  now  proceed  to  introduce  the  third  assumption,  namely,  that  the 
molecules  or,  more  generally,  the  positive  centers,  whether  these  are 
atoms,  sub-atoms,  molecules  or  groups  of  molecules,  take  part  in  the 
transmission  of  heat,  although  they  have  no  part  in  the  transmission  of 
electricity  in  solid  bodies.  In  the  simple  equation  (5),  namely, 
k  =  J^aJVXw,  Nf  X  and  u  refer  specifically  to  the  electrons.  A  funda- 
mental assumption  of  the  electron  theory  is  the  equi-partition  of  energy 
among  the  electrons  and  molecules,  but  there  are  certain  reasons  why  we 
are  at  present  unable  to  assign  values  to  the  molecular  quantities  corre- 
sponding to  Nf  X  and  u.  Indeed  for  our  present  purpose  it  is  unimportant 
whether  such  values  can  be  assigned.  Obviously,  there  is  the  probability 
that  heat  is  transmitted  by  the  molecules,  or  positive  centers,  by  radiation 
as  well  as  by  conduction.  What  fraction  of  the  total  heat  transmitted  is 
transmitted  by  radiation  we  are  unable  to  determine.  For  the  present 
it  remains  an  open  question  whether  the  equi-partition  of  energy  law 
applies  to  the  molecules  or  to  the  positive  centers. 

It  is  rather  obvious  that  the  mean  free  paths  and  the  velocities  of  the 
positive  centers,  or  of  the  molecules,  will  vary  in  the  same  directions  as 
X  and  u,  respectively.  We  shall  assume,  for  simplicity,  that  Xi  is  directly 
proportional  to  X,  and  that  Ui  is  directly  proportional  to  «,  where  Xi  is  the 
mean  free  path  of  the  positive  centers,  or  molecules,  as  the  case  may  be, 
and  Ui  IS  the  corresponding  mean  square  speed.  We  may  then  rewrite 
equation  (^),  substituting  N  +  n  for  N  and  introducing  a  constant  w 
which  includes  the  proportionality  factors  connectihg  X  and  Xi,  and  u 
and  tti,  and  also  the  ratio  of  the  total  amount  of  heat  transmitted  by  the 
molecules  to  that  conducted  by  them.    We  thus  obtain 

*  =  }iau\{N  +  «n).  (31) 
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Equation  (31)  simply  means  that  in  view  of  our  ignorance  of  the  behavior 
of  these  positive  centers,  we  feel  justified  in  assuming  that  the  fraction 
of  the  total  heat  transmitted  by  them  is  proportional  to  their  number. 
Replacing  N  by  o^^  n  by  W*,  X  by  cer^^  (see  equations  (9),  (10)  and 
(11)),  and  u  by  (2ar/w)^'*,  equation  (31)  reduces  to 


3^ 


(«■-"'+ f) 


ac  [  e^'^^^"^  +  —  )  ri/«.  (32) 


It  is  at  once  apparent  that  in  the  case  of  pure  metals  the  exponential 
factor  in  the  first  term  on  the  right-hand  side  of  equation  (32)  tends  to 
make  k  decrease  as  T  increases,  since  (x  —  y)  is  negative,  while  the  factor 
T^^^  tends  to  make  both  terms  increase  as  T  increases.  So  k  may  either 
increase  or  decrease  with  increase  in  temperature. 

10.  The  Wiedemann-Franz  and  Lorenz  Laws. 

We  have  already  seen  that  the  Wiedemann-Franz  law  coupled  with 
that  of  Lorenz  leads  to  the  relation  that  kJKT  =  a  constant.  Substituting 
the  values  of  k  and  k  from  equations  (32)  and  (26),  respectively,  we  obtain 

When  w  =  o,  this  equation  reduces  to  equation  (6)  as  a  special  case. 
Equation  (33)  leads  us  to  expect  that  the  experimentally  determined 
value  of  the  ratio  will  always  be  greater  than  that  calculated  from  the 
simple  theory.  Assuming  the  validity  of  equation  (6),  the  experiments 
of  Jaeger  and  Diesselhorst^  on  thirteen  metals  and  three  alloys  gave  values 
in  every  case,  except  that  of  aluminum,  greater  than  we  should  expect 
from  the  simple  theory;  but  if  we  assume  the  validity  of  equation  (6a) 
the  discrepancy  is  much  greater,  even  aluminum  being  about  thirty 
per  cent,  too  high.  It  has  been  objected  that  the  amount  of  heat  trans- 
mitted by  the  positive  centers,  whatever  they  may  be,  must  be  much  too 
small  to  account  for  the  discrepancies  between  Jaeger  and  Diesselhorst's 
experiments  and  the  simple  theory.  But  this  objection  is  based  on  the 
assumption  that  the  heat  so  transmitted  must  be  approximately  the 
same  as  that  transmitted  by  an  insulator.  This  does  not  necessarily 
follow.  If  there  are  practically  no  free  electrons  in  an  insulator  and 
there  are  large  numbers  of  them  in  conductors,  is  it  not  reasonable  to 
suppose  that  there  may  be  more  freedom  of  movement  among  the 
molecules  in  a  conductor  than  among  those  in  an  insulator? 

The  minimum  value  which  the  right-hand  side  of  equation  (33)  can 
have  is  40^(1  +  wJ/a)/3c*.    This  seems  out  of  harmony  with  the  results 

*  Sitzungsber.  Berlin,  1899,  p.  719. 
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obtained  by  Meissner^  at  very  low  temperatures,  since  he  found  that  for 
copper  at  20®  absolute  the  value  of  the  ratio  k/KT  was  but  one  seventh  of 
its  value  at  o**  C,  the  value  at  o**  C.  being  only  slightly  greater  than 

If  the  subscripts  i  and  2  refer,  respectively,  to  the  temperature  Ti  and 
Ti,  then 

kt/ici  _  \         a        / 

i   1 


(-^") 


According  to  the  simple  theory  this  should  be 

*lM  "  ^*^^'-  ^^^ 

Jaeger  and  Diesselhorst,  working  between  the  temperatures  of  18®  C. 
and  100®  C,  i,  e.,  between  291®  and  373**  absolute,  found  instead  of  the 
theoretical  value  of  the  ratio  on  the  left-hand  side  of  equation  (34a),  viz., 
T^T\  «=  1.28,  that  eight  of  the  thirteen  metals  tested  gave  values  greater 
than  1.28,  two  of  them,  platinum  and  palladium,  giving  values  of  1.35, 
two  gave  values  of  1.28,  one  of  1.27,  one  of  1.26  and  one,  bismuth,  of 
1. 12.  The  three  alloys  tested  gave  results  less  than  1.28.  Whenever  y 
is  greater  than  jc,  as  we  have  seen  is  the  case  in  pure  metals,  equation 
(34)  leads  us  to  expect  the  ratio  to  be  greater  than  1.28.  In  the  majority 
of  cases  this  seems  to  be  true.  But  in  the  case  of  an  alloy,  such  as 
manganin,  which  has  a  very  small  temperature  coefficient  of  resistance, 
X  is  greater  than  y^  and  equation  (34)  leads  us  to  explect  the  ratio  to  be 
less  than  1.28.  This  is  actually  the  case.  In  the  case  of  manganin  the 
ratio  is  1.2 1. 

II.  Discussion  of  the  Theory. 

In  this  section  the  author  wishes  to  make  some  general  observations 
concerning  the  theory  here  presented.  In  the  first  place,  we  see  that, 
since  the  equations  are  of  the  proper  form  and  the  values  of  the  constants 
involved  can  be  determined  from  experimental  data,  the  agreement  of  the 
theory  with  the  phenomena  of  the  Peltier  and  Seebeck  effects  is  not  only 
qualitative  but  quantitative  as  well.  Not  only  do  the  values  of  the  con- 
stants so  determined  indicate  that,  in  general,  the  number  of  free  electrons 
increases  with  the  temperature,  but  this  is  what  we  might  expect,  since 
the  kinetic  energy  and,  consequently,  the  agitation  of  the  molecules 
increases  with  the  temperature. 

In  a  previous  paper  the  author  has  shown  that  either  (i)  the  electrons 

>  Deutsch.  Phys.  Gesell..  Verh.  16.  5.  pp.  262-272,  1914. 
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which  take  part  in  thermoelectric  phenomena  are  different  from  those 
which  take  part  in  el'ectric  conduction,  or  (2)  the  mean  free  path  of  the 
electrons  in  an  alloy  is  noticeably  different  from  that  in  a  pure  metal, 
one  of  the  constituents  of  the  alloy.  The  former  statement  seems  un- 
reasonable, while  the  latter  is  plausible  if  the  formation  of  an  alloy  in- 
volves the  regrouping  of  the  atoms  or  molecules.  Thus  the  writer  was 
led  to  the  conclusion  that  in  some  way  a  change  is  brought  about  in  the 
mean  free  path  of  the  electrons.  The  introduction  of  the  exponential 
value  of  N  from  equation  (9)  into  equation  (4)  makes  the  resulting  change 
in  the  electrical  conductivity  in  the  opposite  direction  to  that  in  which 
it  actually  occurs.  So  we  have  adopted  the  hypothesis  that  the  mean 
free  path  of  the  electrons  as  well  as  their  number  is  a  function  of  the 
temperature.  The  change  in  the  mean  free  path  may  be  thought  of  as 
being  brought  about  in  either  of  two  ways,  always  assuming  that  the 
number  of  collisions  between  electrons  is  negligible  in  comparison  with 
the  number  between  electrons  and  the  positive  centers.  Either  the  size 
of  the  positive  centers  may  change  or  their  number.  Assuming  that  the 
size  changes  but  not  the  number  we  are  led  to  conclusions  which  do  not 
agree  as  well  with  experiment  as  do  the  conclusions  which  we  arrive  at 
by  assuming  that  the  number  of  positive  centers  is  a  function  of  the  tem- 
perature. The  author  is  inclined  to  believe  that  the  expone'ntial  form 
of  the  function  which  has  been  employed  in  this  paper  is  a  fair  repre- 
sentation of  the  facts,  if  temperatures  near  which  marked  changes  in 
the  structure  of  the  metal  occur,  such  as  eutectic-points  and  melting- 
points,  are  excluded.  In  this  connection  it  should  be  noted  that  the 
Peltier  E.M.F.  and  the  thermo  E.M.F.,  both  of  which  we  assume  depend 
only  upon  the  concentration  of  the  electrons,  are  not  discontinuous 
functions  of  the  temperature  at  the  melting-point,  but  it  appears  that 
the  electrical  conductivity  of  a  metal  changes  markedly  as  it  passes 
from  the  solid  to  the  liquid  state.  In  the  case  of  a  number  of  metals, 
e,  g,,  cadmium,  lead,  potassium,  sodium,  tin  and  zinc,  the  electrical 
conductivity  in  the  solid  state  at  the  melting-point  is  about  one  half  the 
value  in  the  liquid  state  at  the  same  temperature.  Exceptions  are 
bismuth  and  antimony.  In  both  of  these  the  conductivity  is  approxi- 
mately doubled  as  the  substances  passes  from  the  solid  to  the  liquid  state. 
The  usual  case,  that  of  decrease  in  conductivity  in  passing  from  the  solid 
to  the  liquid  state,  is  apparently  due  to  a  sudden  increase  in  the  number 
of  positive  centers.  This  is  what  one  might  expect  since  there  is,  ap- 
parently, a  reduction  in  the  forces  of  cohesion. 

It  seems  probable  that  at  low  temperatures  the  molecules  of  a  metal 
are  gathered  in  clusters  which  act  as  single  positive  centers  and  that 
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as  the  temperature  is  raised  the  increased  activity  of  the  molecules  causes 
these  clusters  to  break  up  slowly.  The  complete  theory  should,  therefore, 
take  account  of  the  change  in  the  cross-sections  of  the  clusters  as  they 
break  up  as  well  as  the  change  in  their  number.  What  the  change  in 
the  cross-section  is  must  depend  upon  the  number  and  arrangement 
of  the  molecules  in  each  cluster,  and  any  general  expression  must  repre- 
sent a  mean  rate  of  change  in  the  cross-sections.  Since  the  number  of 
positive  centers  must  increase  faster  than  their  average  cross-section 
decreases,  the  change  in  the  former  is  more  important  than  that  in  the 
latter. 

In  the  theory  as  developed  in  this  paper  no  allowance  has  been  made 
for  the  expansion  of  the  metal  as  the  temperature  is  raised.  The  com- 
plete theory  ought  to  take  account  of  this  expansion.  The  correction, 
however,  is  likely  to  be  quite  small. 

It  is  obvious  that  an  exhaustive  study  of  the  quantitative  relations 
of  this  theory  and  experiment  ought  to  be  made.  We  have  shown  that 
qualitatively  it  is  capable  of  explaining  all  of  the  phenomena  considered 
if  we  exclude  very  low  temperatures.  It  is  also  capable  of  explaining 
each  of  these  phenomena  separately  quantitatively,  but  it  remains  to  be 
seen  to  what  extent  the  values  iof  the  constants  involved  are  identical 
when  different  phenomena  are  compared.  The  writer  is  now  carrying 
out  the  necessary  computations  to  put  the  theory  on  a  quantitative 
basis  and  hopes  to  publish  the  results  of  this  work  in  the  near  future. 

Physical  Laboratory, 

Untvbrsity  of  Oregon. 
February,  1919. 
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THE  AUDION  AS  A  CIRCUIT  ELEMENT. 

By  H.  W.  Nichols. 

Synopsis. — The  functional  equations  for  the  three-etement  audion  are  used 
to  deduce  the  actions  taking  place  in  any  circuit  containing  the  audion.  The 
equations  for  small  variations  in  the  general  network  containing  audions  are  de- 
veloped and  simple  equivalent  circuits  to  replace  the  tube  are  shown.  Next  the 
effects  of  the  capacities  between  elements  are  worked  out  and  also  some  examples  of 
amplifiers  and  oscillation  generators. 

T^HE  three-element  thermionic  tube  has  come  into  such  general  use 
A  in  radio  telegraphy  and  telephony  as  well  as  in  wire  telephony 
and  other  fields  that  it  seems  worth  while  at  the  present  time  to  publish 
some  of  those  relations,  holding  between  its  characteristics  and  those  of 
the  connected  electrical  circuits,  which  are  used  in  the  design  of  amplify- 
ing, oscillating  and  detecting  systems. 

In  this  paper  will  be  considered  only  those  actions  which  may  be 
sufficiently  well  described  by  supposing  the  variations  in  plate  and  grid 
currents  and  voltages  to  be  small.  In  this  discussion  the  methods  adopted 
in  a  previous  paper^  will  be  shown  in  their  application  to  vacuum  tube 
circuits,  in  which  application,  as  a  matter  of  fact,  their  greatest  practical 
use  has  been  found. 

The  first  figure  shows  a  conventional  circuit  drawing  of  an  audion  in 
which  the  grid  and  plate  potentials,  with  filament  potential  as  zero,  are 
denoted  by  v  and  V  respectively,  while  the  corresponding  currents  are 
denoted  by  i  and  /.  A  discussion  of  the  operation  of  this  device  is 
unnecessary,  since  several  papers  have  appeared  describing  the  construc- 
tion and  operation  in  considerable  detail.  It  has  been  foimd  that,  as 
long  as  there  is  an  excess  of  electrons  supplied  by  the  filament  so  that 
temperature  saturation  is  maintained,  the  plate  current  is  represented 
with  considerable  accuracy  by  a  function  of  a  single  variable,  thus: 

J  =  F(F  +  /tr  +  c), 

in  which  c  is  a  constant  which  depends  partly  upon  the  contact  diflFerences 
of  potential  of  the  elements  in  the  tube  and  /i  is  another  constant  which 
is  characteristic  of  the  structure.  In  many  forms  which  the  device  may 
take  the  plate  current  is  very  approximately  proportional  to  the  square 

*  Phys.  Rev.,  Aug.,  191 7. 
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of  the  variable  above,  but  for  the  purpose  of  this  discussion  it  is  not 
necessary  to  so  limit  it. 

The  grid  current  depends  also  upon  the  two  potentials,  but  its  func- 
tional form  is  not  known.  For  this  discussion  it  is  sufficient  to  recognize 
that  it  is  such  a  function  and  write  it: 

The  problem  to  be  considered  in  this  paper  is  now  the  following. 
An  audion  is  connected  into  an  electrical  network  in  any  manner,  that  is, 
its  three  terminals  are  joined  by  any  system  of  impedances;  certain  grid 
and  plate  voltages  are  impressed  upon  it  with  the  result  that  certain 
currents,  determined  by  the  functional  equations  above,  flow  to  plate 
and  grid;  and  then  it  is  required  to  describe  the  small  variations  about 


y 

I 


± 


t? 


Fig.  1. 

this  steady  state  which  will  take  place  when  the  system  is  acted  upon  by 
arbitrary  electromotive  forces  or  otherwise  disturbed.  This  is  the  prob- 
lem of  amplifiers  and  oscillation  generators  with  the  limitation  that  the 
amplitude  of  oscillation  shall  be  small.  While  this  limitation  is  serious 
in  some  cases,  for  example  if  it  is  desired  to  find  the  maximum  power 
output  of  the  device,  still  a  great  deal  of  information  concerning  the 
operation  of  the  actual  device  may  be  obtained  by  thus  studying  the 
ideal  case,  which,  in  fact,  is  the  only  one  which  lends  itself  to  simple  and 
general  treatment  from  the  point  of  view  of  electrical  networks. 

In  Fig.  2  is  shown  the  audion  connected  into  the  network.  In  this 
figure  the  impedances  Zi,  ^2,  ^s,  may  be  of  any  form  whatever  and  are 
not  restricted  to  single  conducting  paths  as  indicated.  They  are  sup- 
posed only  to  be  such  circuits  that  it  is  possible  to  write  an  equation  of 
thfe  form  ZI  =  e,  connecting  the  current  entering  the  terminals  and  the 
E.M.F.  producing  this  current  when  the  circuit  is  isolated.  Certain 
electromotive  forces,  E,  are  supposed  acting  in  each  branch  and  the  three 
circuits  are  coupled  to  one  another  by  mutual  impedances,  Mjki  between 
impedance  j  and  impedance  k.  These  mutual  impedances  are  defined, 
as  usual,  by  the  statement  that  a  unit  current  in  branch  j  induces  an 
E.M.F.  Mik  in  branch  k.    Both  self  and  mutual' impedances  are  in  the 
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general  case  operators,  functions  of  />  =  d/dt,  as  used  in  the  paper 
above  cited. 

If  in  this  network  the  three  currents  are  chosen  as  shown,  we  may 
wirte  down  the  network  equations  in  terms  of  them  as  below: 

Zt(U  -  /i)  +  F  =  £2  +  Mitdi  +  It)  +  Mitit 

ZtU  +V'-v       -  -  Mitih  +  /,)  +  Muih  -  It). 

These  equations  are  of  course  exact  and  hold  for  all  conditions;  how- 
ever, because  they  are  not  linear,  their  solution  is  somewhat  complicated 
and  it  is  preferable  to  obtain  the  first  and  approximate  idea  of  the  be- 


Fig.  2. 

havior  of  the  network  by  considering  only  small  changes  in  the  currents 
from  their  steady  or  mean  values.  This  amounts  to  considering  current 
variations  over  a  part  of  the  characteristic  curve  so  small  that  it  may 
be  taken  to  coincide  with  the  tangent  at  the  given  operating  point  and 
consequently  the  solutions  obtained  will  not  describe  any  effects  which 
depend  upon  the  curvature  of  the  characteristic,  such  effects,  for  example, 
as  the  detection  of  signals. 

Suppose  then  that  in  the  departure  from  the  steady  values  /i  changes 
to  /i  +  Xiy  etc.,  these  changes  being  small  and  produced  by  superposed 
electromotive  forces  Cu  etc.    We  shall  then  have 


etc. 


Substituting  these  values  in  the  network  equations,  there  will  result 
a  set  of  linear  differential  equations,  with  independent  variable  /,  of 
the  type: 

An  An 

Zi{xi  +  xt)  +  jj-xi  +  -^X2  =  ei  +  Mi%{xt  -  xt)  -  Mitpct 


which  set  may  be  conveniently  represented  in  the  following  tabular  form: 
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«1 

X2 

«» 

dv 

Zi  +  M„  +  Af  „ 

dV 

—  Zj  —  Mit  —  Mn 

dv 

d7 

Z»  +  Jf  1,  +  Af„ 

^1 


e« 


et 


These  are  the  network  equations  for  small  disturbances  but  it  is 
convenient  to  throw  them  into  another  form  which  takes  account  of 
the  physical  meaning  of  some  of  the  terms.  To  do  this,  note  that 
dvjdli  is  evidently  the  resistance,  r,  of  the  grid  circuit  under  the  given 
operating  conditions,  and  dV/dIt  is  the  resistance,  R,  of  the  plate  circuit 
under  the  same  conditions.  From  the  characteristic  equations  we  find 
by  the  usual  methods,  the  further  relations: 


where 


Now  since  dV/dli  is  the  E.M.F.  induced  in  the  plate  circuit  through 
the  tube  by  unit  current  in  the  grid  circuit  and  rxi  is  the  corresponding 
increment,  dv^  in  grid  potential,  it  follows  from  the  above  relations  that 
one  action  of  the  tube  is  to  introduce  into  the  plate  circuit  an  effective 
E.M.F.  equal  to  m  times  the  grid  voltage  variation. 

Also,  since  dv/dii  is  the  E.M.F.  introduced  into  the  grid  circuit 
through  the  tube  by  unit  current  in  the  plate  circuit,  we  find  that  another 
action  of  the  tube  is  to  introduce  the  voltage 

dU""^  "       J  dV""^  "       ^^df/dV  "       ^^  '  df/dv 

into  the  grid  circuit.  Thus  the  two  mutual  impedances  of  the  tube  are 
in  general  different  in  the  two  directions,  which  accounts  for  the  amplify- 
ing properties  of  the  device  as  explained  in  the  paper  already  mentioned. 
This  reverse  action,  from  plate  circuit  to  grid  circuit,  is  often  ignored  in 
discussions  of  the  audion  and  it  is  assumed  that,  since  the  plate  current 
is  a  function  of  V  +  fiv  only,  the  action  of  the  device  is  summed  up  in 
the  statement  that  the  grid  is  m  times  as  effective  as  the  plate  in  pro- 
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ducing  current  changes.  This  action  is,  however,  the  only  one  if,  for 
example,  the  grid  current  is  independent  of  plate  potential:  there  is  then 
no  reaction  upon  the  grid  circuit  (neglecting  capacity  from  grid  to  plate, 
which  will  be  considered  later)  and  the  tube  is  a  purely  unilateral  device. 
Since  in  practice  this  condition  often  holds  very  approximately,  it  is 
often  legitimate  to  neglect  dv/dit  and  consequently  to  consider  the  tube 
as  a  device  which,  for  small  current  changes,  simply  introduces  into  the 
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plate  circuit  (just  where  will  develop  later)  an  E.M.F.  equal  to  m  times 
the  change  in  grid  potential.  When  this  condition  holds  the  last  equa- 
tions are  still  further  simplified  into: 


Xi 

Xl 

x» 

Zi  +  r 

-Mit 

Zi  +  Ml,  +  JIf  „ 

—  Mit  —  fif 

Zt  +  R 

—  Zt  —  Mit  —  Mu 

+  Mit  -  (m  +  i)r 

-M„  +  R 

Z»  +  Mu  +  M„ 

Equivalent  Circuit  of  the  Tube. — ^When  the  grid  current  does  not  vary 
apprecaibly  with  plate  voltage  it  is  possible  to  use  a  very  simple  equiva- 
lent circuit  for  the  audion  itself.  This  circuit  is  shown  in  Fig.  3  in  which 
the  resistance  R  of  the  plate  circuit  is  shown  between  plate  and  filament 
and  the  three  condensers,  Ci,  Ct,  Cz  represent  respectively  the  internal 
capacities  between  grid-filameftt,  plate-filament  and  grid-plate.  These 
capacities  must  obviously  be  taken  into  account  at  sufficiently  high 
frequencies.  Under  the  given  conditions  r  is  effectively  infinite.  Located 
in  the  impedance  of  the  plate  circuit  is  an  alternator  whose  E.M.F.  is 
equal  to  m  times  the  voltage,  6t^,  produced  across  the  grid-filament  ter- 
minals. If  this  circuit  is  worked  out  it  will  be  found  that  it  is  the  exact 
equivalent  of  the  actual  tube  under  the  given  conditions.  The  feature 
of  the  circuit  is  the  location  of  the  fictitious  E.M.F.  between  filament  and 
plate,  and  the  network  will  serve  for  the  solution  of  tube  problems  as 
long  as  the  electromotive  forces  impressed  upon  the  network  are  small 
enough  not  to  violate  the  conditions.  The  use  of  this  equivalent  avoids 
the  necessity  of  setting  up  the  complete  equations. 
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It  is  obvious  that,  as  a  closer  approximation,  an  equivalent  circuit 
may  be  drawn  in  which  another  alternator  is  used  to  represent  the 
reaction  upon  the  grid  circuit,  but  for  practical  use  it  has  been  found 
that  this  complication  is  in  most  cases  unnecessary.  Except  at  the  very 
highest  frequencies  this  network  may  be  still  further  simplified  by  omit- 
ting the  condenser  cj  since  its  capacity  is  but  a  few  micro  microfarads 
and  it  is  shunted  by  the  resistance  R,    The  other  condensers  are,  how- 


Fig.  4. 

ever,  very  important,  even  at  moderate  frequencies,  and  this  will  be 
shown  by  two  examples. 

I.  The  Input  Impedance  of  an  Audion  Amplifier. — Fig.  4  represents 
the  equivalent  circuit  of  an  audion  for  frequencies  below  a  few  million 
and  with  the  grid  maintained  negative  with  respect  to  the  filament  so 
that  the  input  resistance  is  infinite.  The  output  circuit  is  closed  through 
an  impedance  Zj.  If  there  were  no  connection  between  the  plate  and 
grid  circuits  the  impedance  of  the  amplifier,  as  measured  from  the  input 
terminals,  would  be  simply  that  of  the  condenser  Ci,  The  grid-plate 
capacity,  however,  modifies  this  result  greatly.  This  impedance  will  be 
worked  out  and  to  do  this  the  network  equations,  in  terms  of  the  mesh 
currents  «i,  jcj,  Xz  are  given  below  with  an  E.M.F.  e  in  the  input  circuit. 
p  represents  djdt  as  usual  and  the  fictitious  E.M.F.  in  the  tube  resistance 
is  M  times  the  voltage  drop,  {xi  —  Xi)/cip,  over  the  condenser  Ci,  The 
sign  is  such  that  a  positive  grid  tends  to  increase  the  plate  current. 


Xi 


X2 


Xz 


Zi  + 


Cip 
Cip 


Cip 
C.P      +C3/>  +  ^ 


-R 


-J?- 


R  +  Z^ 


Cip  "        Cip 

If  D  is  the  operational  determinant  of  this  system  and  Dn  the  minor 
of  the  element  (i,  i)  the  input  impedance  is 

Z  =  DIDii    with    Zi  =  o, 
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and  this  works  out  to  be 

Cip 


, + wc^p +f^{i + ,  -  ,fy 


in  which  W  is  equal  to  RZ%I{R  +  Zj),  the  impedance  of  R  and  Zj  in 
parallel.  Note  that  if  the  grid-plate  capacity  is  zero,  this  reduces  to 
ijcip  which  is  the  impedance  of  the  grid-filament  condenser.  This 
impedance  is  in  the  operational  form;  to  find  the  impedance  to  steady 
alternating  currents  of  frequency  «/2t,  />  is  to  be  replaced  by  in  where  i 
is  the  imaginary  unit. 

To  save  space  only  a  few  consequences  will  be  noted,  since  it  is  easy 
to  draw  conclusions  from  the  formula.  In  the  first  place,  even  at  low 
frequencies  (when  the  terms  containing  />  as  a  factor  are  negligible)  the 
impedance  is  charged  into 

^  -r? S7\  ;     P  small. 


In  some  cases  this  impedance  only  remotely  resembles  a  capacity  re- 
actance; for  instance  if  the  output  impedance,  Zj,  is  inductive,  the 
impedance  may  have  a  negative  resistance  component.  This  means 
that  the  amplifier  is  likely  to  sing  under  these  conditions,  and  in  fact  the 
tendency  of  a  tube  to  oscillate  ** through  its  internal  capacities"  has 
often  been  observed. 

At  extremely  high  frequencies  the  formula  shows  that  the  impedance 
again  approaches  a  capacity  reactance,  as  it  obviously  should  do  since 
then  the  condenser  Ci  practically  short-circuits  the  current  entering  the 
input  terminals.  It  is  instructive  to  work  out  the  impedance  under 
various  simplifying  assumptions,  and  in  the  case  of  amplifiers  which 
sing  the  solution  of  the  difficulty  will  often  be  found  in  this  manner. 

2.  Amplification  at  High  Frequencies, — ^As  a  second  example  of  the 
use  of  the  equivalent  circuit  of  the  tube,  suppose  the  circuit  of  Fig.  4 
is  to  be  used  to  produce  in  the  impedance  Z%  an  amplified  current  under 
the  influence  of  the  generator  e  in  the  input  circuit.  It  is  clear  from 
inspection  that  for  very  high  frequencies  the  condenser  Cz  will  have  such 
a  low  impedance  that  the  amplifying  action  of  the  tube  will  be  seriously 
impaired.  To  get  a  quantitative  measure  of  the  effect  of  varying  the 
frequency,  consider  what  is  meant  by  amplification.  If  the  tube  were 
a  perfect  unilateral  amplifier  a  current  Xi  in  mesh  i  would  produce  a 
certain  E.M.F.,  cj,  in  mesh  3,  while  a  current  xt  in  mesh  3  would  produce 
no  E.M.F.  in  mesh  i.     On  the  other  hand,  if  the  network  were  a  simple 
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transforming  one  (no  amplification),  the  same  E.M.F/s  would  be  pro- 
duced by  the  same  currents  in  either  direction  through  the  network. 
Hence,  defining  the  two  mutual  impedances  in  the  usual  way  as 

Mit  =  -- ,         JIfsi  =  —  , 

Xi  Xt 

it  is  clear  that  for  a  perfect  unilateral  amplifier  Mn/Mn  =  o,  while  for 
a  perfect  transforming  network  this  ratio  is  unity.    The  above  ratio  of 
the  two  mutual  impedances  is  therefore  a  measure  of  the  failure  of  the 
tube  as  an  amplifier. 
From  the  network  determinant,  already  used,  we  find  this  ratio  to  be 

Mil  ^P*}  ^         I 


CiRp 
or  for  simple  harmonic  currents  of  frequency  «/2t: 

Mil  ^ I 

Mii  ifi 


Rcifi 


It  will  be  seen  that  for  ^3  =  0  this  ratio  is  zero,  as  it  should  be,  and  for 
Ci  infinite  it  is  unity.  Also,  since  the  frequency  appears  in  the  ratio,  the 
amplification  will  be  different  for  different  frequencies,  so  that  the  tube 
will  distort  and  tend  to  eliminate  higher  frequencies. 

With  certain  tubes  and  for  certain  frequencies  for  which  the  ratio 
fi/Rcifi  is  comparable  with  unity,  the  amplification  is  greatly  impaired. 
This  difficulty  may,  however,  be  avoided  at  any  given  frequency  by  the 
device  of  shunting  the  grid-plate  capacity  with  an  inductance  of  suitable 
value  to  make  the  impedance  between  grid  and  plate  infinite  at  the  given 
frequency.  In  doing  this  it  is  of  course  necessciry  to  put  in  series  with 
the  inductance  a  large  condenser  to  avoid  conductive  connection  of  grid 
and  plate.  It  will  be  found  that  this  method  permits  greater  amplifica- 
tion at  one  frequency  but  it  is  open  to  the  objection  that  variation  of 
frequency  is  not  convenient.  Of  course  care  must  be  taken  not  to  couple 
this  antiresonant  mesh  with  others. 

The  Network  as  an  Oscillation  Generator. — In  my  Physical  Review 
paper  the  general  theory  of  oscillation  generators  was  given  and  it  was 
shown  that  the  possibility  of  sustained  free  oscillation  of  a  network 
depends  upon  the  existence  of  certain  types  of  unsjmimetrical  terms  in 
in  the  characteristic  determinant.  The  vanishing  of  the  determinant 
then  determines  both  the  frequencies  of  all  the  possible  modes  of  free 
oscillation  and  also  the  relations  which  must  hold  among  the  circuit 
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constants  in  order  that  the  oscillations  shall  be  sustained  (or  have  given 
damping).  Since  the  solution  for  any  oscillation  generator  requires 
only  the  ability  to  write  down  the  network  equations  and  find  the  roots 
of  the  determinant,  it  is  hardly  necessary  to  go  into  the  detailed  solution 
for  any  special  case.  As  an  example,  however,  the  network  of  Fig.  5, 
purposely  simplified  to  avoid  long  equations,  will  be  handled  by  the 
method  of  the  simplest  equivalent  circuit.    The  plate-grid  capacity  is 


Fig.  5. 

included  in  the  capacity  C  and  the  mutual  inductance  of  the  two  coils  is  m. 
Choosing  the  mesh  currents  as  shown,  the  network  equations  are 


Xi 

Xt 

Xi 

Ip^"^' 

I 

C\p 

—  mp 

C\P 

C.P    ^Cp-^^ 

-R 

'^'^c.p 

Cip 

Lp  +  R 

Note  that  these  are  the  same  as  the  last  set  with  the  addition  of  the 
transformer  coupling.  Now  if  we  reqtrire  that  the  oscillations  be  sus- 
tained, p  must  be  taken  equal  to  in,  in  which  n  is  2t  times  the  frequency 
of  oscillation.  Then  the  vanishing  of  the  determinant,  which  is  complex, 
will  require  that  the  real  and  imaginary  parts  separately  shall  vanish; 
that  is,  that  the  even  and  odd  powers  of  p  shall  separately  be  zero.  As 
explained  in  the  paper  above  cited,  this  determines  both  the  frequencies 
of  all  the  modes  of  oscillation  and  the  circuit  adjustments  which  must  be 
made  to  permit  the  oscillations. 

It  will  be  noticed  that  in  this  determinant  all  the  even  powers  of  p 
appear  in  the  coefficient  of  R\  consequently  by  combining  rows  and 
columns  until  R  appears  in  but  one  element,  the  even  powers  of  p  will 
be  contained  in  the  minor  of  that  element,  which  minor,  equated  to 
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zero,  will  determine  the  frequencies  of  sustained  oscillation.    This  process 
leads  to  the  frequency  equation : 

and  there  are  therefore  two  possible  frequencies  of  sustained  oscillation, 

corresponding  to  the  two  values  of  />*  =  —  n*.    Whether  or  not  these 

oscillations  will  actually  take  place  depends  upon  whether  the  circuit 

constants  are  adjusted  to  make  the  odd  powers  of  p  vanish.    This 

second  equation,  obtained  by  equating  to  zero  the  imaginciry  part  of 

Z>  =  o,  is: 

L  +  fitn 


(L»-m^)(|+M+i)/>*  + 


o. 


If,  when  one  of  the  values  of  f^  obtained  from  the  first  equation  is 
substituted  in  this,  it  is  satisfied,  the  oscillation  corresponding  to  that 
value  of  p  will  take  place.  This  fact  explains  a  peculiarity  of  this  kind 
of  circuit,  namely  the  common  experience  that  in  changing  the  frequency 
of  an  oscillator  circuit  the  frequency  may  suddenly  jump  to  some  entirely 
different  value  for  a  small  change  in  the  constants.  The  reason  is  that 
in  the  process  of  changing  the  frequency  the  circuit  constants  are  so 
changed  that  the  relation  holding  among  them  becomes  more  nearly 
correct  for  another  oscillation  which  would  not  before  satisfy  that  rela- 
tion. For  example,  in  circuits  of  the  type  above,  the  most  stable  fre- 
quency is,  for  most  ordinary  adjustments,  approximately  that  determined 
by  the  transformer  and  condenser  C  alone;  but  for  some  relations  of 
L,  w,  /i»  etc.,  the  circuit  will  not  maintain  this  frequency  but  will  pass 
to  the  other.  It  is  possible  to  design  a  network  in  which,  as  a  constant 
is  varied,  the  frequency  will  jump  discontinuously  from  one  value  to 
others.  The  converse  problem  is  to  design  an  oscillation  circuit  in  which 
the  condition  for  sustaining  a  given  oscillation  holds  for  all  variations 
of  the  element  which  is  used  to  vary  the  frequency.  Such  a  circuit  will 
be  stable  over  the  whole  frequency  range. 

Returning  to  the  particular  circuit  above,  it  will  be  seen  that  if  the 
capacity  Ci  is  very  small  the  frequency  of  sustained  oscillation  will  be 
that  for  which 

^       2(L-m)C' 

namely  that  corresponding  to  the  single  resonant  circuit  of  the  trans- 
former and  condenser  C,  The  second  equation  then  shows  that  this 
oscillation  will  be  sustained  if  /x  ==  i.  If  the  inductances  of  the  two 
windings  had  not  been  taken  equal,  fi  would  have  turned  out  to  be  a 


414  H.   W.  NICHOLS,  [^^ 

function  of  Lu  Ltt  m.  It  is  worth  noting  that  this  circuit  will  oscillate 
even  if  there  is  no  mutual  inductance  provided  the  circuit  constants  are 
properly  adjusted.  It  then  becomes  identical  with  the  amplifier,  dis- 
cussed above,  with  an  inductive  load. 

It  is  probably  unnecessary  to  mention  the  fact  that  the  solution  for 
all  three-mesh  oscillation  generators  may  be  derived  directly  from  the 
determinant  appropriate  to  this  one  by  simply  inserting  the  proper 
impedances.  The  solution  for  any  case  is  theoretically  just  as  simple, 
but  practically  the  algebra  is  usually  troublesome  when  there  are  more 
than  three  degrees  of  freedom.  An  exception  is  the  case  of  so-called 
"iterative  networks"  which  have  periodic  structures  and  certain  other 
symmetrical  networks. 

As  has  been  said,  these  methods  of  treating  the  audion  in  a  circuit  are 
approximate  only,  because  of  the  limiting  assumptions  made,  but  con- 
siderable use  of  them  in  connection  with  experimental  circuit  work  has 
shown  that  they  are  useful.  The  problem  of  finite  amplitudes  cannot 
be  handled  so  generally,  but  when  it  is  necessary  to  consider  such  refine- 
ments special  methods  are  available  which,  it  is  hoped,  may  be  given  in 
another  paper. 

Research  Laboratories  op  the 

Western  Electric  Co.,  Incorporated. 
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THERMIONIC  AND  PHOTOELECTRIC   PHENOMENA  AT 
THE  LOWEST  ATTAINABLE   PRESSURE. 

By  C.  F.  Hagenow. 

Synopsis. — The  object  of  these  hivestigations  was  fourfold : 

1.  To  study  the  photo-electric  effect  of  tungsten  at  the  lowest  possible  pressures, 
especially  after  the  illuminated  plate  had  been  denuded  of  occluded  gases  by  con- 
tinued electronic  bombardment  of  such  energy  as  to  maintain  it  at  a  white  hot 
temperature. 

The  pressures  attained  were  as  low  as  3.5  X  lo'^  mm.  of  mercury.  Upon 
denuding  a  tungsten  plate  of  its  occluded  gases  by  raising  it  to  a  bright  yellow 
heat  by  electronic  bombardment,  the  photo-current  rose  to  many  times  the  value 
obtained  before  such  denuding  and  further  heating  produced  no  further  change. 

2.  To  find,  by  direct  observation,  the  short  wave-length  limit  for  tungsten 
and  to  observe  how  this  changes,  if  at  all,  with  the  removal  of  occluded  gases. 

The  upper  wave-length  limit  of  tungsten  was  located  in  the  region  between 
2100  and  2300  A.  According  to  Einstein's  equation,  the  corresponding  values  of 
the  work  necessary  to  free  an  electron  from  the  metal  would  then  be  between  5.7  and 
6.3  volts.  These  are  larger  than  the  corresponding  values  in  the  case  of  thermionic 
emission. 

3.  To  observe,  with  the  aid  of  the  electric  vacuum  gauge,  recently  devised  by 
O.  E.  Buckley,  the  progress  of  the  clean-up  effect,  particularly  at  extremely  low 
pressures. 

Under  the  conditions  employed  it  was  not  found  possible  to  reduce  the  pressure 
by  means  of  the  clean-up  alone  lower  than  io~'  mm.,  which  was  not  as  low  as  could 
be  attained  with  the  pump  itself. 

4.  To  study  pressure  and  other  changes  accompanying  the  appearance  of  the 
"blue  haze." 

A  gradually  increasing  potential  difference  was  applied  between  the  tungsten 
plate  and  a  glowing  filament  until  the  blue  haze  appeared.  No  pressure  change 
whatever  was  observable  at  the  moment  of  its  appearance.  Certain  current  and  voltage 
discontinuities,  which  occur  under  the  experimental  condition  just  described,  were 
found  to  have  characteristics  similar  to  those  observed  by  O.  W.  Richardson  and 
Charles  B.  Bazzoni  in  the  case  of  mercury  vapor.  The  clean-up  of  the  blue  haze  is 
very  rapid  and  shows  a  striking  increase  in  its  rate  of  absorption  as  the  pressure 
approaches  the  final  minimum.  This  behavior  is  in  marked  contrast  to  the  clean-up 
with  a  lighted  filament,  but  without  a  field,  and  is  quite  similar  to  that  observed 
by  S.  Brodetsky  and  B.  Hodgson  in  their  experiments  with  a  vacuum  tube  dis- 
charge under  the  condition  of  abnormal  cathode  fall.  At  the  pressures  employed 
in  these  trials,  about  .01  mm.  of  mercury,  this  final  pressure  remained  unchanged 
in  the  presence  of  the  field,  and  did  not  change  further  even  in  those  cases  in  which 
a  trace  of  the  blue  glow  remained  in  the  tube. 
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I.  Effects  of  Electronic  Bombardment  upon  Photo-currents  from 

Tungsten. 

'^  I  "HE  question  of  the  part  played  by  occluded  gases  in  photo-electric 
-^  phenomena  has  received  the  attention  of  many  observers.  Among 
those  who  have  contended  that  the  photo-electric  effect  is  essentially 
dependent  upon  the  presence  of  occluded  gases  may  be  mentioned 
Paech/  Fredenhagen,*  Kiistner*  and  Wiedemann  and  Hallwachs.*  In 
particular,  Kdstner  finds  a  total  absence  of  the  effect  in  the  case  of  zinc 
when  gases  were  removed.  The  zinc  was  scraped  in  vacuo  and  all 
"reacting"  gases  were  removed  by  a  sp>ark  discharge  over  potassium. 

These  conclusions  are  contradicted  by  experiments  made  by  Pohl 
and  Pringsheim/  Hennings,*  Piersol/  Dushman,^  Millikan  and  Sender,* 
and  Welo.^®  For  example,  Piersol  finds  an  increased  sensitiveness  in 
a  number  of  metals  when  the  occluded  gases  are  removed  by  heating  the 
electrode  with  an  electric  current.  He  also  observed  a  superposed 
maximum  effect  "dependent  on  the  activity  of  the  gaseous  surface," 
which  disappeared  after  the  highest  temperature  was  reached. 

This  author  states  that  a  vacuum  of  .0002  cm.  of  mercury  was  used 
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Fig.  1. 

and  does  not  mention  the  use  of  liquid  air,  so  that  the  degree  of  exhaustion 
which  he  attained  was  not  of  the  order  aimed  at  in  this  experiment. 

As  the  technique  for  the  removal  of  the  occluded  gases  and  production 
of  higher  vacua  has  been  improved,  the  evidence  has  become  more  and 

»  G.  Paech,  Ann.  der  Phys.,  43»  I3S.  1913. 

*  K.  Fredenhagen.  Phys.  Zeit.,  15,  65.  1914. 
» H.  KOstner.  Phys.  Zeit.,  15.  68,  1914. 

*  G.  Wiedemann  and  W.  Hallwachs,  Ber.  d.  D.  Phys.  Ges.,  16,  107,  1914. 
» R.  Pohl  and  P.  Pringsheim,  Ver.  d.  D.  Phys.  Ges.,  16,  336,  1914. 

*  A.  E.  Hennings.  Phys.  Rev.,  4.  228,  1914. 
'  R.  J.  Piersol.  Phys.  Rev.,  8,  238,  1916. 

» See  I.  Langmuir,  Phys.  Zeit.,  15,  524,  1914. 

» R.  A.  Millikan  and  W.  H.  Souder,  Proc.  Nat.  Acad.  Sci.,  2,  19,  1916. 

"  L.  A.  Welo,  Phys.  Rev.,  4,  251,  1918. 
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more  conclusive  for  the  contentk>n  that  the  photo-electric  effect  is  an 
intrinsic  property  of  the  pure  metal.  This  paper  furnishes  further 
convincing  support  of  this  point  of  view. 

The  apparatus  (Fig*  i)  was  exhausted  by  the  mercury  diffusion  pump 
P  (kindly  furnished  by  the  Western  Electric  Company),  working  against 
a  fore-vacuum  of  .01  mm.  of  mercury,  or  less,  produced  by  a  T6pler 
pump.  Once  established,  no  further  pumping  was  necessary,  as  the 
volume,  V,  was  quite  large  compared  with  that  of  the  rest  of  the  appa- 
ratus. A  barometer  tube,  B,  served  as  a  valve  to  shut  off  the  part  to  the 
right  of  it.  L  is  the  liquid  air  trap,  which  was  kept  continually  in  liquid 
air  while  the  apparatus  was  set  up.  At  no  time  was  there  any  evidence 
of  mercury  vapor  in  the  tube  H.  For  measuring  the  pressures  the 
extremely  sensitive  ionization  gauge,  G,  due  to  Buckley,*  was  used.  The 
photo-electric  tube,  H,  contained  the  tungsten  plate,*  T,  opposite  which, 
at  a  distance  of  about  a  centimeter,  the  tungsten  filament,  F,  and,  in 
line  with  both,  a  tube  sealed  with  a  quartz  window,  W;  the  last  being 
fastened  with  De  Khotinsky  wax.  The  connecting  tubing  had  a  bore 
of  about  2.5  cm.  and  the  whole  apparatus  was  made  as  compact  as 
possible.  The  source  of  illumination  was,  for  the  most  part,  a  spark 
between  zinc  terminals.  To  avoid  all  electromagnetic  disturbances,  the 
spark  gap,  together  with  the  induction  coil,  storage  cell  and  Leyden  jar, 
were  all  enclosed  in  an  iron  box.*  A  Dolazelek  electrometer  served  for 
measuring  the  photo-currents,  a  sensibility  of  about  300  nam.  per  volt 
being  usually  employed.  An  electric  oven  could  be  slipped  over  a  region 
indicated  in  the  figure  by  the  dotted  line. 

The  ionization  gauge,  calibrated  by  Buckley  against  both  a  McLeod 
and  a  Knudsen  manometer,  gives  the  pressure  in  millimeters  of  mercury 
according  to  the  formula  (for  air), 

P  =  .05  7- » 

lA 

where  Ia  is  the  current,  in  amperes,  set  up  by  a  coated  filament  in  a 
field  of  200  volts  and  Ic  the  resulting  flow  of  positive  ions.  The  former 
can  be  read  on  a  miUi-ammeter,  at  least  for  the  larger  values,  and  the 
latter  by  means  of  a  galvanometer.  In  order  to  read  the  smaller  currents 
for  Ia  at  the  higher  pressures  more  accurately,  the  writer  employed  the 
following  null  method  of  measuring  these  small  currents.  Fig.  2  shows 
the  connections.    A  known  resistance,  Ri  is  placed  in  series  with  the 

>  O.  E.  Buckley.  Nat.  Acad.  Sd.  Proc.,  2,  683,  1916. 

*  This  was  a  thorium  free  sample  kindly  furnished  by  Dr.  Langmuir  and  of  the  same  sort 
used  by  him  in  the  determination  of  Richardson's  "b." 
» W.  H.  Kadesch,  Phys.  Rev.,  3,  367,  19 14. 


4i8 


C.   F.   HAGENOW. 


rSBCOMO 

LSbhibs. 


^^  4*'r»¥i^^  N 


Circuit  whose  current  it  is  desired  to  measure.     Connected  to  one  end,  A, 
of  this  resistance,  is  a  circuit  containing  a  variable  resistance,  R%-\-  lU 

and  a  cell,  whose  E.M.F.  need  be  known 
only  to  the  degree  of  accuracy  of  the  gauge 
itself.  A  Leeds  and  Northrup  portable  gal- 
vanometer was  put  at  G.  The  adjustment 
consists  simply  in  finding  a  point  B'  so  that 
on  closing  the  key,  K,  no  deflection  resulted. 
B  and  B'  being  then  at  the  same  potential, 
we  have,  calling  the  currents  in  R\  and  Rt 
respectively  C\  and  C2, 

C\R\  =  CfRt* 


t 


] 


Fig.  2. 


Also 


Therefore 


Ct 


Ci  = 


R.  +  Rt* 
RtE 


Ri{R,  +  Rt)  • 

As  actually  used,  the  resistances  were  set  in  a  fixed  relation  and  the 
heating  current  of  the  glower  of  the  gauge  regulated  for  zero  deflection 
of  the  galvanometer.  Since  Ia  need  not  be  changed  very  often  (i.  e., 
only  for  a  large  variation  in  the  range  of  pressure)  a  few  previously 
calculated  values  of  Ru  Ri  and  Rt  enabled  one  quickly  to  set  on  any 
desired  current. 

The  limit  of  this  instrument  to  indicate  low  pressures  is  set  only  by 
the  possibility  of  being  able  to  measure  the  current  Ic-  On  the  other 
hand,  it  was  found  that  a  maximum  reading  was  obtained  at  .019  mm. 
This  was  located  by  plotting  the  values  of  Ic  against  time  as  the  apparatus 
was  gradually  exhausted  by  a  Gaede  mercury  pump. 

The  photo-currents  measured  were  the  saturation  currents  for  a  timed 
duration  of  the  spark.  The  plate  T  (Fig.  i)  was  connected  to  one  of 
the  quadrants  of  the  electrometer,  the  other  being  earthed.  A  positive 
potential  was  applied  to  the  filament,  F,  the  other  pole  being  earthed, 
and  the  liberated  electrons  thus  removed  from  the  tube.  A  field  of 
10  to  20  volts  was  suflicient  for  saturation. 

With  the  apparatus  as  first  set  up  and  no  further  exhaustion  than 
simply  pumping  with  the  difl^usion  pump,  the  following  readings  were 
taken. 

The  photo-currents  are  expressed  in  millimeters  deflection  on  the  basis 
of  300  mm.  per  volt  sensibility  and  2-second  illumination  when  the  electro- 
meter alone  is  used.  (Sometimes  an  auxiliary  condenser  had  to  be 
connected.)     These  are  given  under  C  in  the  last  column. 


Vol.  XIII.l 
No.  6.        J 


THERMIONIC  AND  PHOTO-ELECTRIC  PHENOMENA. 


419 


Table  I. 


Dftto. 

No. 

/. 

C. 

Date. 

No. 

/. 

C 

May  10 

1 

4.8X10-» 

9.6 

May  13 

8 

7.7X10-» 

9.8 

11 

2 

$t 

7.2 

14 

9 

5.2X10-» 

8.7 

12 

3 

II 

7.1 

II 

10 

3.8XlO-« 

7.7 

i< 

4 

II 

6-6.8 

II 

11 

1.4X10-< 

8.1 

II 

5 

II 

8.2 

II 

12 

8.0X10-* 

8.9 

13 

6 

5.0X10-* 

7.9 

15 

13 

5.1X10-* 

7.8 

II 

7 

3.2X10-« 

8.7 

II 

14 

8.5  X 10-* 

7.3 

As  IS  to  be  expected  from  all  preceding  photo-electric  work  there  is 
here  no  evidence  for  a  relation  between  pressure  and  photo-currents. 
The  table  includes  every  run  that  was  made  until  the  apparatus  was 
opened.  On  one  or  two  occasions  the  writer  has  noticed  fluctuations  in 
excess  of  those  here  recorded,  but  the  foregoing  are  representative  of  the 
sort  of  constancy  that  readings,  taken  days  or  weeks  apart  under  ap- 
parently the  same  conditions,  would  show. 

It  may  be  mentioned,  parenthetically,  that  readings  were  sometimes 
taken  at  zero  fields,  the  filament  F  being  earthed.  Both  T  and  F  being 
of  the  same  metal  there  should  be  no  contact  potential  present.  The 
results  were  very  variable  in  this  case  as  might  be  expected  under  the 
conditions.  The  number  of  electrons  caught  by  the  filament  would 
depend  on  their  particular  distribution  at  any  particular  time,  and  this 
would  be  influenced  by  the  charging  of  the  inner  surface  of  the  glass 
tube.  It  was  observed  that  illuminating  the  plate  repeatedly,  even  when 
it  was  earthed  at  the  time,  would  cut  down  the  ensuing  current  greatly, 
doubtless  because  of  such  accumulation  of  charge  on  the  walls.  The 
effect  would  disappear  after  a  short  while.  This  phenomenon  practically 
ceased  at  the  saturation  voltage,  as  it  should  do  if  the  foregoing  explana- 
tion is  correct. 

The  effect  upon  the  photo-currents,  C,  of  denuding  the  tungsten  plate 
of  gases  is  shown  in  Table  II.  The  headings  have  the  same  significance 
as  in  Table  I.  The  denuding  was  done  by  glowing  the  filament  while  the 
negative  potential  indicated  in  the  last  column  was  applied  to  it. 

So  far  no  parts  of  the  apparatus  had  been  baked  out  or  the  metal 
parts  heated,  except  the  illuminated  plate  as  described.^ 

No  further  readings  were  taken  for  four  months.  A  new  tungsten 
plate  was  mounted,  though  from  the  same  original  piece.  Then  the 
data  contained  in  Table  III.  were  taken. 

The  increase  in  no.  3  is  not  as  large  was  as  expected  in  view  of  the 

>  The  ionization  gauge  and  the  tungsten  filament  in  the  photo-tube  had  been  renewed 
since  the  readings  in  Table  I.  were  taken. 
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Table  II. 


D«te. 

No. 

>. 

c 

Remuks. 

June    9 

1 

1.5X10-» 

1.4 

Just  after  set  up. 

i« 

2 

«< 

187.6 

After  first  bombardment,  for  10  minutes 
up  to  960  volts  D.C.  No  observable 
heating  of  the  plate. 

11 

3 

1.9X10-* 

133.0 

No  further  treatment  since  last  observa- 
tion. 

12 

4 

2.0XlO-» 

433.0 

After  bombardment  with  1,500  volts, 
about  30  minutes. 

13 

5 

1.9XlO-» 

449.0 

No  further  treatment  since  last  observa- 
tion. 

(Apparatus  opened.) 

July    6 

6 

2.6X10-* 

94.0 

Note  decrease  after  exposure  to  the  air. 

n 

7 

2.0X10-* 

1885.0 

After  bombarding  at  1,500  volts.  Not 
visibly  heated  but  surface  slightly 
altered  in  appearance. 

l< 

8 

2.0X10-* 

1900.0 

After  pumping  down  to  1/100  value  of 
preceding    pressure.    Practically    no 
effect  on  the  photo-current. 

7 

9 

1.6XlO-« 
(Apparatus 

1715.0 
opened.) 

Day  after  a  bombardment  up  to  1,400 
volts,  about  30  minutes.  First  time 
plate  at  red  heat  in  spots. 

18 

10 

2.9X10-* 

4.0 

Decrease  after  exposure  to  air. 

41 

11 

4.8X10-^ 

968.0 

After  bombardment  at  3,500  volts  A.C. 
about  30  minutes.  Plate  bright  red  in 
central  portion,  duller  at  edges. 

effect  of  other  cases  of  bombardment.  Also  the  spontaneous  increase 
in  no.  6  is  hard  to  account  for,  unless  the  fact  mentioned  in  the  last 
column  may  have  had  some  bearing  on  it.  However  in  view  of  the 
results  of  all  these  observations,  it  appears  that  there  is  an  enormous 
increase  of  photo-sensitiveness  after  the  occluded  gases  are  removed. 
No.  7  shows  the  final  reading  at  the  lowest  pressure  attained  for  photo- 
electric observations  in  the  course  of  these  experiments.  The  tube  and 
guage  had  been  baked  out,  the  metal  parts  all  glowed  (the  collector  plate 
of  the  gauge  had  shown  no  visible  heat  during  the  bombardment,  but  a 
subsequent  bombardment  that  caused  it  to  glow  did  not  influence  the 
pressure  attained).  It  can  then  fairly  represent  the  conditions  of  a 
pure  metal  in  a  very  low  pressure  thoroughly  out-gassed.  The  close 
agreement  of  the  final  values  of  C  in  Tables  II.  and  III.  is  probably  lai^gely 
accidental.  On  account  of  a  rearrangement  of  the  set  up,  necessitated 
by  the  addition  of  a  monochromatic  illuminator,  the  intensity  of  illumina- 
tion of  the  plate  in  Table  III.  was  slightly  changed. 
According  to  Table  II.  the  maximum  photo-current  occurs  after  only 
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Table  III. 


Date. 

No. 

p. 

c. 

Remarkf. 

Nov.  30 

1 

2.2X10-* 

50 

Dec.     1 

2 

(1 

93 

After  a  slight  bombardment  to  try  a 
new  transformer. 

Jan.     1 

3 

6.2X10-* 

112 

After  bombarding  15  minutes  at  3,500 
volts  A.C.    Plate  at  red  heat  all  over. 

2 

4 

9.0  X 10-* 

106 

No  further  treatment  since  last  observa- 
tion. 

3 

5 

1.1X10-* 

111 

After  baking  tube  and  gauge  for  one  hour 
at  300^  C. 

7 

6 

1.2X10-* 

407 

This  was  after  the  tungsten  filament  had 
been  brightly  glowed  for  one  hour  for  a 
clean  up  experiment. 

8 

7 

3.5X10-* 

964 

After  bombarding  15  minutes  at  2,200 
volts  A.C.  Plate  at  a  bright  orange 
yellow  heat.  Now  appears  for  the  first 
time  a  bright  metallic  lustre. 

a  moderate  heating  of  the  plate.  This  maxunum  does  not  appear  in 
Table  III.  and  is  probably  due  to  some  accidental  surface  condition  in 
the  first  case.  Piersol,^  however,  has  observed  a  similar  phenomenon 
in  the  case  of  a  number  of  other  metals.  When  new  trials  along  this 
line  were  undertaken  some  weeks  later,  troubles  unfortunately  developed 
with  the  mountings  of  the  tungsten  plate  that  made  further  tests  of  this 
kind  impossible. 

Pressure  readings  were  made  with  this  apparatus  down  to  3.5  X  io~^ 
mm.,  with  the  photo-tube  taken  off.  This  is  below  the  lowest  pressure 
which  it  was  possible  to  maintain  for  photo-electric  observations.  The 
De  Khotinsky  wax,  used  to  hold  the  quartz  window,  may  account  for 
this  difference.  Also,  as  has  been  mentioned  above,  it  was  impossible 
to  bake  out  every  part  of  the  apparatus.  An  attempt  to  heat  the  parts 
not  inclosed  by  the  oven  with  a  Bunsen  burner,  while  the  diffusion  pump 
was  in  operation,  proved  a  failure.  With  the  gauge  and  tube  in  the  elec- 
tric oven,  and  the  diffusion  pump  going,  mercury  vapor  diffused  over 
into  the  tube. 

It  was  also  found  that,  though  taking  off  the  liquid  air  caused  the 
pressure  to  rise  rapidly,  the  vacuum  could  be  as  quickly  restored  by 
replacing  it,  with  the  pump  in  operation.  Thus  in  one  case  the  pressure 
rose  almost  immediately  from  5  X  io~*  to  1.2  X  io~^  mm.  and  returned 
to  5  X  io~*  mm.  It  may  be  remarked  that  the  low  pressures  mentioned 
just  above  were  read  after  mercury  vapor  had  diffused  through  the  tubing 
as  described. 

*  Loc,  cit. 
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II.  Direct  Observation  of  Long  Wave-length  Limit  of  Tungsten. 

To  determine  the  long  wave-length  limit  of  sensitivity  of  the  tungsten 
a  Hilger  monochromatic  illuminator  was  set  up  before  the  quartz  window; 
a  Heraeus  quartz  mercury  lamp  being  the  source  of  light.  As  used  with 
this  apparatus,  this  lamp  with  direct  illumination  of  the  tungsten  plate, 
gave  a  scale  deflection  about  three  times  as  lai^  as  that  obtained  pre- 
viously with  the  zinc  spark,  i.  e.,  about  i,ooo  mm.  in  two  seconds  of 
illumination  when  no  condenser  was  used.  When  the  light  was  passed 
through  the  monochromator  it  was  found  impossible  to  obtain  any 
deflection  at  all  with  any  wave-length  which  would  pass  through  the 
instrument.  However  some  idea  was  gained  of  the  limits  of  sensitiveness 
by  means  of  two  absorption  media. 

A  solution  of  methyl  alcohol  placed  in  the  path  of  the  direct  beam 
from  the  source^  cut  out  the  effect  entirely.  The  first  trials  were  made 
after  the  runs  no.  2  in  Table  III.  Other  trials  after  no.  3  gave  the  same 
results.  Finally  after  the  last  run,  no.  7,  a  small  deflection  was  observed. 
This  was  less  than  one  thirteen  hundredth  of  the  deflection  caused  by 
the  unfiltered  light  and  about  twice  that  which  could  still  be  observed 
with  certainty.  Since  this  sensitiveness  was  not  attainable  before  the 
plate  was  thoroughly  out-gassed,  any  conclusions  as  to  a  real  change 
of  the  wave-length  limit  based  on  the  absence  of  any  observable  effect 
under  those  conditions  would  be  correspondingly  doubtful. 

The  empty  absorption  cell  itself,  by  virtue  of  the  absorption  of  its 
fused  quartz  windows,  cut  down  the  deflection  to  only  one  tenth  of  its 
value,  both  before  and  after  the  plate  was  out-gassed. 

Mt.  M.  J.  Kelly,  at  this  laboratory,  found,  photographically,  that 
methyl  alcohol  had  a  sharply  defined  absorption  region  beginnmg  with 
decreasing  wave-length,  at  2370  A,  and  that  the  fused  quartz  windows 
had  a  similar  absorption  region  beginning  at  2160  A.  Now  the  above 
experiment  showed  that  about  nine  tenths  of  the  total  light  effect  must 
have  been  due  to  wave-lengths  shorter  than  2160  A,  and  all  but  one  part 
in  thirteen  hundred  to  wave-lengths  less  than  2370  A.  The  question 
arises  whether  this  residual  effect  is  due  to  active  wave-lengths  longer 
than  2370  A  or  to  a  very  small  amount  of  light  of  shorter  wave-length 
that  was  not  entirely  absorbed  by  the  methyl  alcohol.  The  latter  is  the 
more  natural  assumption,  so  that  the  indication  of  this  experiment  is 
that  the  long  wave-length  limit  of  tungsten  is  between  2100  and  2300  A. 

We  can  compare  these  results  with  the  minimum  frequency  for  which 
tungsten  is  light-sensitive,  as  calculated  from  Einstein's  equation, 

hvo  =  Wo 

^  The  zinc  spark  was  also  used  at  times. 
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where  wq  is  the  work  done  by  an  escaping  electron  against  the  forces 
which  tend  to  retain  it  in  the  metal.  If  we  assume  that  Wo  has  the  same 
value  as  in  thermionic  emission,  we  can  use  its  value  as  obtained  from 
thermionic  experiments.  Lester^  has  made  some  experimental  verifica- 
tions of  the  identity  of  the  "work  function,"  ^,  of  £in  electron  escaping 
from  a  metal  and  "ft"  in  Richardson's  equation, 

The  relation  is 

ipe  =  bkf 

where  e  is  the  charge  on  an  electron,  k  the  gas  constant  for  one  molecule. 
(p  was  calculated  from  experiments  made  on  the  "cooling  effect."  Now 
if  we  assume  that  te/o  in  Einstein's  equation  has  the  same  value  as  in 
thermionic  emission,  using  Lester's  value  for  tungsten,  <p  =  4.478  volts, 
we  have 

ipe     4.478  X  4774  X  lo-^^  ^^  _      ,^ 

h        300  X  6.547  X   10-2^ 
or 

Xo  =  2757A. 

On  the  assumption  that  the  experiment  with  the  methyl  alcohol 
light  filter  does  really  indicate  a  total  absence  of  light  sensitiveness  to 
wave-lengths  longer  than  2370  A,  the  difference  is  seen  to  be  at  least 
400  A.  This  is  much  larger  than  the  variations  in  either  the  values  of  tp 
as  observed  by  Lester,  or  the  values  of  ft  obtained  by  Langmuir  when 
proper  precautions  were  taken  to  have  all  occluded  gases  removed. 

It  may  be  mentioned  that  Lester's  value  of  ft  (=  <pelk)  is  52,130. 
This  agrees  well  with  the  weighted  mean  value,  ft  =  53,130,  which  that 
writer  has  calculated  from  some  measurements  by  Smith*  and  Langmuir.* 

Lester*  also  found  that  the  effect  of  residual  gases  was  to  increase  the 
value  of  ip.  This  he  tested  by  sealing  off  a  tube  containing  a  tungsten 
filament  and  allowing  the  glowing  filament^  to  clean  up  the  active  gases 
present.  Inert  gases  do  not  affect  ip.  If  this  fact  has  any  direct  bearing 
on  the  present  experiment  it  would  mean  that  the  occluded  gases  re- 
sponsible for  the  higher  value  of  <p  were  such  that  they  were  not  driven 
out  by  the  treatment  the  plate  received  as  described  above. 

It  is,  of  course,  not  established  that  the  work  function  is  the  same  in 
photo-electric  as  in  thermionic  emission,  or  that  these  phenomena  deal 
with   the  same  type  of  electron.     Concerning  the  case  of  platinum 

*  Horace  Lester,  Phil.  Mag.,  31,  197,  1916. 
'  K.  K.  Smith,  Phil.  Mag.,  29.  802,  191 5. 

»  I.  Langmuir,  Phys.  Rev.,  2,  450,  1913. 

*  Loc,  cit. 

*  J.  «.,  the  same  filament  which  was  the  subject  of  investigation. 
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Hughes*  makes  the  following  comparison:  Richardson^  gives  5.34  volts 
as  representing  the  work  done  (per  unit  charge)  when  an  electron  escapes 
from  hot  platinum.  But  from  photo-electric  observations,  using  the 
most  probable  value  of  Xo,  viz.,  2910  A,  Vo  comes  out  3.86  when  calculated 
from  F  =  jfey  —  Vq.  When  instead  of  k  the  corresponding  value  from 
the  quantiun  theory,  h/e  is  used,  Vo  becomes  equal  to  4.32  volts. 

The  results  of  the  present  experiments  indicate  a  value  of  the  work 
function,  calculated  from  Einstein's  equation,  as  lying  between  5.7  and 
6.3  volts.  The  work  required  to  remove  an  electron  from  tungsten 
photo-electrically  thus  seems  to  be  larger  than  that  required  in  the  case 
of  thermionic  emission. 

III.  Clean-up  Effects. 

The  fact  that  an  incandescent  filament  tends  to  improve  the  vacuum 
has  been  noted  by  many  observers.  It  has  been  subjected  to  detailed 
study  by  Langmuir*  for  a  number  of  gases. 

The  present  attempt  offers  nothing  new,  except  as  it  might  serve  to 
make  a  comparison  with  another  sort  of  clean-up  to  be  discussed  later 
in  connection  with  the  blue  haze  experiments. 

The  mercury  valve,  B  (Fig.  i),  was  closed  and  the  filament  glowed  a 

little  more  brightly  than  in  the  ordinary  Mazda  lamp.    The  following 

readings  were  then  taken. 

Table  IV. 


Time  (Minotei). 

/. 

AbtorpUon 
Cv.  mm.  X  lo*r. 

Per  Minute. 

0 

L2X10-* 

5 

6.8X10-* 

6.84 

1.37 

10 

3.5X10-* 

4.55 

.91 

20 

1.9  X 10-* 

2.20 

.22 

30 

1.6X10-* 

.40 

.04 

40 

1.4X10-» 

.26 

.026 

50 

1.3X10-* 

.13 

.013 

60 

1.25X10-* 

.07 

.007 

The  absorbed  air  is  given  in  cu.  mm.  at  atmospheric  pressure  per  cu. 
mm.  of  the  volume,  v,  of  the  apparatus  used.  The  last  column  contains 
the  average  rate  per  minute  in  the  same  units. 

The  next  day  but  one  following  this  run  the  pressure  was  found  to 
have  risen  to  2.8  X  io~*  mm.,  when  the  filament  was  again  glowed  at  a 
higher  temperature,  bringing  the  pressure  down  to  a  little  below  lO"*  mm. 
The  graph  is  shown  in  Fig.  3. 

1  A.  L.  Hughes,  Photo-electricity,  Cambridge  Uaiversity  Press. 

*  O.  W.  Richardson  and  K.  T.  Compton,  Phil.  Mag..  24,  576,  191 2. 

»  I.  Langmuir,  J.  Am.  Chem.  Soc.,  34,  1310,  1912;  35,  107,  1913;  35.  93it  I9i3' 
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Table  IV.  shows  that  the  rate  of  clean-up,  as  shown  in  the  last  column, 
diminishes  to  i /200th  of  its  initial  value  while  the  pressure  drops  to 
i/ioth  of  its  original  amount.  According  to  Langmuir'  the  rate  of 
clean  up  for  oxygen  is  proportional  to  the  pressure.  For  nitrogen*  it  is 
different  according  to  the  range  of  pressure  experimented  with,  but  is  in- 


Fig.  3. 

dependent  of  the  pressure  in  the  interval  from  .0065  mm.  to  .0001  mn*. 
of  mercury. 

The  present  experiment  indicates  that  the  rate  of  clean  up  of  air 
decreases  at  a  greater  rate  than  the  pressure  and  that  the  latter  reaches 
a  fairly  well  defined  limiting  value,  which  is  manifestly  not  due  alone  to 
the  inert  gases.  Langmuir  found  a  "fatigue  effect"  in  the  case  of  hydro- 
gen, so  that  a  continual  treatment  of  the  glowing  wire  in  that  gas  brought 
the  clean-up  practically  to  a  standstill.  In  view  of  these  experiments 
and  the  fact  that  the  rate  of  clean  up  depends  on  the  temperature  of  the 
iilament  in  a  way  widely  different  for  the  different  gases,  no  general 
conclusions  can  be  drawn  from  experiments  on  a  mixture  such  as  air. 

IV.  Phenomena  Accompanying  the  Appearance  of  the 

"Blue  Haze." 

The  bluish  glow,  known  as  the  "blue  haze"  has  often  been  remarked.' 

>I.  Langmuir.  J.  Am.  Chem.  Soc.,  35,  107,  1913. 

'Loccil..  3S.  931.  1913- 

•  W.  R.  Whitney,  Proc.  Am.  Iii»t.  El.  Eng.,  31.  No.  i.  931,  1913.     Saul  Duahman.  Phvs. 
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It  can  be  seen,  at  a  certain  state  of  exhaustion,  in  the  ordinary  incan- 
descent lamp.  Whitney*  observed  that  it  "cleaned  up"  gases  and  was 
accompanied  by  a  disintegration  of  the  lighted  filament. 

The  present  investigation  may  be  grouped  under  three  heads:  (A) 
Pressure  changes  and  general  observations;  (B)  Current-voltage  rela- 
tions; (C)  Clean-up  eflFects. 

(A)  Pressure  Changes  and  General  Observations, 

To  attempt  to  study  the  pressure  changes  preceding  sind  accompanying 
the  appearance  of  the  glow,  the  following  procedure  was  adopted. 

The  valve  B  (Fig.  i)  was  closed,  the  filament  F  glowed  brightly  sind  a 
positive  |x>tential  applied  to  the  plate  T;  the  filament  being  the  negative 
pole.  The  indications  of  the  gauge  were  observed  while  the  potential 
was  gradually  increased. 

The  first  experiments  were  performed  at  a  comparatively  high  field 
voltage  of  900  to  2,100  volts  A.C.  and  at  pressures  varying  from  6  X  lO"* 
to  5  X  io~*  mm.  of  mercury.  No  change  in  the  pressure  was  observed, 
even  at  the  instant  the  blue  haze  appeared  and  the  plate  was  red  hot  with 
the  bombardment  (showing  incidentally  how  thoroughly  the  metal  had 
been  out-gassed).  It  was  noticed  that  the  gauge  current  I  a  was  always 
diminished  when  the  field  was  applied  to  the  tube  H.  But  Ic  was  found 
to  diminish  in  the  same  ratio,  so  that  as  far  as  the  gauge  indicated,  there 
was  no  change  of  pressure. 

In  order  to  bring  the  necessary  potential  within  lower  sind  more 
accurately  measurable  limits,  it  was  decided  to  use  a  pressure  as  high  as 
.01  mm.  A  potentiometer  supplied  the  field  up  to  the  available  220 
volts,  D.C. 

It  was  then  observed  that  the  blue  haze  appeared  very  sharply,  ac- 
companied by  a  sudden  fluctuation  in  the  voltage  downward  and  a  break 
upward  in  the  electronic  current.  This  phenomenon  has  been  described 
by  Richardson  and  Bazzoni,*  in  their  experiments  on  mercury  vapor. 

At  the  first  one  of  such  fluctuations  a  blue  glow  appears  directly  behind 
the  anode;  it  can  be  made  to  appear  and  disappear  within  a  variation  of 
potential  too  small  to  be  observed  on  a  Weston  30-volt  voltmeter,  with 
which  a  change  of  one  fifth  volt  could  be  easily  detected.  On  increasing 
the  field  the  glow  spreads  into  the  tube  and,  a  little  later,  at  a  voltage 
which  seemed  to  be  constant  for  all  pressures  tried,  a  second  "kick" 
occurred.     Here  the  glow  suddenly  spread  further  into  the  tubing  above 

Rev.,  4,  123,  1914.    A.  Wehnelt  and  E.  Liebreich,  Phys.  Zeit.,  15,  557,  1915.    O.  W. 
Richardson  and  Charles  B.  Bazzoni,  Phil.  Mag.,  32,  426.  1916. 

*  Loc,  cit. 

*  Loc.  cit. 
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the  bulb  H  and  also  increased  greatly  in  intensity.  At  this  point  the 
glow  was  very  sharply  defined  and  a  column  of  it  could  be  pushed  along 
the  tubing  at  will  by  controlling  the  field. 

The  gauge  showed  no  change  in  the  pressure  at  any  time,  except  that 
after  some  minutes  it  would  begin  to  register  the  falling  pressure  due  to 
the  above-mentioned  clean-up  effect.  The  blue  glow  then  began  gradu- 
ally to  recede  into  the  tube  H  and  finally  to  disappear  altogether.  The 
rate  of  disappearance  depends  on  the  pressure  of  the  absorbable  gases 
present,  and  for  the  lower  pressure,  the  rapid  disappearance  of  the  glow, 
once  it  begins  to  withdraw,  is  very  striking.  As  shown  at  the  end  of  the 
paper,  this  disappearance  was  accomplished  at  times  in  an  interval  of  a 
second.  In  these  experiments  also,  as  in  the  first  trials  with  A.C.  fields, 
it  was  observed  that  the  gauge  current  I  a  was  always  diminished  when 
the  field  was  applied  in  the  tube  H,  But  Ic  diminished  in  the  same  ratio, 
so  that  the  gauge  recorded  no  change  in  pressure. 

(B)  Current  Voltage  Rdations. 

In  order  to  maintain  the  pressure  as  nearly  constant  as  possible 
during  a  set  of  observations  the  mercury  seal  B  was  left  open.  A  con- 
stant P.D.  of  seven  volts  was  maintained  across  the  terminals  of  the 
filament.  To  the  apparatus  mentioned  above  was  added  a  milliam- 
meter.  A  tjrpical  set  of  readings  is  shown  in  Table  V.  Vi  is  the 
first  "kick"  voltage,  when  the  blue  color  first  appears  behind  the 
anode;  Ci  the  corresponding  current  chsinge.  In  this  set  the  initial 
cuirent  was  not  readable  on  the  scale  used.  Vt  is  the  voltage  drop  at  the 
second  kick,  already  referred  to  above.  The  voltages  are  measured  at 
the  positive  end  of  the  glowing  filament,  the  average  would  thus  be  3.5 
volts  greater.    Under  Ct  are  given  the  current  readings  corresponding  to 

the  voltages,  Ft. 

Table  V. 


No. 

p. 

Fi. 

Oi, 

Vu 

a. 

1 

.0101 

18->14 

0  -►  .005 

26-^22 
30-^25 

.130 -►.133 
.135 -►  .140 

2 

.0086 

22->16 

-►.006 

22-^20 

.113 -►.115 

3 

.0068 

24->16 

-►.007 

22 -►20 

.118 -►  .122 

4 

.0047 

33->18 

-►.013 

25 -► 

5 

.0023 

S4->24 

-►.026 

6 

.0010 

92 -►44 

-►.045 

Owing  to  the  fact  that  even  with  the  considerable  volume  in  use  the 
pressure  would  slowly  diminish,  it  was  usually  impossible  to  duplicate 
any  reading  during  a  run.    The  kicks  are  rather  hard  to  catch  accurately 
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and  rapid  fluctuations  are  apt  to  occur  at  these  points  of  instability, 
eepecially  at  the  lower  pressures.  Thus  in  case  of  no.  6  the  voltage  and 
current  made  the  jump  back  and  forth  twice,  Anally  remaining  at  the 
"before  the  kick"  value.  This  meant,  of  course,  that  the  clean-up  had 
progressed  so  far  that  the  higher  potential  of  Vi  was  not  sufficient  to 
start  the  blue  glow  again. 

Fig.  4  is  the  plot  from  the  above  data.  No.  i  seems  to  have  three 
points  of  instability,  though  that  may  well  be  the  result  of  the  manipula- 
tion of  the  potentiometer.     It  did  not  occur  in  the  other  sets.    The 


Fig.  4. 

currents  before  the  first  break  are  not  shown  in  the  plot;  they  increase 
gradually  from  zero  until  the  break.  Thus  the  whole  phenomenon 
resembles  that  described  by  Richardson  and  Bazzoni'  in  the  case  of 
mercury,  even  to  the  order  of  magnitudes  involved.  These  observers 
mention  also  the  second  point  of  instability,  but  are  of  the  opinion  that 
it  is  due  to  the  "discharge  wandering  in  the  tube"  and  did  not  regard  it 
as  of  as  much  interest  as  the  first.  Coming  as  it  does  at  approximately 
the  same  voltage  for  all  the  pressures  would  suggest  that  it  is  a  function 
of  the  apparatus  rather  than  of  the  other  conditions.  This  would 
remain  to  be  investigated. 

Referring  again  to  the  curves,  it  seems  as  if  in  no.  5  the  first  break  had 
overtaken  the  second,  being  just  at  that  voltage;  it  shows  also  another 
break  later.     But  the  conditions  at  that  stage  were  too  variable  to  make 
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any  general  statement.  This  is  also  evident  from  an  inspection  of  the 
progress  of  the  currents,  after  the  fir^t  very  rapid  increase  immediately 
after  the  first  break.     No.  6  consisted  of  only  the  first  jump. 

A  second  table  is  added  to  show  the  duplicability  of  the  phenomenon. 
The  seventh  colunm  gives  the  ratio  of  the  currents,  before  and  after  the 
first  kick.  This  was  used  by  Richardson  and  Bazzoni  as  a  measure  of 
the  magnitude  of  the  kick.     It  shows  a  maximum  as  found  by  them. 

Table  VI. 


No. 

A 

Tx. 

Ci  X  xo«. 

y*. 

Cu 

Ratio  of  Ci«. 

1 

.0120 

17 -►    14.5 

.75  ->       5.9 

26->24 

.104 -►.107 

7.9 

2 

.0113 

19  ->    16 

1.5    ->      12.0 

28->22 

.136  -►  .148 

8.0 

3   • 

.0070 

26  ->    16 

1.8    ->     40.0 

22 -►21 

.105  -►  .108 

22.2 

4 

.0026 

60->    26 

2.7    ->     50.0 

28 -►26 

18.5 

5 

.0013 

114 ->   42 

45       -*   600 

13J 

6 

.0009 

206  ->  105 

110       ->1270 

11.5 

The  behavior  of  the  voltage  Fi,  also,  is  similar  to  that  found  by  those 
observers  for  mercury.  Thus,  an  attempt  to  lower  the  voltage  after 
the  first  "kick"  results  in  a  sudden  drop  to  the  initial  part  of  the  curve; 
f .  e,t  to  a  smaller  current  and  larger  voltage. 

As  is  evident  from  Tables  V.  and  VI.,  the  minimum  |x>tential  necessary 
to  maintain  the  glow  (which  is  practically  the  lower  reading  in  the  column 
under  Vi)  approaches  a  limiting  value  as  the  pressure  increases.  In 
these  experiments  the  minimum  value  for  Vi  was  never  below  14  volts, 
with  a  pressure  up  to  .02  mm.,  the  highest  readable  on  the  gauge.  Taking 
account  of  the  potential  difference  across  the  terminal  of  the  glowing 
filament,  the  average  potential  would  be  17.5  volts.  Compared  to  the 
ionizing  |x>tential  for  nitrogen  (using  7.7  volts),  this  is  roughly  in  the 
same  ratio  as  the  corres|x>nding  quantities  Richardson  and  Bazzoni 
found  for  mercury,  viz.,  11.5  volts  for  the  glow  as  compared  to  minimum 
ionizing  potential  of  4.9  volts.  However,  in  the  light  of  some  recent 
experiments  by  Hebb,*  who  has  shown  that  pure  mercury  vapor  will 
arc  at  4.9  volts,  the  above  comparison  may  not  have  any  significance. 
The  present  trials  were  necessarily  complicated  by  the  fact  that  they 
were  made  on  a  mixture  of  gases  subject  to  a  sorting-out  effect  due  to  the 
clean-up.  A  detailed  study  of  this  phase  of  the  ionization  problem  on 
pure  gases  would  seem  to  be  a  profitable  undertaking. 

The  writer  does  not  lose  sight  of  the  fact  that  where  there  is  very 
probably  a  selective  absorption  of  the  gases  present  in  air,  the  gauge 
constant  would  be  subject  to  change.     Nevertheless,  such  a  variation 

1  T.  C.  Hebb,  Phys.  Rev.,  ii,  170,  1918. 
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would  not  obliterate  the  general  trend  of  the  phenomenon  in  question. 
This  also  applies  to  the  experiments  on  clean-up  effects,  which  follow. 

(C)  Clean-Up  Effects. 

The  clean-up  effect  of  the  blue  haze  was  very  marked,  as  was  the 
wearing  away  of  the  lighted  filament.  The  walls  of  the  tube  became 
covered  with  a  shiny  brown  coating,  showing  interference  colors.  Lang- 
muir^  refers  to  a  "clear  brown"  coating  as  being  WNt-  This  clean-up 
is  characteristically  different  from  that  produced  by  the  lighted  filament 
without  a  field  between  the  filament  and  a  neighboring  electrode.  As 
will  be  shown  more  in  detail  later,  the  rate  of  clean  up  is  quite  different 
and  increases  with  decreasing  pressure  just  before  the  blue  glow  disap- 
pears. Also  it  operates  at  a  considerably  higher  pressure  than  the 
ordinary  clean-up.  Thus  it  was  always  possible  to  evacuate  with  the 
blue  haze  at  .02  mm.  pressure,  though  a  glowing  filament,  without  the 
field,  had  absolutely  no  effect  at  this  pressure. 

In  order  to  accelerate  the  progress  of  the  phenomenon  a  smaller  volume 
was  used,  B  being  closed.  The  first  observations  were  taken  inmiediately 
after  the  experiments  described  in  part  "B"  above  were  completed; 
that  is,  after  the  air  in  the  apparatus  had  presumably  been  deprived  of 
its  more  easily  absorbed  constituents. 

The  filament  being  glowed  as  before  and  the  maximum  field  applied 
(not  over  220  volts)  pressure  readings  were  taken  at  intervals  of  a  minute, 
during  the  first  two  runs.  As  soon  as  the  minimum  pressure  was  attained, 
B  was  opened  a  moment,  thus  equalizing  the  pressure  throughout  the 
apparatus,  and  B  again  closed  for  the  next  run. 

The  tube  and  about  half  of  the  connecting  tube  to  the  gauge  was 
filled  with  intense  purple  glow  which  turned  to  a  pure  blue  as  the  exhaus- 
tion proceeded.  After  a  time  the  glow  would  begin  to  recede  into  the 
tube  and,  usually,  disappear  altogether.  In  the  instances  where  a  glow 
remained  there  was  no  difference  in  the  pressure  observed.  The  rapid 
decrease  in  the  time  required  for  glow  to  disappear  as  run  after  run  was 
made  was  very. striking.  Table  VII.  gives  a  summary  of  these  trials. 
The  initial  and  final  pressures  are  denoted  by  pi  and  pt  respectively; 
/  is  the  time  taken  for  the  glow  to  disappear,  which  was  also  the  interval 
between  the  two  pressure  readings,  as  nearly  as  they  could  be  taken. 
No  great  accuracy  is  claimed  for  the  time  in  the  shorter  intervals,  but 
they  serve  sufficiently  to  indicate  the  progress  of  the  phenomenon.  The 
quantities  in  the  last  two  columns  are  the  same  as  the  corresponding 
ones  in  Table  IV. 

*  I.  Langmuir,  J.  Am.  Chem.  Soc.,  35,  931,  1913. 
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Table  VII. 


Ho. 

«. 

«■ 

Sac^d*. 

Cn.  mm.  x  iciK>. 

.0110 

.0015 

360 

12.5 

2.10 

.0076 

.0011 

240 

8.55 

2.14 

.0072 

.0010 

30 

8.16 

16.3 

.0065 

.0009 

20 

7.37 

22.1 

.0062 

.0015 

4 

6.2 

93 

.0058 

.00061 

2 

6.S 

205 

.0053 

.00068 

1 

6.0 

360 

.00*9 

.00099 

5.4 

— 

.004ti 

.0011 

— 

4.6 

— 

Thus  aa  the  proportion  of  absorbable  gases  decreases  with  each  ran, 
the  rate  of  clean-up  increases.  The  total  pressure  at  the  beginning  of 
the  final  ran  is  only  a  little  less  thfin  half  that  at  the  commencement 
of  the  experiment. 

The  matter  was  next  tested  by  adnutting  a  fresh  lot  of  air  into  the 
apparatus.  The  valve  B  was  left  open  and  the  entire  apparatus  evacu- 
ated in  the  above  manner.  Readings  were  taken  every  minute  or  two 
until  a  steady  state  was  reached  at  a  pressui'e  of  .0008  mm.  at  the  end 
of  45  minutes. 

The  results  are  best  represented  in  a  graph,  shown  in  Fig.  5.    The 


Fig.  5. 

curve  is  practically  a  straight  line  up  to  a  pressure  of  .00Z2  mm.,  when 
there  is  a  rapidly  increasing  acceleration  until  the  minimum  pressure  is 
attained.    It  is  at  that  point  the  glow  begins  to  recede  and  disappear. 

The  field  and  current  strength  were  recorded.  Both  remained  at  a 
fairly  steady  state  during  the  greater  part  of  the  time,  t.  e.,  until  the 
bend  in  the  curve  was  reached,  when  the  voltage  rose  and  the  current 
fell  rapidly. 
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In  the  present  case  we  are  dealing  with  a  mixture  of  gases,  hence, 
since  the  rate  of  absorption  increases  with  the  diminution  of  the  total 
pressure,  it  must  vary  still  more  rapidly  with  the  partial  pressure  of  the 
more  absorbable  constituents. 

According  to  Langmuir*  the  oxygen  atoms  collide  with  electrons  in 
the  tungsten  filament  by  virtue  of  the  energy  of  agitation  of  the  former, 
which  then  take  on  a  negative  charge  and  combine  with  positive  tungsten 
atoms.  A  field  might  conceivably  aid  or  retard  this  process;  n^ative 
oxygen  ions  being  repelled  before  chemical  combination  could  take  place; 
or,  positive  ions  of  the  gas  impelled  to  the  negative  filament. 

In  an  investigation  on  the  absorption  of  gases  in  vacuum  tubes, 
Brodetsky  and  Hodgson^  have  given  evidence  for  a  mechanical  theory  of 
the  phenomenon.  Glass  vacuum  tubes  were  used,  the  current  being 
obtained  from  a  high  potential  battery.  A  curve  for  air  shown  by  them 
has  the  general  characteristics  of  Fig.  5. 

According  to  their  work  the  absorption,  together  with  the  disintegration 
of  the  cathode,  is  conditioned  on  the  presence  of  an  abnormal  cathode 
fall:  neither  of  the  two  effects  appearing  when  the  cathode  fall  is  normal. 
The  fact  is  cited  (supporting  the  mechanical  theory)  that  the  inactive 
gases  helium  and  argon  are  also  readily  absorbed.  Hodgson^  shows 
curves,  similar  to  the  above,  for  helium.  Whatever  may  be  the  mechan- 
ism of  the  process,  the  absorption  in  the  case  of  the  blue  haze  is  certainly 
of  the  same  nature  as  the  vacuum  tube  discharge.  Just  how  selective 
it  is  and  how  it  may  vary  with  the  field,  which  affects  the  ionization, 
remains  a  subject  for  further  investigation.  In  all  cases  of  absorption 
with  the  blue  haze  in  the  present  experiments  the  minimum  pressure 
was  about  10  per  cent,  of  the  initial  one.  This  is  of  course  too  large  to 
be  accounted  for  by  a  residue  of  the  inert  gases  alone. 

A  number  of  attempts  were  made  to  obtain  some  information  of  the 
nature  of  the  process  by  spectroscopic  means. 

A  Schmidt  and  Haensch  direct  vision  spectrometer  (after  Hoffmann) 
was  employed.  As  has  been  stated  above,  the  color  of  the  glow  changes 
from  a  sort  of  purple  to  a  pure  blue  toward  the  end  of  the  exhaustion. 
The  spectrum  of  the  blue  haze  at  .01  nun.  pressure  showed  the  brighter 
nitrogen  and  oxygen  lines  and  some  of  the  nitrogen  bands  of  the  first  and 
second  Deslandres  series  as  described  by  Kayser.  No  hydrogen  lines 
were  seen.  After  a  clean-up,  whenever  there  remained  a  visible  glow, 
it  was  found  that  the  nitrogen  bands  of  the  first  group  had  disappeared 
and  some  of  the  second.     H.  and  H^  were  observed. 

1 1.  Langmuir,  J.  Am.  Chem.  Soc.,  35,  107,  1913. 

'  S.  Brodetsky  and  B.  Hodgson,  Phil.  Mag.,  31.  478,  1916. 

*  B.  Hodgson,  Phys.  Zeit.,  13,  595,  1912. 
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It  was  thought  that  the  removal  of  a  great  deal  of  the  nitrogen  and 
oxygen  might  allow  other  lines  to  become  more  prominent,  such  as  those 
of  argon.  In  order  to  make  possible  a  more  careful  and  detailed  study 
of  the  spectrum,  a  table  was  constructed  showing  the  observed  lines 
and  the  most  prominent  lines  of  the  common  and  the  noble  gases  in 
parallel  columns.  A  number  of  new  lines  did  appear  that  corresponded 
to  those  of  argon  within  the  limits  of  accuracy  of  the  spectroscope,  but 
they  were  not  among  the  prominent  ones,  and  could  usually  be  duplicated 
by  either  nitrogen  or  oxygen,  though  these  latter  had  not  been  seen 
before  the  clean-up.  Thus  it  was  practically  impossible  to  draw  any 
safe  conclusions  from  the  character  of  the  spectrum.  Also  the  feeble 
luminosity,  in  the  bright  glare  of  the  lighted  filament,  made  observation 
difficult. 

In  conclusion  the  writer  wishes  to  take  this  opportunity  to  thank  Dr. 
Millikan,  at  whose  suggestion  these  experiments  were  undertaken,  for 
his  very  kind  assistance  and  numerous  helpful  suggestions. 
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RESIDUAL  GASES  AND  VAPORS  IN  HIGHLY  EXHAUSTED 

GLASS  BULBS. 

By  J.  E.  Shraobr. 

Synopsis. — The  investigation  of  high  vacua  has  been  extended  by  making 
observations  on  the  effect  of  the  sealing  off  of  highly  exhausted  glass  bulbs,  and 
noting  the  subsequent  change  in  pressure  with  time  over  an  extended  period.  On 
sealing  off  the  bulbs  and  gauges  by  melting  the  glass  at  a  constriction  there  is  a 
comparatively  large  evolution  of  gases  and  vapors  which  can  be  partly  removed 
by  pumping  during  the  time  of  sealing  off,  but  the  pressure  in  the  bulbs  is  always 
four  or  five  times  as  large  as  the  pressure  before  sealing  off. 

T) Y  the  use  of  the  mercury  diffusion  pump  and  the  Knudsen  absolute 
-L^  gauge  pressures  of  the  order  of  i  X  lo"®  mm.  Hg  have  been 
produced  and  measured.*  These  pressures  have  been  measured  during 
the  operation  of  the  pump  and  it  has  not  come  to  the  attention  of  the 
author  that  any  data  have  been  obtained  showing  what  pressures  can 
be  maintained  in  bulbs  which  have  been  pumped  to  this  degree  of  exhaus- 
tion and  sealed  off.  To  secure  information  on  this  subject  four  glass 
vessels  were  exhausted  to  a  high  vacuum  and  sealed  off  and  their  change 
in  pressure  with  time  was  observed.  The  system  for  this  investigation 
consisted  of  a  mercury  diffusion  pump  with  liquid  air  trap,  a  sensitive 
Knudsen  absolute  gauge  of  about  500-c.c.  capacity  and  the  bulb  to  be 
tested  of  about  i, 500-c.c.  capacity.  A  narrow  constriction  was  made 
in  the  tube  connecting  the  bulb  and  gauge  to  the  pump  so  that  they 
could  be  sealed  off  readily  by  heating  a  limited  amount  of  glass.  The 
gauge  and  bulb  were  so  disposed  that  they  could  be  heated  by  an  electric 
oven  to  a  short  distance  beyond  the  constriction.  At  the  same  time  all 
the  glass  connecting  tubing  was  heated  with  a  bunsen  flame  to  release 
occluded  gases  and  vapors. 

It  has  been  recognized  that  the  vacuum  obtainable  with  the  diffusion 
pump  is  limited  practically  by  the  heat  treatment  of  the  glass,  though  it 
is  true  that  the  greater  the  speed  of  the  pump  the  lower  the  pressure 
that  can  be  reached.  Equilibrium  will  be  established  when  the  speed  of 
the  pump  is  equal  to  the  rate  at  which  gases  and  vapors  are  given  off 
from  the  glass.     If  the  escape  of  the  gases  and  vapors  is  accelerated  by 

^  Shrader  and  Sherwood,  Production  and  Measurement  of  High  Vacua.  Phys.  Rev., 
Vol.  XII.,  No.  I,  July,  1918. 
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heat  treatment,  this  equilibrium  is  reached  sooner  and  the  ultimate 
pressure  is  lower.  The  effect  of  heat  treatment  on  the  vacuum  obtain- 
able after  pumping  until  equilibrium  was  reached  at  that  temperature 
is  shown  by  the  following  results: 

Temperature 20  100  200  300  300  500 

Pressure  in  mm.  Hg. .   IXIO"*     J.9xi0-<     I.TXIO"*     1.2X10"'     2X10"'    2.4X10"* 

While  these  results  are  only  relative  the  importance  of  heat  treatment 
is  clearly  shown. 

The  cleaning  of  the  glass  is  very  important  in  high  vacuum  production 
It  was  found  that  the  removal  of  grease  by  potassium  bichromate  solution 
followed  by  a  prolonged  washing  with  boiling  water  to  remove  soluble 
salts  proved  most  effective. 

The  electric  oven  in  which  the  gauges  and  bulbs  were  placed  was  kept 
at  a  temperature  of  500°  C.  while  the  system  was  pmnped  for  two  hours. 


Fig.  1. 

The  glass  would  easily  stand  this  temperature  though  it  would  collapse 
at  550°  C.  This  margin  of  temperature  was  kept  for  safety.  After  the 
two  hours  heating  and  pumping  the  electric  oven  was  removed  and  the 
bulbs  and  gauges  were  allowed  to  cool.  After  the  pressure  had  been 
observed  the  sealing-off  process  was  accomplished  by  heating  the  con- 
striction with  the  pointed  flame  of  a  blowpipe.  When  the  glass  was  near 
the  melting  point  the  gauge  indicated  a  considerable  increase  in  pressure. 
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The  glass  was  kept  heated  near  the  melting  point  for  about  ten  minutes 
while  the  pump  continued  to  operate.  The  pressures  before  fuid  imme- 
diately after  sealing  are  given  in  the  table  below  for  four  bulbs  aod  gauges 
which  had  been  given  identical  treatment. 

No.j(70i-P).    Ho.  s  (TM-B J.).    Ho.«(7n-P0.    No.  7  (tch-BJ.). 

Pressure  before  Bealingoflf...  I.IXW^  3    XIO"'  S.SXIO"*  S-TXIO"* 

Pressure  after  aealing  off.  .,.   I-IXIQ-*  I.SXIO"'  3.4X10-'  S.fiXlO-' 

These  bulbs  and  gauges  were  securely  mounted  and  the  changes  in 
pressure  with  time  were  observed.  These  results  are  shown  in  Fig.  i. 
It  is  noted  that  in  all  cases  there  is  a  rapid  initial  rise  of  pressure  with 
time  followed  by  a  slower  and  more  uniform  change.  No  conclusions 
can  be  drawn  from  these  data  on  the  different  grades  of  glass  as  to  its 
suitability  for  vacuum  work.  Bulbs  3  and  6  were  of  Coming  glass 
702-P.  while  5  and  7  were  of  702-E.J.  or  Pyrex.     It  is  observed  that  5 


Fig.  2. 

and  6  and  3  and  7  almost  duplicate  each  other.  It  is  also  observed  that 
bulbs  6  and  7  were  pumped  to  the  highest  degree  of  exhaustion  yet  the 
pressure  in  no.  7  is  the  highest  of  all  after  a  few  days.  It  is  noticed, 
however,  that  5  and  6,  which  had  the  lowest  pressure  after  sealing  oS, 
still  have  the  lowest  pressure  after  sixty  days. 
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To  determine  the  effect  of  subsequent  heating,  two  of  the  bulbs  and 
gauges  were  replaced  in  the  oven  and  heated  for  one  hour  at  increasing 
successive  temperatures  and  the  increased  pressure  resulting  from  each 
heating  was  determined.  These  results  for  bulbs  3  and  7  are  shown  in 
Fig.  2.  It  is  seen  that  heating  7  to  250^  did  not  change  the  pressure 
while  for  3  the  pressure  increased  with  all  increases  of  temperature. 
The  changes  of  pressure  at  the  lower  temperatures  have  always  been 
observed  to  be  less  rapid  than  at  the  higher  temperatures. 

This  investigation  shows  that  the  vacuum  in  sealed  vessels  deteriorates 
with  time,  rapidly  at  first  and  then  more  slowly,  and  that  subsequent 
heating  even  at  temperatures  lower  than  the  heat-treating  temperature 
results  in  increase  of  pressure  due  to  further  liberation  of  gases  and  vapors 
from  the  glass.  No  connection  between  different  samples  of  the  same 
glass  or  different  glass  can  be  established.  It  is  quite  probable  that  there 
are  variations  in  the  properties  of  different  samples  of  the  same  glass 
quite  as  great  as  the  variations  between  different  glasses  of  about  the 
same  grade,  for  example,  Coming  702-P  and  Pyrex. 
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THE  JOULE-THOMPSON  EFFECT  FOR  AIR  AT  MODERATE 

TEMPERATURES  AND  PRESSURES. 

By  L.  G.  Hoxton. 

Synopsis. — In  the  experiments  as  described  air  was  pumped  first  through  a  set 
of  tubes  designed  to  remove  carbon  dioxide  and  moisture,  then  through  the  thrott- 
ling device  or  "porous  plug'*  and  finally  back  to  the  pump.  The  plug  and  tubing 
immediately  leading  to  it  were  immersed  in  an  oil  bath  thermostat.  The  bath  tem- 
peratures, for  the  most  part,  lay  between  o^  and  loo^  C,  the  mean  pressures,  from 
4.5  to  6.4  meters  of  mercury,  while  the  pressure-drop  varied  between  0.35  and  0.80 
meters  of  mercury.  The  temperaturenlrop  was  measured  by  platinum  resistance 
thermometers  differentially  connected.  The  plug  was  of  the  radial  flow  type  origi- 
nated by  Regnault.  roughly  cylindrical  in  form,  through  the  walls  of  which  the  air 
flowed  toward  the  axis,  escaping  finally  through  one  end.  The  accidental  errors 
were  apparently  of  an  order  under  one  per  cent. 

The  Joule-Thomson  coefficient  0*)  was  found  to  have  a  decreasing  linear  varia- 
tion with  increasing  mean  pressures.  Its  de[)endenoe  upon  both  temperature  and 
pressure  are  embodied  in  either  of  two  empirical  formulas,  namely: 

M  ■■  +  0.393s  —  0.00691^  —  0.001835^  H-  0.00000134/*  +  0.0000325^ 
M  -  -  0.2599  +  182.0-  -  552.4-;. 

T  T* 

all  pressures  being  measures  in  meters  of  mercury,  t  in  degrees  C,  while  r  ^273+1. 

These  formulas  are  applied  to  calculate  the  temperature  of  the  ice  point  on  the 
thermodynamic  scale,  to  reduce  to  the  same  scale  the  readings  of  the  constant 
pressure  air  thermometer  and  to  discuss  the  variations  of  Cp  with  pressure.  Good 
agreement  with  the  results  of  other  work  is  found  in  the  second  and  third  cases, 
while  in  the  first,  the  result,  |n  common  with  that  found  from  other  Joule-Thomson 
data,  is  higher  than  the  result  found  from  the  characteristic  gas  equations. 

The  paper  includes  a  brief  historical  summary  of  previous  experimental  work,  a 

discussion  of  several   theoretical  points  and  of  sources  of  error,  especially  heat 

leakage. 
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Introduction. 

A  NEED  for  new  determinations  of  the  Joule-Thomson  effect  has 
long  been  recognized  by  students  of  thermodynamics,  and  it  has 
found  expression  occasionally  in  the  literature  touching  this  subject. 
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Such  data,  as  is  well  known,  still  preserve  their  original  importance  for 
the  study  of  molecular  attractions  in  gases  and  for  the  establishment  of 
the  thermodynamic  scale  of  temperatures.  More  recently  they  have 
acquired  interest  for  the  engineer,  namely  for  the  computation  of  steam 
tables,  ammonia  tables  and  the  like.  The  latter  aspect  has  been  discussed 
by  Davis.* 

Aside  from  the  desirability  of  experimenting  over  a  wide  range, 
increased  accuracy  is  obviously  one  of  the  first  improvements  in  the  data 
that  is  needed.  The  published  results  have  been  considered  too  uncertain 
on  the  whole,  and  in  many  cases  too  difficult  of  interpretation  to  be  of 
great  value.  The  present  paper  is  devoted  largely  to  the  latter  phase 
of  the  problem  and  is  therefore  somewhat  limited  in  scope. 

At  first  it  was  planned  to  work  with  several  gases  and  cover  a  consider- 
able extent  of  temperatures  a^d  pressures.  However,  a  year's  experi- 
mentation at  the  Johns  Hopkins  University  with  carbon  dioxide  disclosed 
many  difficulties  in  the  way  of  obtaining  results  at  all  consistent  with 
one  another.  It  was  decided,  therefore,  to  confine  the  work  for  the  time 
being  to  an  attempt  to  develop  a  reliable  method  and  to  proceed  to  this 
end  by  ways  that  seemed  the  most  direct.  Side  problems  were  to  be 
avoided  wherever  possible.  Hence  the  range  of  temperatures  and 
pressures  were  restricted  within  the  limitations  of  the  resources  already 
at  hand.  Air  was  chosen  as  the  gas  to  be  experimented  upon,  chiefly 
because  of  its  availability  and  the  small  amount  of  attention  to  con- 
tamination and  slow  leaks  in  the  apparatus  that  its  use  would  entail. 
Results  from  pure  gases  are,  of  course,  to  be  preferred  in  general,  yet 
those  obtained  from  air  are  not  without  interest  as  regards  thermometry 
and  for  comparison  with  work  on  air  in  this  and  related  fields. 

It  is  hoped  that  in  the  experiments  to  be  herein  described,  most  of 
the  larger  sources  of  error  have  been  overcome.  The  accidental  errors 
are  small  for  work  of  this  kind,  being  of  an  order  considerably  under  one 
per  cent.  Perhaps  there  is  a  systematic  error  outstanding,  indicated 
possibly  by  the  relatively  large  value  computed  for  the  thermodynamic 
temperature  of  melting  ice.  The  sources  of  such  error,  if  existent, 
have  so  far  not  been  found.  Further  experiments  with  other  gases 
should  throw  light  upon  this  matter,  especially  those  gases  whose  expan- 
sion coefficients  have  been  determined  with  great  care  by  Chappuis, 
namely,  nitrogen,  hydrogen  and  carbon  dioxide.  The  author  would 
welcome,  in  the  meantime,  any  suggestions  occurring  to  the  minds  of 
those  interested  in  this  subject. 

Historical  Outline, — ^Although  a  historical  summary  of  experimental 
work  down  to  1905  has  been  given  by  Kester,  in  a  paper  to  be  taken  up 
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later,  a  complete  outline  would  seem  desirable  here,  first  to  supply  a 
few  omissions  and  secondly  to  include  a  considerable  amount  of  new 
material. 

After  the  original  classical  experiments  of  Joule  and  Thomson,^  carried 
out  in  the  years  1852  to  1862  on  air,  nitrogen,  oxygen,  carbon  dioxide 
and  hydrogen,  whose  work  is  too  well  known  to  need  further  comment, 
one  of  the  early  experimenters  to  enter  this  field  was  Regnault.'  His 
work  has  often  been  overlooked.  The  most  interesting  feature  of  his 
apparatus  is  the  ingenious  design  of  its  porous  wall  or  throttling  partition, 
which  was  not  in  the  form  of  a  "plug."  It  was  a  hollow  enclosure 
through  the  wall  of  which  the  gas  flowed  from  the  outside  to  the  interior. 
A  hole  in  the  wall  was  provided  for  the  continuous  escape  of  this  gas. 
The  obvious  purpose  of  this  design  was  to  provide  thermal  protection. 
In  this  respect  it  seems  greatly  superior  to  the  plug  form  used  by  Joule 
and  Thomson.  Yet  Regnault  abandoned  the  work  as  futile  with  an 
expression  of  regret  at  the  waste  of  time  spent  on  a  research  so  "sterile." 
He  found  that  the  temperature  readings  within  the  enclosure  were  too 
uncertain  to  have  any  meaning.  In  the  light  of  subsequent  advances  in 
methods  of  measurement,  several  possible  causes  for  these  troubles  might 
be  assigned,  but,  especially  since  his  descriptions  are  not  full  in  detail, 
their  discussion  here  might  not  be  profitable. 

The  forms  of  throttling  device  or  "plug"  introduced  in  these  two 
investigations  are  typical.  Most  of  the  subsequent  experimenters  have 
employed  the  form  used  by  Joule  and  Thomson,  possibly  because  the 
work  of  Regnault,  as  far  as  it  went,  has  had  little  attention  directed  to  it. 
In  1910  Burnett  and  Roebuck,*  in  a  paper  entitled  "On  a  Radial  Flow 
Porous  Plug  and  Calorimeter,"  proposed  a  plug  on  the  Regnault  principle 
adding  improvements  in  detail.  Their  work,  however,  was  entirely 
independent.  Later  Roebuck^  used  apparatus  of  this  type  on  liquid 
water  in  order  to  determine  the  mechanical  equivalent  of  heat.  Only 
two  other  experimenters  so  far  have  published  work  with  similar  appa- 
ratus with  gases,  namely,  Trueblood*  and  the  present  author.  Following 
the  usage  of  Trueblood  the  term  "axial  flow"  will  be  applied  to  the  plug 
form  used  by  Joule  and  Thomson  to  distinguish  it  from  the  other  or 
"radial  flow"  type. 

One  should  not  fail  to  note  in  this  connection  that  certain  protective 
features  of  the  radial  flow  principle  have  come  into  use  more  or  less 
generally  in  continuous  flow  calorimetry,  as  for  example,  in  the  work  on 
Cp  by  Swann^  and  by  Scheel  and  Heuse.^ 

Hirn*  carried  out  throttling  experiments  upon  steam,  using  an  orifice. 
Work  of  others  on  steam,  namely,  Griessmann,'®  Grindley,"  Peake" 
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and  Dodge,^'  has  been  discussed  by  Davis.**  As  Davis  states,  the  first 
named  used  a  porous  plug  very  much  like  that  of  Joule  and  Thomson, 
while  the  others  used  a  throttling  calorimeter,  their  work  being  under- 
taken for  the  "purpose  of  determining  the  variation  of  the  specific  heat 
of  steam  with  pressure  and  temperature,  an  investigation  which  has 
since  been  more  satisfactorily  accomplished  in  other  ways." 

Cazin**  in  1870  published  an  account  of  experiments  which  were 
essentially  modifications  of  the  Gay-Lussac  free-expansion  experiment. 
His  apparatus  was  complicated,  and,  as  he  admits,  his  results  were 
qualitative. 

Natanson**  in  1887  described  porous  plug  experiments  on  carbon 
dioxide  at  20**  C.  only.  His  pressure-drop  was  about  one  atmosphere 
and  his  highest  absolute  pressure  25  atm. ;  and  between  the  lowest  and 
highest  pressures  he  found  a  decided  dependence  of  the  cooling  effect 
upon  pressure,  whereas  Joule  and  Thomson  had  not  noted  (up  to  6  atm.) 
any  such  effect.  This  dependence  does  not  agree  with  that  found  later 
by  Kester  and  is  in  the  opposite  sense  from  that  found  for  air  in  the 
present  paper. 

Mention  is  made  here  of  work  reported  by  Witkowski,*^  who  carried 
out  experiments  on  air  at  high  pressures,  passed  through  a  succession  of 
porous  plugs.  Only  a  brief  abstract  of  his  paper  has  been  available, 
which  contains  no  quantitative  results.  There  is  no  obvious  theoretical 
advantage  to  be  gained  by  employing  a  succession  of  plugs.  All  the 
data  could  be  had  from  a  single  plug  by  properly  varying  the  pressures 
and  bath  temperatures. 

Kester**  in  1905  extended  the  work  of  Natanson  on  carbon  dioxide 
to  temperatures  between  o**  and  100^  C.  finding  also  a  dependence  upon 
pressure.  The  results  of  the  two  observers  are  not  in  agreement,  Kester's 
results  at  the  same  temperature  (20**  C.)  being  independent  of  pressure 
*up  to  the  highest  pressure  employed  at  that  temperature,  namely, 
41  atm.,  while  the  work  of  Natanson  yielded  a  positive  pressure  coefficient. 
At  one  pressure,  26.4  atm.,  Kester  found  an  indication  of  a  positive 
coefficient. 

Olszewski"  performed  experiments  (using  not  a  porous  plug  but  a 
throttle  valve)  on  hydrogen  in  order  to  determine* its  "inversion  tem- 
perature" as  bearing  upon  the  problem  of  its  liquefaction.  The  high 
pressure  of  the  experiment  varied  from  117  to  170  atm.  and  the  low 
pressure  was  uniformly  one  atmosphere.  The  one  datum  of  this  experi- 
ment was  —  8o.®5  for  the  inversion  temperature  under  these  conditions. 
The  effect  observed  was,  of  course,  an  integrated  one  and  leaves  much  to 
be  desired  for  application  of  thermodjoiamic  equations. 
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Five  years  later*^  (1907)  he  did  the  same  thing  for  nitrogen  and  air, 
finding  a  series  of  inversion  points  for  magnitudes  of  the  pressure-drop 
varying  from  160  atm.  to  30  atm. 

Rudge"  carried  out  (1909)  a  few  experiments  on  carbon  dioxide 
supplied  on  the  market  in  the  form  of  "sparklets"  for  making  carbonated 
water.  The  duration  of  each  experiment  was  but  a  few  minutes  and 
their  author  does  not  attach  great  importance  to  the  results,  but  offers 
them  in  view  of  the  scanty  known  data.  It  would  seem  that  the  ideal 
conditions  for  continuous-flow  methods  could  hardly  be  realized  in  so 
short  a  time. 

Bradley  and  Hale**  in  the  same  year  carried  out  experiments  upon 
"the  nozzle  expansion  of  air  at  high  pressure,"  i.  e.,  from  initial  pressures 
of  70  to  200  atm.  to  final  pressures  of  i  atm.  Their  temperatures 
extended  from  o®  C.  to  —  120^  C.  approximately. 

Their  apparatus  was  a  liquefier  of  the  Hampson  type  and  the  air 
expanded  through  a  specially  constructed  "nozzle."  Their  particular 
problem  was  the  process  of  liquefaction ;  and  their  results  were  in  quali- 
tative agreement  with  those  of  Joule  and  Thomson.  These  experiments 
would  seem  subject  to  error  from  heat  leakage. 

Again  in  the  same  year  (1909)  Dal  ton**  carried  out  at  the  Leyden 
laboratory  similar  nozzle  experiments  in  air  at  o**  C.  only  and  for  pressure 
drops  from  about  5  to  40  atm.  His  results  agree  with  the  Joule  and 
Thomson  figures  at  0°  C,  and  he  notices  no  pressure  effect,  although  his 
curve  would  indicate  an  extremely  slight  negative  coefficient. 

Vogel,**  whose  original  papers  have  been  unavailable,  carried  out 
porous  plug  experiments  in  the  Laboratory  of  Technical  Physics  of  the 
Techniche  Hochschule  in  Munich.  He  was  looking  for  a  pressure  eflfect 
and  found  a  negative  coefficient.  The  temperature  of  his  experiments 
was  10^  C. 

Noell,**  whose  original  paper  likewise  has  been  unavailable  but  an 
abstract**  of  which  is  at  hand,  continued  the  work  of  Vogel  in  the  same 
laboratory.  His  pressure-drops  were  6  and  8  atmospheres  while  the 
arithmetic  mean  of  the  absolute  high-side  and  low-side  pressures  varied 
from  25  to  150  atm.  His  high-side  temperatures  varied  from  —  55**  C. 
to  +  250^  C.  He  worked  with  air  only.  He  found  a  pressure  as  well 
as  a  temperature  effect  which  he  embodied  in  the  interpolation  formula: 

AT  _  50.1  +0.  0297  p      14830  —  1.674  j>      366000  —  19093  p 

Ap "  T  r*  r« 

—  (0.122  +  0.0000157 />). 

This  is  evidently  an  empirical  expansion  in  descending  powers  of  T, 
whose  coefficients  are  linear  functions  of  p. 
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The  pressure  units  seem  to  be  kg.  per  cm.*  in  the  left-hand  member  and 
atmospheres  on  the  right.  The  difference  in  any  case  would  not  be 
more  than  about  3  per  cent.,  but  the  author  does  not  make  it  clear.  The 
deviations  of  his  observed  values  from  those  calculated  by  this  formula 
vary  from  2  per  cent,  to  6  per  cent,  at  the  lower  temperatures,  to  50 
per  cent.,  and  over  at  the  highest  temperatures.  Nevertheless  his  work 
seems  to  be  more  systematic  and  satisfactory  than  that  of  his  predecessors, 
certainly  for  air. 

Cuts  of  the  apparatus  of  Vogel  and  Noell  may  be  found  in  Jellineks' 
Lehrb.  d.  Ph.  Chem.,  Vol.  I.,  1914.  They  show  two  forms  of  plug,  the 
earlier  being  of  the  axial  flow  type,  the  later,  a  combination  of  the  axial 
and  radial  flow  types  in  which  an  inner  axial  flow  plug  was  surrounded  by 
a  jacket  containing  the  inflowing  high  side  air  at  bath  temperature. 

Buckingham^  has  proposed  a  modified  form  of  the  porous  plug  experi- 
ment in  which  the  process  is  to  be  rendered  isothermal  by  supplying 
heat,  say  electrically,  to  the  plug  in  just  the  sufficient  amount  to 
prevent  the  temperature-drop.  If  there  should  be  a  heating  effect,  as 
with  hydrogen,  there  would  have  to  be  devised  some  way  of  abstracting 
heat  from  the  plug.  No  extended  experiments  by  this  method  have 
been  published. 

Trueblood*  carried  out  experiments  at  about  the  same  time  as  those  of 
the  present  author,  which  are  described  in  a  paper  entitled  "The  Joule- 
Thomson  Effect  in  Superheated  Steam;  I.  Experimental  Study  of  Heat 
Leakage."  He  limited  the  work  to  a  single  temperature  and  pressure 
and  carried  out  a  thorough  and  effective  study  of  the  heat  leakage. 
Extensive  tests,  under  varying  conditions,  were  made  upon  a  number  of 
different  plugs  of  the  axial  and  radial  flow  types.  He  concluded  the 
latter  to  be  the  superior  and  that  it  is  capable  of  yielding  reliable  results. 
A  remarkable  form  of  indirect  heat  leak  was  found  for  the  radial  flow 
type,  which  he  named  the  "regeneration  effect."  This  matter  will  come 
up  later  under  a  separate  head. 

The  experimental  work  in  this  field,  thus  briefly  summarized,  lends 
itself  only  in  small  measure  to  the  application  of  thermodynamic  equa- 
tions owing  to  the  difficulty  or  impossibility  of  attaching  a  definite 
meaning  to  a  large  part  of  it.  Thus  the  only  work  found  available  for 
the  calculation  of  the  thermodynsunic  scale  of  temperatures  hitherto 
published*^'  »•  w,  81  |j^  j^^jj  ^^^^  ^f  joule  and  Thomson  principally, 
with  later  computations  including  the  results  of  Natanson,  Kester  and, 
in  one  instance,  of  Olszewski. 

It  has  seemed  to  the  author  that  in  some  cases  the  programs  of  experi- 
mentation have  been,  perhaps,  too  ambitious  in  the  direction  of  extreme 


444  L.  G.  HOXTON.  [^SS 

temperatures  and  pressures  with  the  result  that  an  oversight  of  vital 
details  affecting  accuracy  was  quite  possible.  The  intention  to  limit 
the  present  work  in  the  way  mentioned  at  the  beginning  was  confirmed 
by  considerations  of  this  sort. 

General  Conditions  of  Present  Experiment. — ^The  range  of  temperatures 
was  confined  approximately  to  the  fundamental  interval — actually  from 
15^  C.  to  90**  C,  although  experiments  had  been  started  at  no**  C. 
when  the  apparatus  called  for  repair.  The  term  "pressure"  in  the 
title  of  this  paper  refers  to  the  arithmetic  mean  of  the  absolute  pressures 
on  the  two  sides  of  the  plug.  The  range  lay  from  about  6  to  8 J^  atmos- 
pheres, or  more  precisely,  from  4.5  to  6.4  meters  of  mercury.  The  pres- 
sure-drop ranged  from  0.25  to  0.80  meter  of  mercury.  Pressures  through- 
out this  pa,per  will  be  expressed  in  meters  of  mercury.  For  the  inmiediate 
purpose  of  these  experiments  outlined  above,  the  obvious  gas  to  be  chosen 
was,  of  course,  air. 

Remarks  on  Theory. 

The  general  theory  of  the  plug  experiment  has  been  given  so  often  in 
treatises  and  in  journal  articles  that  a  full  treatment  of  it  here  would  be 
out  of  place.  As  much,  however,  should  be  given  as  is  sufficient  to  define 
the  necessary  symbols  and  to  develop  such  special  formulae  as  are  needed 
in  the  computation  of  results. 

The  function  u  +  pv,  the  "total  heat"  or  so-called  ''enthalpy''  of 
Kamerlingh  Onnes,  is  supposed  to  be  the  same  in  the  regions  of  equi- 
librium above  and  below  the  plug.  Let  us  call  it  H.  Then  the  Joule- 
Thomson  coefficient  Ou)  is  defined  as  the  limiting  value  of  the  ratio 
of  the  temperature-drop  to  the  pressure-drop,  when  these  each  approach 
zero,  under  the  condition  H  =  const.  ^  that  is. 


( 


Graphically  represented  this  is  the  slope  of  the  tangent  to  the  curve 
H  =  const,  on  the  (p,  T)  diagram.  From  (i),  through  the  application 
of  the  second  law  of  thermodynamics,  follows  the  general  relation  always 
associated  with  the  porous  plug  experiment,  namely, 

>  It  may  be  worth  while  to  note,  in  passing,  that  inasmuch  as  one  often  finds  confusion  of 
statement  between  the  free  expansion  or  Gay-Lussac  effect  and  the  Jouk-Thomson  effect, 
the  distinction  between  the  two  may  be  brought  out  by  expressing  the  two  as 

respectively. 
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It  will  be  shown  later  that  /i  was  found  experimentally  to  be  a  function 
of  temperature  and  pressure.  In  the  search  for  an  empirical  formula  to 
express  this  relation  and  one  which  would  have  a  little  more  rational 
basis  than  a  mere  power  series,  resort  was  had  to  the  equation  of  van  der 
Waals.  While  this  equation  does  not  strictly  fit  the  measurements  on 
isotherms,  yet  the  author  is  in  accord  with  Berthelot**  in  thinking  of  it 
as  a  valuable  index  to  broad  features  of  the  properties  of  gases  and  as 
being  something  more  than  an  empirical  interpolation  formula. 

Applying  to  van  der  Waals'  equation,  namely 


[p +  ^)  (V  -  b)  ^  RT, 


the  relation  (2)  above,  we  get,  keeping  only  terms  of  the  second  order 
in  the  small  quantities  a  and  b,  the  relation 

2a       (  6ab        4a*  \ 

>  Thus  calling  s  the  entropy 

Tds  '^  du  +  pdv  ^  dH  -  vdp, 
or,  putting  T  »  constant. 


But 


and 


KBp/t"  XdpJr 
(r^j    "-(Sr)  ("thermodynamic relation"; 


(dH\      _  /dfl\  far 


)^.-.^. 


A  short  proof  qilie  similar  to  this  has  been  given  by  Callendar.* 
*  Expanding  var^er  Waals's  equation, 

^  a  ab 

^  +  --&/>-—-  i?r, 

V  J^ 

and  applying  the  operator  {idldT)p  to  both  sides, 

on  substituting  the  value  of  RT  —  pv  from  the  expanded  equation  of  van  der  Walas  and 
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Now  the  variation  in  Cp  within  the  limits  of  the  present  investigation 
is  small  or  at  most  may  be  considered  a  linear  function  of  p.  If  then  we 
neglect  the  term  in  7^,  /i  should  be  a  function  of  the  form 

M  =  i4+-  +  />^,  (4) 

where  r  =»  273  +  t* 

The  first  two  terms  are  those  of  the  complete  formula  of  Rose-Innes.*^ 
It  will  be  noted  that  the  pressure  effect  is  linear  and  even  then  only 
comes  in  if  we  retain  second  order  terms.  Later  this  formula  as  well  as 
a  five-constant  power  series  linear  in  p  and  of  the  second  degree  mfC. 
will  be  fitted  to  the  observations.  Obviously  the  second  power  of  r 
in  (4)  could  be  replaced  by  the  first  power  and  the  adjustment  be  em- 
pirically just  about  as  good  within  the  small  range  of  observed  tempera- 
tures, but  the  second  power  is  retained  to  keep  closer  to  the  original  basis. 

Description  of  Apparatus. 

The  Air  Circuit, — The  air-circuit  and  the  disposition  of  the  various 
parts  are  shown  in  Fig.  i.  Air  is  drawn  in  by  the  compressor  at  the 
intake  A  which  is  kept  open  all  the  time  in  order  to  replenish  the  supply 
of  air  lost  by  slow  leakage.  The  air  then  passes  upward  through  the 
driers  D  and  D\  the  former  containing  a  column  of  about  a  meter  of 
calcium  chloride,  the  latter  about  half  a  meter  of  soda-lime  to  remove 
carbon  dioxide,  followed  by  a  half  meter  of  calcium  chloride  to  remove 
the  water  put  in  by  the  reaction  of  the  carbon  dioxide  with  the  soda-lime. 
Water  trapped  in  the  lower  end  of  D  from  the  air  under  compression  is 

factoring  out  p.    Let  us  now  expand  the  right  hand  bracket  and  in  all  expressions  retain  no 
order  in  a  and  b  higher  than  the  second.    Then 

pv      pi^       p^ 

Now,  in  the  second  order  terms,  pv  may  be  replaced  by  RT  alone.     In  the  first  order  term  we 
must  put  pv  -*  RT  —  a/v  +  bp. 


pv      RTl         vRT^RT^] 

2a    ,     2a*         2ab 
RT  ^  vR*T*      R*T*  ^  ^ 


2a        2a*  2ab 

RT  ^  R*T*  ^      R*T*  ^  ^ 

HCp  ^  "b  +^y,  "^f*^^  R*T*^ 


Q.  E.  D. 


Vol,  xni.l 
No.  6.       J 


JOULE-THOMSON  EFFECT  FOR  AIR. 


447 


drawn  off  by  the  valve  B.    This  was  done  usually  once  during  a  run  which 
lasted  some  four  or  five  hours. 

From  the  driers  the  air  is  carried  through  a  quarter-inch  gas  pipe  to 
the  plug  apparatus  proper  in  a  neighboring  room.  Here  it  passes  first 
through  a  series  of  throttling  needle-valves  /,  then  through  a  third 
drying  tube  Z)"  containing  phosphorus  pentoxide.     From  this  it  passes 


Fig.  1. 

through  copper  ''automobile  tubing"  of  about  5  mm.  outside  diameter, 
into  the  bath,  under  the  surface  of  which  the  automobile  tubing  continues 
for  about  two  meters,  connecting  thence  with  a  coil  of  larger  pipe  of 
brass  and  about  one  cm.  internal  diameter  and  6  meters  in  length.  This 
coil  terminates  in  the  plug  casing  P.  After  passing  through  the  porous 
plug,  the  air  leaves  the  casing  by  way  of  another  length  of  automobile 
tubing  much  shorter  than  the  first  and  soldered  parallel  with  it  for  a 
purpose  stated  below. 

Interchanger. — For  a  length  /,  /  of  about  a  meter  the  tubes  are  soldered 
together  side  by  side,  forming  thus  a  heat  interchanger,  so  that  when 
the  bath  and  the  room  were  at  considerably  differing  temperatures  the 
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air  leaving  the  bath  would  be  brought  to  approximately  room  tempera- 
ture and  the  air  entering  the  bath  would  be  brought  to  approximately  the 
bath  temperature  in  advance.  This  device  was  found  to  be  necessary 
for  two  reasons:  first,  it  conserved  the  heat  of  the  bath  and  improved 
its  temperature  regulation,  and  secondly,  it  prevented  the  throttles  Z' 
in  the  return  line  from  progressively  warming,  a  condition  which  was 
found  seriously  to  interfere  with  pressure  regulation.  This  warming  of 
the  valves  would  gradually  change  their  opening  and  hence  change  the 
rate  of  flow  of  air  through  them. 

After  leaving  the  low  pressure  throttles  /'  the  air  returns  to  the 
compressor  by  way  of  a  receiver  R  of  about  10  liters  capacity. 
Curiously  enough,  this  receiver,  when  placed  on  the  low-pressure  side, 
was  quite  effective  in  reducing  the  pulsations  in  the  air-circuit  produced 
by  the  intermittent  action  of  the  compressor  while  no  receiver  was  needed 
at  all  on  the  high  pressure  side. 

Pressure  Regulation, — It  is  obviously  necessary  to  provide  means  to 
keep  constant  the  pressures  at  all  points,  and  especially  the  pressure-drop 
in  passing  through  the  plug.  The  heat  of  compression  liberated  here  might 
quite  mask  the  Joule-Thomson  effect.  It  was  observed,  for  instance, 
on  one  occasion,  that  a  fluctuation  in  the  pressure-drop  of  o.i  per  cent, 
resulted  in  a  fluctuation  of  about  5  per  cent,  in  the  temperature-drop 
and  consequently  by  5  per  cent,  in  the  observed  Joule-Thomson  effect. 
Special  precautions  therefore  were  necessary  to  provide  good  pressure 
regulation.  Further,  this  had  to  be  automatic  on  account  of  the  necessity 
for  the  observer  to  work  alone.  Fluctuations  of  20  per  cent,  in  the  power 
service  had  to  be  cared  for. 

Rough  pressure  regulation  was  attained  as  a  preliminary  by  placing  an 
adjustable  spring  safety-valve  S  (Fig.  i)  in  a  by-pass  from  the  high  pres- 
sure to  the  low  pressure  lines  near  the  compressor.  This  was  usually 
set  so  that  the  difference  on  the  two  sides  of  the  valve  would  be  from  80 
to  160  lbs.,  gauge  reading,  depending  upon  the  pressure  drop  at  the  plug. 

Superposed  upon  this  was  a  finer  method  of  regulation  which  was 
designed  to  control  the  pressure  drop  between  the  points  E  and  F, 
This  was  carried  out  by  means  of  an  electrically  controlled  valve  mechan- 
ism actuated  through  contacts  in  a  mercury  manometer  M\  which 
was  connected  in  at  the  points  E  and  F,  The  valve  mechanism  is  indi- 
cated at  PC  which  is  connected  as  a  by-pass  to  the  first  or  upper  throttle 
/  so  that  when  opened  the  flow  of  gas  is  incresised. 

The  two  electrical  contact-points  of  the  manometer  M'  are  set  at 
any  desired  difference  of  level  such  that  the  tops  of  the  mercury  columns 
play  just  under  them  when  the  device  is  functioning  properly.     If  for 
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some  reason  the  pressure  difference  decreases,  the  lower  contact  will  be 
made,  and  this  will  actuate  one  of  the  electromagnets  at  PC,  which, 
through  setting  in  motion  a  train  of  gears  will  open  the  by-pass  needle- 
valve  at  PC  very  slowly,  thus  supplying  an  increased  flow  of  air  and 
bringing  the  pressure  difference  back  to  its  proper  value.  A  similar 
action  in  the  reverse  direction  will  take  place  if  the  pressure  drop  exceeds 
the  limits  set  by  the  positions  of  the  contact  points.  When  the  pressure 
is  at  its  proper  value,  the  valve  at  PC  is  at  rest. 

There  were,  of  course,  small  fluctuations  in  pressure  remaining,  even 
though  this  device  gave  much  finer  regulation  than  did  the  safety-valve  5. 
These  residual  fluctuations  were  practically  damped  out  by  the  throttles 
/  and  /'  lying  between  the  points  EF  and  [the  plug.  The  greatest 
variations  in  the  pressure  drop  at  the  plug  were  of  the  order  of  o.i  mm. 
of  mercury  and  usually  too  small  to  be  observed. 

The  throttles  t  and  t'  together  with  the  safety-valve  S  served,  in  ad- 
dition, as  a  means  of  setting  the  absolute  pressures  in  the  s3^tem  to 
any  desired  values. 

Mounting  of  Thermometers, — 7*1  and  Tt  (Fig.  i)  are  brass  tubes  housing 
the  stems  of  platinum  resistance  thermometers,  one  of  which  is  situated 
in  the  elbow  0,  on  the  high-pressure  side  of  the  plug,  and  the  second  in 
the  interior  of  the  plug  casing  P.  Emerging  from  the  tops  of  these 
tubes  and  passing  through  sealed  joints  in  appropriate  hard  rubber 
insulation  are  the  leads  which  connect  through  heavy  lamp-cords  to  the 
bridge.  Into  the  latter  they  are  connected  differentially  as  will  be  de- 
scribed later.  Thermometer  tube  T2  has  a  telescoping  joint  indicated 
in  the  diagram  whose  purpose  is  to  permit  one  to  shift  vertically  the 
thermometer  and  so  to  explore  the  region  on  the  low-pressure  side  of  the 
plug  in  order  to  study  the  distribution  of  temperature  therein. 

The  Differential  Manometer, — From  the  sides  of  the  stems  of  the 
thermometers  Ti  and  7*2  lead  two  small  tubes  connected  to  the  manometer 
M  as  shown  in  Fig.  i.  The  latter  is  thus  put  in  communication  with 
the  spaces  occupied  by  the  thermometer  coils  themselves  and  is  intended 
to  measure  the  pressure-drop  between  the  high  and  low  pressure  sides 
of  the  plug.  The  manometer  was  somewhat  over  a  meter  in  height 
and  was  furnished  with  a  brass  meter-bar  of  the  "H  "  form  made  by  the 
Soci6t6  Gen^voise.  This  was  placed  between  the  tubes  and  read  by  a 
micrometer  telescope  from  a  distance  of  about  one  meter,  the  tube  and 
scale  being  in  the  same  field  of  view  at  one  time.  The  crosshair  was 
leveled  by  setting  on  the  image  of  the  level  surface  of  mercury  placed  in 
a  glass  cell  with  plane  sides  at  the  same  distance  from  the  telescope  as 
the  manometer.    The  heights  of  meniscus  were  read  off  in  order  to 
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supply  data  for  the  capillary  correction  which  never  exceeded  i  mm.,  and 
if  omitted,  would  not  have  introduced  an  error  exceeding  1/500  of  the 
observed  pressure  drop,  and  even  that  would  be  within  the  accuracy 
demanded,  for  errors  somewhat  less  than  one  per  cent,  in  the  Joule- 
Thomson  effect  came  in  from  other  sources.  The  corrections,  however, 
were  applied  making  use  of  the  tables  given  in  Kohlrausch,  "Physical 
Measurements,"  3d  edition  (English),  p.  440.  The  internal  diameters 
of  the  tubes  varied  from  5.0  nmi.  to  5.7  mm.  along  the  portions  where 
readings  were  made. 

The  readings  were  likewise  reduced  to  o^  C,  making  use  of  tables 
given  in  Landolt  and  B5mstein's  "Tabellen,"  3d  Aufl.,  pp.  34  and  35. 
Pressures  throughout  this  paper  are  expressed  in  meters  of  mercury  at 
o®  C.  at  the  University  of  Virginia.  The  value  for  g  (980  cm./sec*)  is 
needed  only  in  final  computations. 

Pressure  Gauges. — ^To  the  high-pressure  side  of  the  differential  manom- 
eter were  connected  a  piston  gauge  and  a  dial  gauge,  G  and  G'  (Fig.  i) 
respectively.  The  latter  was  used  for  setting  to  the  desired  absolute 
pressures;  while  the  former  yielded  their  correct  measure.  The  piston 
was  of  %"  drill  rod  mounted  in  a  snugly  fitting  brass  cylinder  provided 
with  a  leather  packing  at  the  top,  so  curved  as  to  become  tighter  as  the 
pressure  increased.  This  also  insured  that  the  effective  area  of  the  piston 
was  its  own  cross  section  and  not  a  compromise  between  this  and  that 
of  the  bore  of  the  cylinder.  Provision  was  made  for  rotating  the  piston, 
in  a  manner  similar  to  that  carried  out  by  Amagat,  in  order  to  eliminate 
the  static  friction. 

The  diameter  of  the  piston  measured  by  two  micrometer  calipers  came 
to  0.9536  cm.  giving  an  area  of  0.7142  sq.  cm.  Thus  i  kg.  on  the  piston 
corresponded  to  a  pressure  of  1.030  meters  of  mercury  at  o**  C.  and  at 
the  same  locality. 

The  weights  were  adjusted  by  a  set  of  platinum  plated  weights  fur- 
nished by  Rtiprecht  of  Vienna,  and  brought  to  within  0.02  per  cent,  of 
accuracy  or  about  one  fiftieth  of  the  errors  of  reading  of  the  gauge  when 
in  use.  Great  accuracy  was  not  needed,  for  it  will  be  seen  that  the 
effect  of  pressure  on  the  Joule-Thomson  coefficient  is  small. 

Bath  and  Thermostat, — The  bath  was  about  90  cm.  deep  and  30  cm. 
in  diameter  with  triple  walls  of  sheet  brass.  The  space  between  the 
middle  and  inner  walls  was  filled  with  asbestos,  and  that  between  the 
middle  and  outer  was  designed  for  the  circulation  of  steam,  but  not  so 
used.  The  outer  wall  was  lagged  with  asbestos.  The  cover  was  lagged 
with  about  10  cm.  thickness  of  cotton  waste  which  has  been  all  that  was 
necessary  for  temperatures  up  to  130^  C.     "Renown  engine  oil"  made 


Vol.  Xin.1 
No.  6.       J 


JOULEr-THOMSON  EFFECT  FOR  AIR. 


451 


by  the  Standard  Oil  Co.  was  used  to  fill  the  bath  and,  on  account  of  its 
great  thermal  expansion,  a  siphon  overflow  had  to  be  provided.  Rapid 
circulation  was  provided  by  two  motor-driven  propellers  on  one  vertical 
shaft  rotating  in  a  well.  The  stirrer  and  heating  coils  are  not  shown  in 
the  diagram. 

Heating  was  applied  electrically  from  a  220-volt  D.C.  circuit,  through 
four  coils  totaling  a  capacity  of  one  kilowatt.  These  could  be  cut  in 
independently  in  series  or  in  parallel,  various  combinations  being  used, 
including  auxiliary  resistances,  according  to  the  temperature  of  the  bath. 

Thermostatic  control  was  obtained  by  keeping  a  steady  current  in 
some  of  the  resistances  and  varying  the  current  in  the  remainder.  This 
was  done  automatically  by  the  wheatstone  bridge  type  of  thermostat 
similar  in  prindple  to  that  described  by  Darwin**  and  by  Randall*^  and 
later  made  use  of  by  the  Leeds  and  Northrup  Co.  Its  performance 
was  quite  good,  keeping  the  bath,  under  the  best  working  conditions, 


constant  to  0^.001  C. ;  and  in  but  few  instances  was  the  fluctuation  more 
than  o**.oo4  C.  It  is  a  remarkably  convenient  form  of  apparatus  for 
setting  at  any  desired  temperature. 

The  use  of  a  220-volt  D.C.  supply  is  perhaps  open  to  criticism;  but 
with  care  in  insulation,  trouble  from  leakage  through  the  galvanometers 
from  this  source  was  avoided.  It  was,  moreover,  the  only  kind  of  power- 
supply  at  hand. 

The  Wheatstone  Bridge, — Resistance  measurements  were  made  in  terms 
of  a  decade  resistance  box  manufactured  by  the  Leeds  and  Northrup 
Co.  of  Philadelphia.     The  coils  needed  (from  30  ohms  down)  were  cali- 
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brated  twice,  two  years  apart,  and  found  to  remain  constant  to  well 
within  the  required  accuracy. 

The  thermometers  on  the  high  and  low-pressure  sides  of  the  plug 
were  connected  into  the  bridge  differentially  as  shown  in  Fig.  2,  where 
Ti  and  Tj  represent  the  wires  leading  to  the  thermometer  coils  and  Ci 
and  Ct  the  compensation  leads  which  will  be  described  below. 

The  quantity  desired  is  the  difference  in  the  effective  resistances  of 
the  two  thermometers.  The  Carey-Foster**  method  was  employed  be- 
cause it  measures  directly  the  difference  between  resistances  and  elimi- 
nates all  fixed  contact-  and  lead-resistances.  The  mercury  commutator 
for  effecting  the  transposal  of  the  resistances  to  be  compared,  which  in 
this  case  are  Ti  -f  Ct  and  Ii  -f  Ci  is  omitted  from  the  diagram. 

It  will  be  noted  that  the  arrangement  of  battery  and  galvanometer 
is  not  that  usually  published  in  the  text-books.  By  putting,  as  indicated, 
the  battery  instead  of  the  galvanometer  in  series  with  the  sliding  contact 
and  by  having  no  key  in  series  with  the  galvanometer  the  error  of  thermal 
E.M.F.'s  was  eliminated.  This  arrangement  follows  the  practice  of  the 
Bureau  of  Standards.  It  has  worked  admirably  and  obviated  the 
necessity  of  reversing  the  battery  current. 

The  slide  wire  SiLSt  was  a  "Students*  Potentiometer"  manufactured 
by  W.  G.  Pye  &  Co.,  of  Cambridge,  England,  and  consists  of  a  wire 
wound  in  a  helix  on  a  slate  drum  and  with  sliding  contacts  SiS%  at  the 
ends.  It  has  10,000  divisions  from  end  to  end  and  a  resistance  of  31 
ohms  approximately.  This  being  too  high  for  direct  use,  it  was  shunted 
by  a  resistance  of  about  half  an  ohm  made  of  manganin  wire.  With  this 
arrangement  and  by  repeated  tests  at  different  dates  the  value  of  one 
division  was  determined  to  be  0.00005666  ohms  or,  in  terms  of  the 
particular  thermometers  used,  equivalent  to  about  0.0005®  C.  The 
precise  conversion  of  bridge  readings  into  degrees  will  be  given  later. 

The  errors  due  to  the  variability  of  the  sliding  contact  resistances 
Si  and  5s,  being  connected  in  series  with  a  resistance  as  high  as  31  ohms, 
proved  to  be  negligible.  For,  by  test,  the  uncertainty  was  not  over 
0.12  division  (0.00006®  C.)  while,  in  the  final  readings,  only  the  nearest 
whole  division  was  taken  into  account.  All  other  junctions  in  the  four 
arms  were  either  amalgamated  or  soldered.  The  wire  SiLSt  was  cali- 
brated several  times  and  was  found  uniform  to  a  small  fraction  of  a 
division. 

For  resistance  thermometry,  and  with  the  battery  connected  between 
the  thermometers  as  shown,  the  more  sensitive  arrangement  is  to  have 
high-resistance  ratio-arms;  hence  a  high  value  for  these,  namely,  1,000 
ohms,  was  employed. 
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The  key  Ki  opened  and  closed  the  battery  circuit  while  Kt  in  con- 
junction with  the  resistance  R,  permitted  the  observer  to  vary  the 
battery  current  for  the  purpose  of  obtaining  corrections  due  to  the 
heating  effect  of  the  measuring  current  in  each  thermometer. 

The  Platinum  Resistance  Thermometers. — ^These  were  of  the  four-lead 
compensated  type  introduced  by  Callendar.**  The  ends  of  the  com- 
pensating leads  were  united  by  a  short  length,  about  i  cm.,  of  the  same 
sort  of  wire  as  that  used  for  the  thermometer  coils.  The  thermometers 
were  connected  differentially  into  the  bridge,  thermometer  No.  i  and 
compensating-lead  No.  2,  being  connected  in  series  on  one  side,  while 
thermometer  No.  2  and  compensating-lead  No.  i  were  in  series  on  the 
other  side.  These  connections  (Fig.  2)  are  lettered  Ti,  d  on  the  left, 
Tt  and  Ci  on  the  right.  In  differential  connections,  the  need  for  the 
compensation  leads  is  very  much  reduced,  but,  in  the  present  instance, 
they  were  kept  in  to  be  on  the  safe  side,  especially  in  view  of  the  fact 
that  the  depth  of  immersion  of  the  two  thermometers  was  not  quite 
the  same. 

The  wire  for  these  thermometers  was  obtained  from  the  Cambridge 
Scientific  Instrument  Co.,  Ltd.,  very  pure  and  recommended  by  them 
for  thermometer  work,  in  which  they  make  a  specialty.  The  diameter 
of  the  wire  was  about  0.03  mm.,  and  its  length  such  as  to  give  a  change 
in  resistance  of  about  11  ohms  for  a  change  in  temperature  from  o®  C. 
to  100®  C.  It  was  wound  upon  the  usual  crossed  mica  frames  in  the 
form  of  a  compact  cube  approximately  5  nun.  each  way.  The  fineness 
of  the  wire  and  the  compactness  of  its  mounting  was  for  the  purpose 
of  allowing  exploration  of  the  space  on  the  low-pressure  side  of  the  plug. 

The  four  leads  were  sealed  into  the  ends  of  a  glass  tube  as  appears 
at  Ti  or  Ti,  Fig.  3,  and  passed  thence  up  the  tube  and  out  through  a 
wax-sealed  joint  into  the  room  whence  they  were  connected  to  the 
bridge  by  heavy  No.  14  lamp-cord  about  3  meters  long  each. 

The  thermometer  coils  were  exposed  to  the  flowing  air  in  some  of  the 
preliminary  experiments,  but  later,  copper  foil  caps  indicated  by  the 
dotted  lines  at  Ti  and  Tt  were  slipped  on.  This  made  the  galvanometer 
considerably  steadier  and  did  not  introduce  an  objectionable  lag  because 
the  copper  caps  should  take  the  temperature  of  the  gas  before  the  walls 
of  the  enclosure. 

The  glass  tubes  containing  the  leads,  after  emerging  from  the  air 
channels,  were  enclosed  in  larger  brass  tubes  of  3^"  pipe  size  (the  brass 
tube  for  Ti  shown  in  the  diagram  is  larger  than  natural  size),  which  came 
in  contact  with  the  bath  and  allowed  air-connection  to  the  differential 
manometer.    The  immersion  of  Ti  was  about  44  cm.  and  that  of  T% 
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about  34  cm.  under  the  bath.  The  latter  immersion  was  extended  by  a 
lagged  air-space  above  the  bath's  surface  by  about  12  cm.  This  was 
thought  sufficient  to  eliminate  the  effect  of  heat  conduction  along  the 
leads  inside  the  glass  tubes  in  spite  of  the  stagnant  air-space  by  which 
the  leads  were  surrounded. 

The  electrical  insulation  proved  sufficient  at  all  times.  Repeated 
tests  were  made;  in  fact,  the  bridge  wiring  was  arranged  so  that  the 
thermometer  insulations  between  pairs  of  leads  could  be  coupled  in 
parallel  and  the  combination  thrown  in  series  with  the  galvanometer 
and  a  battery  of  30  volts.  This  test,  as  a  matter  of  precaution,  was  made 
a  part  of  the  routine  of  observation.  In  dry  weather  the  galvanometer 
was  not  sensibly  deflected,  while  in  one  or  two  instances  in  damp  weather 
a  film  seemed  to  form  on  the  outside  insulation  whose  resistance  was  of 
the  order  20  megohms.  This  obviously  would  not  affect  the  measure- 
ments. 

Several  tests  were  made  for  a  possible  effect  of  pressure  on  the  resistance 
of  the  thermometers  but  none  was  found. 

Application  of  CaUendar's  Formula. — ^These  were  adapted  to  the  work 
in  hand,  as  embodied  in  equation  (8)  below,  in  the  following  manner, 
beginning  with  the  formulae  themselves,  namely: 

D   JO 

tp  «  100-5 D  (defining  the  "platinum  scale")  (5) 

and 


/  —  /p  =  5 1 I  I (correcting  to  the  hydrogen  scale), 


(6) 


where  5  is  a  quantity  to  be  determined  by  experiment  for  the  sample  of 
platinum  wire  used. 

Now,  if  A/  is  a  small  temperature  change,  we  get  from  (6) 


A/  =  A/,  I  I —  (/  -  50)  [ 

'  1  loooo^       "^  ^\ 


=  A/p{i  +  o.ooo3(/  -  50)}  (7) 

to  the  first  order  of  approximation,  if  we  put  h  =  1.50.  This  value,  given 
by  the  Cambridge  Scientific  Company,  who  furnished  the  wire,  was 
accepted  as  sufficiently  accurate.  For  it  is  evident  that  its  omission 
altogether  could  not  alter  the  right  hand  member  of  (7)  by  more  than 
1.5  per  cent,  in  the  range  from  o®  to  100®  C.  covered  in  these  experiments. 
If  flip,  therefore,  is  the  value  of  the  Joule-Thomson  coefficient  observed 
in  terms  of  the  platinimi  scale  and  y,  in  terms  of  the  hydrogen  scale,  then 
we  have 

M  =  M«p{i  +  0.0003 (/  -  50)},  (8) 
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where  inp  is  the  observed  Joule-Thomson  coefficient  in  terms  of  platinum 
degrees,  and  /i  this  coefficient  calculated  in  terms  of  the  gas-scale.  (The 
distinction  between  the  hydrogen  and  nitrogen  scales  need  not  be  drawn 
for  these  measurements.) 

The  values  of  the  fundamental  intervals ^  i,  e.,  Rioo  —  Rqi 

Thermometer  Ti  Thermometer  Tt 

May  12,  1915 10.952  ohms.  10.930  ohms. 

"     14.     "    10.963      "  10.932      " 

Accurate  knowledge  of  the  fundamental  interval  of  thermometer  Tt 
is  all  that  is  necessary,  a  matter  that  will  come  up  later.  The  weighted 
mean  for  Ti  is  10.932  ohms. 

The  above  tests  were  made  with  currents  of  air  flowing  past  the  coil 
at  two  speeds  and  likewise  with  the  air  stagnant.  No  variation  of  conse- 
quence occurred.  The  thermometers,  moreover,  showed  themselves  more 
than  sufficiently  stable  during  tests  covering  a  year  previous.  The 
actual  data  then  obtained  cannot  be  used,  however,  on  account  of  subse- 
quent slight  alteration  in  the  thermometers. 

Correction  for  Heating  Due  to  Current, — ^The  bridge  current,  of  course, 
heats  to  some  extent  the  thermometer  coils  themselves  and  this  must  be 
allowed  for.  Since  the  liberation  of  heat  is  proportional  to  the  square  of 
the  current,  the  resulting  small  rise  in  temperature  should  follow  the 
same  law.  Callendar's  method  is  to  double  the  bridge  current  and 
subtract  one  third  the  difference  of  the  two  corresponding  settings  from 
the  first  setting.  The  author  found  it  a  little  more  convenient  to  increase 
the  bridge  current  in  the  ratio  i  :  ^l2.  Thus  the  correction  is  inunediately 
the  difference  in  the  two  bridge  settings. 

Moreover,  in  order  to  make  certain  that  this  rule  held  under  the  present 
conditions  a  direct  test  was  made  with  bridge  currents  in  the  ratio 
I  :  2  :  2.5  :  4.  The  linear  relation  between  the  bridge  readings  and  the 
square  of  the  current  was  satisfactory.  This  held  also  in  varying  currents 
of  air.  Thus,  where  the  rates  of  flow  were  o,  2.9,  19,  36,  80,  132  and 
250  cc/sec.  the  corrected  bridge  readings  were  o.®oi6,  o.®oi8,  0.^015, 
0.^*015,  0.^*015,  0.^015,  0.^014  respectively  (reckoning  from  an  arbitrary 
zero). 

The  order  of  magnitude  of  the  heating  correction  in  the  final  runs 
was  o.^oi  C.    The  lower  value  of  the  battery  current  was  6  milliamperes. 

Incidentally,  the  above  data  show  that  the  length  of  the  coil  of  pipe 
in  the  bath  was  sufficient  to  give  the  gas  the  temperature  of  the  bath 
before  it  reached  the  plug. 

Conversion  of  Bridge  Readings  to  Degrees. — After  the  heating  correction 
has  been  applied,  the  differential  reading  may  be  converted  into  degrees 
by  a  multiplying  factor  which  was  obtained  as  follows: 
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The  unit  for  reading  off  settings  was  taken  as  one  revolution  of  the 
slide  wire  drum  and  is  called  the  "bridge  unit"  hereafter.     Repeated 
standardizations  of  the  wire  at  four  different'dates  in  terms  of  the  cali- 
brated ohm  gave  the  value  0.005666 
ohms  per  bridge  unit. 

Combining  this  with  the  figure  just 
given  of  10.932  ohms  j>er  100°  C.  we 
get  the  factor  0.05178  degrees  per 
bridge  unit. 

The  values  for  fi  obtained  from  the 
observations  in  terms  of  bridge  units 
per  meter  of  mercury  are  convertible 
into  their  proper  values  in  terms  of 
degrees  per  meter  of  mercury  by  the 
application  of  first  this  factor  and 
then  formula  (8). 

The  Porous  Plug. — ^The  form  of  phig 
finally  adopted  was  suggested  by  the 
research  of  Regnault  already  alluded 
to.  Its  longitudinal  section  is  shown 
in  Fig.  3  (dotted  shading)  the  material 
being  earthenware — a  Pasteur  filter. 
As  may  be  seen,  the  flow  of  gas 
through  the  plug  is  radial  toward  an 
axis,  and  after  passing  through  the 
Fig.  3,  plug  wall  its  outflow  takes  place  paral- 

lel to  the  axis.    The  purpose  of  this 
construction,  as  already  pointed  out,  is  to  furnish  thermal  protection. 

The  whole  apparatus  shown  in  Fig.  3  is  immersed  in  the  bath,  whose 
surface  is  44  cm.  above  the  pomt  Ti.  Air  after  traversing  about  8 
meters  of  pipe,  in  the  bath,  passes  Ti,  enters  the  plug  casing  at  C  and 
travels  upward  between  the  wall  of  the  casing  and  a  bright  tinned 
radiation  shield  ss,  as  is  indicated  by  the  arrows.  After  passing  over 
the  top  of  the  radiation  shield  it  fills  the  space  immediately  outside  the 
wall  of  the  plug,  through  which  it  flows  in  two  streams,  divided  by  the 
"guard  ring"  gg.  Within  the  plug  is  a  glass  tube  U  which  constrains 
the  lower  of  these  two  streams  to  pass,  all  of  it,  past  the  thermometer  Tt 
while  the  upper  stream  is  kept  from  passing  the  thermometer.  Both 
streams  pass  out  finally  at  the  top. 

The  purpose  of  the  guard  ring  is  to  avoid  errors  arising  from  conduction 
of  heat  along  the  material  of  the  plug  from  its  mounting  F  and  ultimately 
reaching  the  thermometer  inside. 
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The  temperature  of  the  plug  in  general  is  different  from  that  of  the 
casing.  Radiation  between  the  two  would  introduce  an  error.  The 
radiation  shield  is  to  prevent  this.  As  will  be  seen  later,  the  radiation 
shield  proved  to  be  unnecessary  but  it  was  retained  as  a  precaution, 
and  is  free  from  objection. 

The  construction  of  the  plug  casing  (Fig.  3)  permits  the  use  of  the 
principle  of  interchangeable  parts.  It  may  be  seen  that  different  plugs 
may  be  bolted  in  and  that  different  sizes  of  casing  as  well  may  be  em- 
ployed.    This  proved  a  valuable  feature  in  the  preliminary  experiments. 

Preliminary  Experiments. 

Early  Experiments  with  the  Axial  Flow  Plug. — ^A  number  of  experi- 
ments were  carried  out  at  the  Johns  Hopkins  University  in  1905-6,  on 
carbon  dioxide  with  a  straight-flow  plug  of  the  type  used  in  the  Joule- 
Thomson  experiments.  Platinum  resistance  thermometers  were  used 
and  so  arranged  as  to  be  movable.  The  pressure-drops  were  of  the 
order  of  one  atmosphere.  Plugs  of  various  materials  were  tried,  eider 
down,  cotton,  silk  and  paper.  A  vacuum-jacket  was  attempted  and, 
what  seemed  better,  the  guard  ring  principle  contained  in  a  suggestion 
by  Buckingham*'^  was  carried  out.  The  porous  plug  was  coaxial  with  a 
second  annular  plug  designed  to  eliminate  lateral  temperature  gradients. 

The  last  arrangement  improved  things  somewhat,  giving  one  result  in 
agreement  with  those  of  Joule  and  Thomson,  but  the  general  character- 
istic of  the  experiments  was  their  lack  of  reproducibility. 

On  displacing  the  low-side  thermometer,  for  instance,  a  steep  tempera- 
ture gradient  along  the  axis  was  observed.  The  observed  cooling  effect 
continually  fell  off  as  the  thermometer  was  further  withdrawn.  A  shift, 
for  instance,  from  i  to  4  and  6  cm.  distances  cut  the  effect  to  about  one 
half  and  one  third  respectively. 

With  varying  rates  of  flow  also  the  effect  varied,  but  with  a  tendency 
toward  a  limit  for  the  higher  speeds.  Natanson  observed  a  variation 
with  flow  also.  Perhaps  we  can  thus  account  for  the  partiality  of  ob- 
servers for  high  flows  and  plenty  of  gas.  This  feature  and  the  ample 
dimensions  of  the  apparatus  of  Joule  and  Thomson  undoubtedly  con- 
tributed to  the  accuracy  of  their  results. 

In  addition,  an  enormous  amount  of  time  had  to  be  consumed  before 
a  steady  state  could  be  attained,  amounting  to  an  hour  and  a  half  before 
a  reading  could  be  taken.  Apart  from  other  considerations,  this  would 
lead  to  a  large  chance  for  error  unless  the  pressure  regulation  were  watched 
very  closely.  A  damped  oscillation  in  the  cooling-effect  similar  to  that 
in  the  Joule-Thomson  experiments  was  also  observed. 
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It  was  decided,  then,  as  already  mentioned,  to  narrow  the  field  and  to 
concentrate  on  developing  a  method  for  the  attainment  of  reliable  results. 
What  was  to  be  desired  was  thermal  protection,  fine  pressure  regulation, 
and  good  temperature  control.  These  problems  have  been  taken  up 
in  the  manner  already  described.  The  later  experiments  have  been 
carried  out  in  the  Rouss  Physical  Laboratory  of  the  University  of 
Virginia. 

Preliminary  Experiments  with  Radial  Flaw  Plug — Exploration. — Re- 
ferring to  Fig.  3,  it  will  be  remembered  that  the  thermometer  Tt  was 
capable  of  being  shifted  throughout  the  entire  length  of  the  plug.  In  the 
initial  explorations  the  inner  tube  //  had  not  been  introduced.  The 
temperature  distribution  was  fairly  uniform  except  above  the  middle, 
and  the  correction  for  the  heating  of  the  thermometers  due  to  the  bridge 
current  was  much  larger  at  the  bottom  of  the  plug,  where  the  air-flow 
was  slow,  than  at  the  top  where  the  air-flow  was  faster.  This  led  to  the 
introduction  of  the  tube  and  guard  ring  with  the  result  that  it  not  only 
reduced  this  heating  correction  but  rendered  the  temperature  distribution 
along  the  tube  uniform  to  the  order  of  o.**ooi  C.  Closer  tests  than  this 
were  not  pressing  nor  possible,  for  time-fluctuations  due  to  bath  and 
pressure  fluctuations  were  of  this  order  of  magnitude. 

The  final  arrangement  of  the  plug  with  tube  and  guard  ring  is  almost 
identical  with  the  arrangement  published  by  Burnett  and  Roebuck 
(loc,  cit.). 

Rate  of  Flow, — ^This  was  separately  measured  by  collecting  the  air 
over  a  pneumatic  trough.  Roughly  the  linear  speed  was  found  to  be 
directly  proportional  to  the  pressure  drop  and  independent  of  the  absolute 
pressures,  and  hence  of  density.  The  result  can  therefore  be  simply 
expressed  by  a  single  number,  namely  2.3  cm.  per  sec.  per  cm.  drop  of 
mercury.  In  the  final  runs  this  would  mean  a  maximum  speed  within 
the  tube  //  of  180  cm.  per  sec,  a  little  more  than  this  at  the  bottom  of  tt 
(Fig-  3)  and  about  double  this  around  the  thermometer  caps.  In  the 
coil  leading  into  the  plug-housing,  the  speed  was  about  the  same. 

Velocity  Cooling. — ^The  upper  limit  of  the  possible  errors  arising  from 
the  change  in  kinetic  energy  involved  in  the  above  variation  of  speeds 
was  computed  to  be  of  the  order  of  magnitude  of  o.**oo4  C.  Actually 
none  was  observable.  For,  in  a  run  with  the  plug  removed  and  with 
speeds  of  flow  in  the  ratios  50  :  100  :  200  :  330  the  bridge  readings 
(with  reference  to  an  arbitrary  zero)  were  0.^037,  0.^038,  o.**038,  0.^038 
respectively.  The  fastest  flow  exceeded  the  greatest  speed  of  the  air  in 
the  final  runs.  This  run,  moreover,  was  taken  with  the  thermometer 
caps  on,  when  the  error  from  velocity  cooling  should  be  a  maximum,  as 
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18  plain  from  a  glance  at  Fig.  3.    For,  when  the  caps  are  rfenioved,  the 
speed  of  air  past  the  thermometers  would  be  less. 
The  formula  used  in  this  computation,  namely, 

CpiTi  -  r,)  =  H(tt'»'  -  wi*)  +  Sih,  -  A.) 
was  not  stricdy  applicable,  -for,  as  in  all  deductions  of  this  sort  the 
temperatures  could  be  given  only  by  thermometers  moving  wUk  the  gas. 
Stationary  thermometers  would  be  expected  to  indicate  smaller  tempera- 
ture differences.  The  preliminary  experiments  of  Joule  and  Thomson, 
as  well  as  those  just  outlined,  are  in  agreement  with  this  idea. 

Aspirator  Effect. — ^This  is  an  effect  cognate  with  velocity  cooling.  For  to 
measure  the  pressure  of  a  stream  of  fiuld  the  manometer  likewise  should 
be  moving  with  the  fluid,  strictly  speaking.  A  test  for  error  arising 
from  this  cause  was  made  by  taking  readings  on  the  differential  mano- 
meter with  the  plug  removed  while  the  air  weis  run  through  at  velocities 
b^her  than  those  employed  in  the  runs.  The  manometer  showed  zero 
reading  throughout. 

Effect  of  Varying  Rales  of  Flow  upon  the  Observed  Temperature  Drop. — 
These  observations  are  depicted  graphically  in  Fig.  4.  Curve  2  was 
taken  with  the  plug  whose  characteristic  rate  of  flow  has  just  been  given. 
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Fig.  4. 

Prelimimuy  ExpedmeDta.  VarylDg  Rate  of  Flow  and  Poaltlon  of  Guard  Ring. 

Curve  I :  Relative  Flow  0.7— Slope  0.18 

■'a:         ■'  '•     1.0—    ■•     0.30 

"       3:  "  '■      3-0—    ■'      0.89 

Crosaes:  Guard  Ring  shifted  4  cm. — flow  as  in  i. 
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namely,  2.3  dm,  per  sec.  per  cm.  of  Hg  pressure  drop.  Curve  i  applies 
to  the  same  plug  wrapped  with  rubber  bands  till  its  flow  was  0.7  as  great, 
while  curve  3  is  for  a  plaster  of  Paris  plug  whose  flow  was  three  times  as 
great. 

The  first  essential  feature  of  these  curves  is  that  they  are  straight  lines 
within  the  error  of  experiment,  except  near  the  origin.  (This  is  true 
not  only  in  the  preliminary  but  in  the  final  runs.)  .Near  the  origin  the 
points  were  so  irregularly  distributed  that  they  have  been  omitted  from 
the  diagram. 

The  second  essential  feature  is  that  the  more  rapid  the  flow  the  nearer 
the  curve  approaches  to  a  limiting  line  passing  through  the  origin.  A 
third  feature  to  be  noted  is  that  these  lines  are  sensibly  parallel.  These 
features  will  be  taken  up  later,  in  discussing  the  effects  of  a  residual 
heat  leakage. 

Heat  Leakage  by  Conduction. — ^The  nature  of  this  residual  heat  leakage 
was  sought  in  conduction,  radiation  and  convection.  Conduction 
through  the  gas  does  not  seem  probable.  The  only  remaining  path  would 
be  along  the  material  of  the  plug.     This  point  was  tested  by  shifting 


Fig.  5. 

the  guard-ring  from  a  position  1.5  cm.  from  the  plug  flange  F  (Fig.  3) 
to  a  point  5.5  cm.  therefrom.  The  results  as  shown  by  the  rings  and 
crosses  (Fig.  4)  rule  out  this  source  of  error,  the  curves  (No,  2)  in  these 
two  cases  being  indistinguishable. 

Heat  Leakage  by  Radiation. — Since  the  surface  of  the  plug  must  be  at 
a  different  temperature  (lower  in  case  of  air)  from  that  of  the  walls  of 
the  plug  casing,  heat  may  pass  by  radiation  across  the  annular  space 
between  them  and  thus  reach  the  interior  without  first  being  absorbed 
by  the  gas  itself,  and  so  an  error  may  be  introduced.  This  was  first 
tested  by  comparing  runs  with  the  dark  iron  casing  walls  lined  with 
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bright  tin  and  then  without  the  tin.  There  was  no  systematic  difference, 
.^ain  a  trial  was  made  with  three  radiation  shields  on  the  one  hand, 
disposed  as  in  Fig.  5,  in  a  large  casing  and  on  the  other,  with  no  radiation 
shields  at  all  (the  casing  being  that  shown  in  Fig.  3).     Fig.  6  shows  that 
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Fig.  6. 

Preliminary  Experiments.  ERect  of  Radiation  Shields. 
Circles:    No  radiation  shields 
Crosses:    3  " 

these  results  also  are  indistinguishable.  Radiation,  then,  is  not  to  be 
looked  for  to  explain  the  depression  of  these  lines  nor  as  a  serious  source 
of  error. 

/feai  Leakage  by  Convection. — A  turbulent  motion  of  the  gas  surrounding 
the  plug  could  possibly  convey  heat  across  from  the  walls  of  the  casing 
without  permanent  absorption.  If  so,  an  increase  in  the  inside  diameter 
of  the  casing  should  reduce  this  error  and  shift  the  lines  nearer  to  the 
origin.  Now  in  the  experiments  of  Fig.  6  (no  shield),  the  annular  space 
between  the  wails  and  the  plug  was  about  6  mm.  thick  or  about  twice  as 
thick  as  for  the  experiments  of  Fig.  4.  The  curve  of  Fig.  6  passes  much 
nearer  to  the  origin.     Consequently  convection  must  play  a  part. 

It  was  not  thought  worth  while  to  push  these  experiments  further, 
the  practical  limit  being  apparently  reached  in  the  experiments  of  Fig.  6. 

Influence  of  Density. — Where  the  mean  density  of  the  air  is  increased 
by  operating  at  increased  mean  pressures,  one  should  expect  a  minimizing 
effect  upon  the  errors  in  the  temperature  readings,  owing  to  the  increased 
volumetric  thermal  capacity  of  the  gas  and  the  fact  that  the  heat  leakage 
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should  not  increase  in  the  same  ratio,  if  at  all.  This  was  verified  by 
experimental  runs,  whose  results  are  shown  in  Fig.  7,  where  it  will  be 
seen  that  curves  corresponding  to  the  higher  pressures  pass  nearer  the 
origin.  Further  confiimation  in  the  final  results  were  found  and  will 
be  noted  when  these  come  up. 

A  second  effect  is  observable  here.  The  s\opes  of  the  lines  fall  off  with 
increasing  pressure.  This  again  more  properly  comes  up  later,  where 
the  diminishing  effect  of  increased  mean  pressure  upon  the  Joule- 
Thomson  coefficient  is  discussed. 

Derivation  of  the  Joule-Thomson  Coefficient  from  the  Observations. — ^We 
are  now  in  a  position  to  discuss  the  relation  of  /»  to  these  preliminary 
data.     It  is  seen  from  what  has  gone  before,  that  the  continual  reduction 

■      I 
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Fig.  7. 
Preliminary  Eiperimenta,  Varying  Deneilies. 
Curve  i:  Mean  pressure  1.5  metere  mercury 


of  error  by  first  reducing  the  heat-leak  in  obvious  ways  and  secondly  by 
increasing  the  mass  of  gas  affected,  has  led  in  the  main  to  the  shifting 
of  the  curves  of  the  type  shown  in  Figs.  4, 6  and  7  so  that  their  rectilinear 
portions  (produced)  are  made  to  pass  nearer  to  the  origin  without, 
however,  changing  their  directions  sensibly  (exclusive,  of  course,  of  the 
pressure  effect,  which  is  entirely  independent).  The  limiting  ideal  case, 
therefore,  would  be  represented  by  a  straight  line  passing  through  the 
origin,  whose  slope  would  be  the  true  value  of  li.    The  obvious  step  then 
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to  take  is  to  make  the  actual  runs  under  conditions  as  nearly  ideal  as 
feasible;  and  for  the  values  of  /*  adopt  the  values  of  the  slopes  of  these 
straight  lines  without  reference  to  their  position.  These  values  are 
taken  to  be  as  near  the  truth  as  the  data  are  capable  of  yielding  it. 

The  question  may  now  be  asked:  Can  anything  be  said  as  to  the  con- 
stancy oi  u  +  pv  or  H  along  these  plots?  It  will  be  remembered  that 
after  the  gas  has  passed  through  the  plug  the  increment  in  the  function 
H  is  equal  to  the  gain  of  heat  per  gram  of  gas  during  its  passage.  Now 
it  is  conceivable  that  the  heat-leak  (measured  in  calories  per  second) 
might  be  of  such  magnitude  as  to  make  the  slope  of  the  plots  too  steep 
for  a  locus  of  constant  Ht  or  again,  such  as  to  make  it  too  flat. 

Start,  for  example,  with  one  of  the  smaller  pressure  drops  and  suppose 
there  is  a  small  heat  leak.  The  resulting  temperature  drop  will  be  too 
small.  Let  this  observation  be  represented  by  a  point  on  the  (p,  t) 
diagram,  say,  near  the  origin  on  a  plot  like  that  of  Fig.  6.  The  value  of 
H  for  this  point  will  be  greater  than  its  value,  -ffo,  for  the  origin,  which 
represents  the  state  of  the  gas  on  the  high  pressure  side  of  the  plug.  A 
straight  line,  then,  drawn  from  the  origin  to  a  point  ^4,  say,  when  there 
is  a  heat  leak,  will  pass  from  regions  of  lower  to  regions  of  higher  H  and 
will  be  too  flat.  Now  suppose  that  the  experiment  be  carried  to  a  higher 
pressure  drop  and  a  second  point  B  is  determined.  As  a  different  and  an 
extreme  case  of  heat-leak,  let  us  suppose,  for  the  moment,  that  from  the 
point  A  onward  it  remains  constant.  Then,  since  the  rate  of  flow  has 
been  increased,  due  to  the  increased  pressure-drop  after  we  leave  Ay 
the  gain  per  gram  falls  off.  The  line  AB,  therefore,  passes  from  higher 
to  lower  values  of  H  and  is  too  steep.  Now  let  us  try  another  hypo- 
thetical law  for  the  heat-leak,  namely,  that  from  the  point  A  onward, 
it  is  proportional  to  the  rate  of  flow  of  gas.  Then  the  gain  in  heat  per  gram 
remains  fixed  and  the  two  points  A  and  B  are  characterized  by  the  same 
value  of  H.  A  line  plotted  under  this  condition  would  be,  therefore,  a 
line  of  constant  H,  although  this  value  would  be  greater  than  -ffo.  In  gen- 
eral, then,  starting  from  the  point  A :  if  the  heat-leak  varies  more  rapidly 
than  the  first  power  of  the  rate  of  flow  of  gas,  the  plot  is  too  flat;  if,  less 
rapidly,  the  plot  is  too  steep.  In  call  cases  the  plot  will  lie  under 
the  line  -ffo  =  const. 

The  hypothesis  that  the  heat-leak  is  proportional  to  the  rate  of  flow 
of  the  gas  seems  a  reaisonable  one  to  make  for  actual  Joule-Thomson 
experiments,  at  least  as  a  first  approximation.  For,  as  has  been  seen, 
the  rate  of  flow  is  approximately  proportional  to  the  pressure-drop,  which 
in  turn  is  very  closely  proportional  to  the  temperature-drop,  and  the 
latter  again  in  turn  would  be  expected  to  be  proportional  to  the  heat-leak, 
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certainly  as  far  as  conduction  and  radiation  are  concerned,  and  possibly 
convection  too.  In  the  case  of  convection,  however,  there  seems  to  be 
a  possibility  that  the  leak  would  be  speeded  up  in  the  case  of  turbulent 
motion  and  cut  down  in  the  case  of  stream-line  motion,  thus  producing 
deviations  from  the  proportionality  relation  on  one  side  or  the  other. 
At  present  there  is  no  way  of  deciding  this  point  but  the  deviation  in 
any  case  should  be  small. 

If,  then,  the  total  heat-leak  be  small  and  if  its  deviation  from  being 
proportional  to  the  rate  of  flow  be  likewise  small,  the  deviations  of  our 
plots  from  true  curves  H  =  const,  should  be  small  to  quantities  of  the 
second  order  of  errors.  It  is  hoped  that  this  may  be  reasonably  claimed 
for  the  final  runs  described  in  this  paper. 

In  the  light  of  what  has  just  been  developed,  the  actual  plots  are  )iow 
susceptible  of  a  further  interpretation.  The  curve  of  Fig.  6,  if  com- 
pleted by  connecting  up  with  the  origin  by  the  experimental  determina- 
tion of  the  requisite  further  points  would  of  course  curve  upward  in  this 
region.  This  was  actually  done  in  some  instances  although  some  of 
the  points  were  uncertain.  This  curvilinear  portion  of  the  plot,  then, 
would  represent  a  heat-leak  varying  more  rapidly  than  a  direct  propor- 
tion of  the  flow^rate,  while  the  remainder  would  represent  a  heat-leak 
proportional  to  this  rate.  Both  the  excess  heat-leak  and  the  uncertainty 
of  the  points  near  the  origin  are  to  be  expected  on  account  of  the  very 
slow,  almost  stagnant,  flow  of  the  air  in  experiments  with  such  small 
pressure-drops. 

As  a  matter  of  fact  it  is  physically  impossible  for  anything  but  an 
excess  heat-leak  to  occur  for  this  region.  Otherwis  we  should  have 
two  curves,  H  and  Ho  say,  for  which  H  —  Hois  finite,  approaching  inter- 
section as  a  limit  at  an  arbitrary  point,  namely,  the  origin  of  the  diagram. 
We  have,  then,  in  other  words,  the  surprising  inference  that  it  is  impos- 
sible, in  a  throttling  process,  for  a  heat-leak  to  be  continuously  pro- 
portional to  the  rate  of  flow  of  gas  below  a  finite  limit  of  the  flow  and, 
likewise,  of  the  pressure  drop,  although  this  would  seem  quite  possible 
otherwise. 

Referring  now  to  Fig.  4,  where  the  rate  of  flow  of  the  air  has  been 
varied,  other  things  being  unchanged,  by  altering  the  porosity  of  the 
plug,  the  plots  are  explicable  on  the  ground  that  the  heat-leak  is  pro- 
portional to  the  rate  of  flow  of  the  air  in  each  case  but  that  the  constant 
of  proportionality  is  smaller  the  greater  the  porosity  of  the  plug. 

Zeros  of  the  Differential  Thermometers, — In  the  determination  of  the 
slope  of  the  lines  just  discussed,  it  is  obviously  unnecessary  to  know  the 
precise  value  of  the  bridge  setting  when  the  pressure-drop  is  zero.     This 
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knowledge  was  useful  in  the  preliminary  experiments  in  affording  an 
index  of  the  magnitude  of  the  heat-leak.  In  the  final  run,  therefore,  the 
determinations  of  the  zeros  were  discontinued.  For  they  required  time 
and  at  best  were  uncertain.  The  conditions  for  accuracy  in  a  body  of 
stagnant  air  in  the  pocket-like  interior  of  the  plug  in  the  position  shown 
in  Fig.  3  are  obviously  unfavorable.  The  only  way  to  put  this  accuracy 
on  a  par  with  the  other  readings  would  be  to  provide  a  way  of  opening 
the  plug  and  sending  a  current  of  air  through. 

A  matter  well  worth  noting  here  is  that,  when  this  method  of  observa- 
tion is  employed,  one  is  relieved  of  the  necessity  of  a  close  adjustment 
to  equality  of  the  differential  thermometers.  The  high  side  thermometer 
serves  in  reality  merely  as  a  sort  of  compensator  for  error  due  to  fluctua- 
tions in  the  bath  temperature,  and  an  accurate  knowledge  of  it  even  is 
unnecessary.  For  example  the  fundamental  intervals  of  the  two  ther- 
mometers Ti  and  Tt  differed  by  0.3  per  cent.  Now  suppose  the  tempera- 
ture of  the  bath  during  a  run  changed  by  as  much  as  o.oi  degree.  Then 
the  differential  reading,  after  the  steady  state  had  been  reached,  would 
be  changed  by  0.00003  degree. 

Values  given  for  the  Temperatures  and  Absolute  Pressures. — In  what 
follows  fi  will  be  discussed  as  a  function  of  temperatures  and  pressures. 
The  pressures  will  be  the  means  of  the  pressures  above  and  below  the 
plug.  On  the  diagram  they  will  be  represented  by  the  mid-points  of  the 
limited  straight  lines  there  plotted.  As  to  temperatures,  the  variations 
are  too  small  to  make  it  worth  while  to  correct  the  bath  temperatures. 

Error  from  Moisture. — ^Tests  made  at  a  fixed  temperature  and  pressure, 
in  which  the  air  from  the  room  was  passed  through  long-used  calcium 
chloride  first;  then  the  drying  material  was  omitted;  finally  fresh 
calcium  chloride  was  put  in.  The  values  obtained  for  m  were  0.35,  0.34, 
and  0.33  degrees  per  meter  respectively,  showing  a  small  increase  due 
to  moisture  (and  the  poor  quality  of  old  calcium  chloride).  One  should 
expect,  then,  that  a  final  drying  with  phosphorus  pentoxide  would  suffice. 
In  the  final  runs  this  was  used,  with  the  exception  of  those  at  30®  C, 
and  these,  in  spite  of  that,  seem  to  fit  well  into  the  empirical  formula 
derived  from  all  the  observations,  as  will  appear  later.  The  phosphorus 
pentoxide  could  be  continually  observed  from  the  outside  during  the 
runs,  and  it  was  only  at  the  ends  of  the  longer  ones  that  it  had  a  gummy 
appearance.  • 

Conduction  of  Heat  along  the  Thermometer  Leads. — ^Af  ter  the  final  runs 
had  been  made,  it  was  suspected  that  there  might  be  an  error  arising 
from  this  cause.  A  new  set  of  runs  with  the  thermometer  caps  removed, 
exposing  the  thermometer  wire  to  the  stream  of  gas  would  test  this  point. 
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A  number  of  observations  were,  therefore,  made  covering  the  same  range 
of  temperature  and  pressure.  The  galvanometer,  of  course,  was  quite 
unsteady  under  these  conditions,  but  the  agreement  between  the  new 
and  the  old  data  was  satisfactory.  Thus  the  mean  of  ten  runs  with  the 
caps  off  gave  for  m  a  value  0.265  while  the  mean  of  ten  runs  at  the  same 
temperatures  and  pressures  with  the  caps  on  gave  0.267  degrees  C.  per 
meter  of  mercury  pressure-drop.  This  was  well  within  the  accidental 
error  of  the  runs  with  caps  off. 

RegeneraUon  Effect. — ^After  the  experiments  described  in  this  paper 
had  been  completed,  the  paper  by  Trueblood,  referred  to  in  the  beginning, 
appeared,  in  which  is  described  a  form  of  heat-leak  arising  from  the 
peculiar  geometry  of  the  radial  flow  apparatus.  The  nature  of  this 
regeneration  effect  can  best  be  described  by  quoting  from  Trueblood's 
paper:  "At  its  ot>en  end,  the  plug  is  necessarily  brought,  for  purposes  of 
mechanical  support,  into  good  thermal  contact  with  the  metal  walls  of 
the  case.  As  a  result,  fluid  which  has  passed  the  low  side  thermometer  is 
provided  with  a  thermally  short  path  of  communication  with  fluid  which 
has  not  yet  passed  through  the  plug.  This  results  in  a  depression  of  the 
temperature  of  the  latter,  which,  joining  the  low  side  fluid  at  at  a  tempera- 
ture therefore  lower  than  then  exists  there,  contributes  to  a  still  further 
depression  of  the  temperature  of  the  fluid  which  has  not  yet  passed. 
This  cumulative  action,  similar  in  principle  to  that  taking  place  in  certain 
types  of  liquid  air  machines,  is  limited  by  the  ability  of  the  bath  to  supply 
heat  to  the  low  side  fluid.  .  .  .  The  effect  of  the  action  just  described  on 
the  observed  temperature  drop  is  indirect,  since  the  fluid  directly  affected 
does  not  pass  the  low  side  thermometer.  But  the  temperature  depression 
produced  in  the  neighborhood  of  the  open  end  produces  indirectly,  by 
conduction  through  the  walls  of  the  plug,  the  walls  of  the  case,  the  inside 
lagging  and,  doubtless,  to  some  extent  through  the  fluid  itself,  a  depres- 
sion of  the  temperature  of  fluid  which  does  pass  the  low  side  thermometer; 
that  is,  there  is  an  outward  leak  of  heat  from  fluid  between  thermometers 
to  fluid  which  has  passed  the  low  side  thermometer  with  the  result  that 
the  observed  temperature  drop  is  too  high." 

In  the  author's  apparatus  the  regeneration  effect,  he  believes,  was 
negligible,  although,  as  a  matter  of  fact,  its  possibility  was  not  foreseen. 
For,  under  the  heading  heat  leakage  by  conduction^  it  was  shown  that  a 
shift  in  position  of  the  guard  ring  did  not  lead«to  a  change  in  reading. 
Now  since  the  temperature  depression  of  the  low  side  gas  is  due  to  the 
"regeneration"  process  should  be  manifest  in  greater  and  greater  degree 
at  points  nearer  and  nearer  to  the  mechanical  support,  it  should  have  been 
shown  up  by  the  test  in  question,  which,  as  has  just  been  seen,  was  not 
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the  case.  This  result  may  have  been  due  to  the  unusually  long  and 
narrow  proportions  of  the  plug  used.  A  natural  remedy  for  the  regenera- 
tion effect  or  any  effect  arising  from  conduction  would  seem  to  be  the 
employment  of  a  long  plug. 

Final  Results. 

Between  August,  1915,  and  January,  1916,  fourteen  determinations  of 
the  Joule-Thomson  coefficient  (ji)  were  made  at  five  temperatures  be- 
tween o®  C.  and  100®  C.  and  at  mean  pressures  of  2.5,  4.5  and  6.4  meters 
of  mercury. 

In  Table  I.  are  collected  the  data  summarized  from  each  run.  The 
first  four  columns  need  no  comment.  The  **  bridge  readings  "  of  column  5 
correspond  to  the  temperature-drop,  without  being  reduced  to  degrees. 

Table  I. 


I. 

a. 

Bath 
Temp. 

3* 

PfeMuie 

(Meters). 

4* 

Preifure 
Drop 

(Meters). 

8. 

Bridce 
Read- 
in  IS* 

6. 

Slope 

(Bridge 

Units  per 

Meter). 

Residuals. 

9* 
Wt. 

10. 

I>Ate. 

B^dfe 
Units. 

8. 
Decrees. 

Inter- 
Units). 

1916 

Jan.  10 

15^9 

2.45 

.763 
.260 

14.26 
10.75 

0.698 

^— 

^— 

0.2 

II      II 

6.50 

.694 
.263 

13.53 
10.85 

0.622 

— 

— 

0.3 

1915 

Aug.   20 

3o^o 

2.49 

.792 
.599 
.311 
.241 

4.67 
3.48 
1.63 
1.18 

0.635 

-0.01 

+0.02 

0.00 

-0.01 

-0.0005 
+0.001 

.0000 
-0.0005 

1.0 

-0.34 

"      23 

tt 

4.48 

.697 
.631 
.298 
.199 

3.98 
3.59 
1.60 
0.94 

0.607 

-0.01 

0.00 

+0.03 

-0.03 

-0.0005 

0.0000 

+0.0015 

-0.0015 

1.0 

-0.24 

"      26 

tt 

6.40 

.726 
.620 
.310 
.255 

4.07 
3.46 
1.63 
1.32 

0.588 

-0.01 

-0.02 

0.00 

0.01 

-0.0005 
-0.001 

0.0000 
+0.0005 

1.0 

-0.19 

Nov.  24 

5o^o 

2.50 

.747 
.653 
.343 
.264 

4.12 
3.54 
1.84 
1.39 

0.560 

+0.02 

-0.03 

+0.01 

0.00 

+0.001 
-0.0015 
+0.0005 
0.0000 

1.0 

-0.08 

Nov.  29 

n 

4.50 

.820 
.689 
.309 
.193 

4.37 
3.77 
1.71 
1.03 

0.535 

-0.05 
+0.05 
+0.03 
-0.03 

-0.0025 
+0.0025 
+0.0015 
-0.0015 

0.5 

+0.03 

Dec     1 

II 

6.33 

.790 
.711 
.307 
.193 

4.28 
3.90 
1.74 
1.14 

0.529 

-0.02 

+0.02 

0.00 

+0.01 

-0.001 
+0.001 

0.0000 
+0.0005 

1.0 

+0.12 
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Table  I.  {Continued), 


I. 

a. 

3* 

4- 

8. 

6. 

RetidoeU. 

9- 

10. 

Date. 

Bath 
Temp. 

Pl0MOf6 

(Meton). 

Pratsim 
Drop 

(Meters). 

Bridfe 

Real- 

iiifs. 

Slope 

(Bridfe 

unite  per 

Meter).  | 

Bridce 
Units. 

8. 
Degrees. 

wt 

Inter- 
cepts 
(Bridge 
Units). 

1915 

Dec.     6 

70^0 

2.53 

.769 
.500 
.259 

3.93 
2.54 
1.41 

0.496 

+0.02 
-0.04 
+0.02 

+0.001 
-0.002 
+0.001 

1.0 

+0.1 

Dec.     8 

II 

4.36 

.747 
.497 
.247 

3.84 
2.66 
1.44 

0.480 

-0.01 
+0.01 
-0.01 

-0.0005 
+0.0005 
-0.0005 

1.0 

+0.26 

Dec.    13 

II 

6.40 

.718 
.498 
.255 

3.72 
2.70 
1.55 

0.468 

0.00 

+0.01 

0.00 

0.0000 

+0.0005 

0.0000 

1.0 

+0.36 

Dec.    16 

9o^o 

2.44 

.746 
.509 
.257 

4.87 
3.83 
2.71 

0.441 

0.00 
0.00 
0.00 

0.0000 
0.0000 
0.0000 

j     1.0 

+1.57 

II       II 

II 

4.52 

.747 
.495 
.248 

4.91 
3.88 
2.81 

0.421 

-0.01 
+0.02 
-0.01 

-0.0005 

+0.001 

-0.0005 

1.0 

+1.78 

Dec.    15 

II 

6.35 

.743 

3.51 

0.406 

-0.02 

-0.001 

1.0 

+0.51 

.506 

2.60 

• 

+0.04 

+0.002 

.253 

1.52 

-0.02 

-0.001 

This  reduction  is  more  simply  done  later.  Column  6  gives  the  slope  of 
the  straight  line  that  would  be  formed  by  plotting  after  the  manner  of 
Figs.  6  and  7,  but  actually  they  have  been  calculated  by  the  method  of 
least  squares.  The  residuals  in  temperature,  shown  in  column  8,  give 
no  evidence  of  a  systematic  deviation  from  the  straight  line  and,  more- 
over, the  order  of  their  magnitude  is  seldom  over  o^.ooi  C.  The  weights 
(column  9)  assigned  to  the  several  runs  are  the  same  for  all  except  three, 
where  experimental  difficulties  of  a  temporary  sort  turned  up  during  the 
respective  runs.  In  the  two  runs  of  January  10  it  was  impractical  to 
get  more  than  two  points  for  each  straight  line,  so  there  was  no  least 
square  reduction.  That  carried  out  on  November  29  suffered  from  a 
derangement  of  the  pressure  controlling  apparatus.  The  later  runs 
included  one  less  point  each  but  the  gain  in  observing  experience  about 
balanced  the  omission  of  one  point,  and  so  the  weights  for  these  were 
kept  at  unity.  The  ''intercepts"  (colunm  10)  on  the  temperature  axis, 
are  known  to  within  additive  constants  only,  except  for  the  runs  at  30°  C, 
where  zero  readings  of  the  differential  thermometers  were  taken.  The 
only  purpose  these  data  serve  here  is  to  furnish  further  evidence  for  the 
conclusions  stated  under  the  head  *' influence  of  density.**  It  will  be  seen 
that  with  ascending  pressures,  hence  increasing  densities,  the  intercepts 
progressively  rise  along  the  temperature  axis,  with  one  exception. 
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The  Jotde-Thomson  Coefficient  Expressed  as  a  Function  of  Temperature 
and  Pressure, — ^The  values  of  the  slopes  (column  6)  reduced  to  the 
proper  units  are  taken  as  the  values  of  /*  for  reasons  already  given.  This 
reduction  is  now  made  by  the  use  of  the  multiplying  factor  0.5178 
together  with  formula  (8).  fi  is  then  expressed  in  degrees  C,  hydrogen 
scale,  temperature-drop  per  meter  of  mercury  pressure-drop. 

The  fourteen  values  of  m  thus  obtained  are  classified  in  Table  II. 


Table  II. 

Amoziiiiato 
PreMore. 

(Meters.) 

15°  c. 

30°  c. 

50°  C. 

70°  C. 

90°  C. 

.358 

.327 

.290 

.258 

.232 

2.50 

(+.008) 

(+.002) 

(-.002) 

(-.002) 

(+.002) 

(+.002) 

(+.001) 

(    .000) 

(-.001) 

(+.001) 

.312 

.277 

.250 

.220 

4.50 

(-.001) 

(    .000) 

(-.001) 

(-.001) 

(-.002) 

(-.002) 

(    .000) 

(-.002) 

.319 

.302 

.274 

.244 

.213 

6.40 

(-.006) 

(.000) 

(+.002) 

(+.002) 

(-.001) 

(-.010) 

(.000) 

(+.004) 

(+.003) 

(-.002) 

Upper  line  of  residuals — ^five-constant  formula. 
Lower  line  of  residuals — three-constant  formula. 

according  to  temperature  and  pressure.  To  these  values  were  fitted, 
by  least  square  computation,  two  empirical  formulas,  one  a  five-constant 
formula  in  t,  the  other  a  three-constant  formula  in  /  +  273  or  r.  In  the 
same  table  are  included  in  parentheses,  under  each  observed  value  of  m» 
the  residuals  (obs.-calc.)  obtained  with  each  of  these  formulas,  the 
upper  one  applying  to  the  former,  the  lower,  to  the  latter  formula. 

The  five-constant  formula  was  tried  following  upon  an  initial  inspection 
of  the  observations,  which  showed  that  the  variations  of  ^  were  linear 
in  p  but  not  linear  in  /.  Consequently  a  second  degree  term  in  t  was 
included.    The  formula  is 

M  =  +  0.3935  —  0.00691/)  —  0.001835/  +  0.00000134/*  +  0.0000325/)/,  (9) 

the  units  being  as  above  specified. 

Five  constants  make  an  unwieldy  formula  and  seemed  quite  too  many 
for  the  limited  range  of  temperatures  and  pressures  here  employed. 
Resort  was  then  had  to  the  three-constant  formula  (4)  suggested  by  the 
use  of  the  equation  of  van  der  Waals.  The  least  square  reduction  for 
this  gave 


I  p 

-  0.2599  +  181.96-  -  552.4 ;« . 


(10) 
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where  T  =  273  +  t.  Thia  formula  is  plotted  in  Fig.  8,  which  shows 
likewise  the  observed  points. 

The  five-constant  formula  agrees  a  trifle  more  closely  with  the  observa- 
tions than  does  the  other,  as  should  be  expected,  having  two  more 
constants,  but  there  is  little  to  choose  between  them  in  this  respect. 
All  things  considered,  the  three-constant  formula  is  to  be  preferred; 
it  is  more  rational  and  is  simpler. 

The  computations  of  these  formulae  were  subjected  to  the  standard 
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Fig.  8. 

Jouk-Thomson  Coeffident,  aa  a  Function  of  Tempenituic  and  Prewuie. 

Curve*  are  grapha  of  the  formula: 

a  -  -O.IS99  +  181.96^-  -  %$3.ifl~ 
Circles  are  obaervcd  values. 

numerical  checks  throughout.  The  smallness  of  the  residuals,  being  on 
the  whole  less  than  one  per  cent,  would  indicate,  at  least  for  the  present 
observations,  that  a  better  fonnula  is  not  worth  looking  for. 

Comparison  with  Other  Results. — Joule  and  Thomson  gave  as  their 
formula  for  air 

(  273.7  \* 
— ^  I  degrees  C.  per  100  inches  of  mercury, 

which,  by  reduction,  is 

(  273.7  \* 
—jT-  1  degree  C.  per  meter  of  mercury. 

Their  data  have  been  embodied  by  Rose-Innes  {loc.  cit.)  in  the  formula 

ju  =  —  0.275  +  178  -^reduced  to  degs.  C.  per  meter  of  mercury. 
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which  resembles  (10)  omitting  the  pressure  term.  The  observations  of 
Joule  and  Thomson,  it  will  be  remembered,  did  not  indicate  an  effect  of 
pressure. 

Buckingham,  by  making  use  of  the  results  of  Kester  on  carbon  dioxide 
and  of  Joule  and  Thomson  on  oxygen,  air,  nitrogen,  and  hydrogen, 
applied  the  law  of  corresponding  states  and  found  two  formulas  of  similar 
type,  one  of  which  is 

ai 
fi  = r  —  rfi,        T  =  273  +  L 

A  few  numerical  values  calculated  by  the  aid  of  this  formula  and  the 
values  given  for  the  constants,  will  be  found  further  on  in  Table  III. 

The  only  experiments  published  showing  a  pressure  effect  for  air  are 
those  of  Vogel  and  of  Noell.  The  latter,  being  performed  subsequently 
in  the  same  laboratory  may  be  considered  as  superseding  the  former. 
However,  it  is  well  to  state  VogeFs  formula,  namely, 

fM  =  0.268  —  o.ooo86/>    (pressures  in  kg.  per  cm*), 

which  holds  for  the  fixed  temperature  only. 

The  lengthy  formula  of  Noell  is  quoted  near  the  beginning  of  this 
paper.  The  pressure  coefficient  at  10®  C.  is  practically  the  same  in  both 
cases.  At  o°  C.  Noell's  pressure  coefficient  is  —  0.0015  while  that 
found  by  the  author  is  —  0.0074  the  units  in  both  figures  being  degrees  C. 
and  meters  of  mercury.  The  agreement  here  leaves  something  to  be 
desired  but  it  is  well  to  note  that  the  greater  portion  of  the  data  to  which 
Noell's  formula  was  adjusted  lay  in  a  range  of  much  higher  temperatures 
and  pressures  than  the  temperatures  and  pressures  of  the  present  paper. 
It  is  interesting  to  note  that  Noell's  formula  is  also  linear  in  p  and  that 
both  coefficients  are  negative. 

Further  corroborative  evidence  as  to  the  negative  sign  may  be  found 
in  the  calculations  of  Dalton  (loc,  ciL)  for  hydrogen  based  on  the  empirical 
equations  of  state  of  Kamerlingh-Onnes.  He  plots  numerous  curves  of 
the  integrated  Joule-Thomson  effect,  or  in  other  words  curves  H  =  const, 
over  a  wide  range  in  temperature  and  pressure,  i.  e,,  from  i  to  100  atm. 
and  —  215®  C.  to  +  17**  C.  These  curves  in  the  (p,  t)  plane  were  all 
concave  downward,  showing  a  negative  pressure  coefficient  of  m  for 
hydrogen,  over  the  whole  field,  which  covered  some  inversion  point3 
and  both  positive  and  negative  values  of  /*•  One  would  expect  that  an 
application  of  the  law  of  corresponding  states  might  lead  to  the  same 
thing  for  all  gases,  although  a  general  statement  of  this  sort  could  not  be 
made.     In  fact,  accepting  van  der  Waals'  equation  for  the  moment,  a 
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glance  at  equation  (3)  shows  that  the  sign  of  the  expression 


(^*-||) 


determines  the  sign  of  the  pressure  coefficient.     In  regard  to  carbon 

dioxide,  Natanson  found  a  positive  coefficient,  and  Kester  found  no 

dependence  upon  pressure  except  at  26.4  atm.  and  here  an  increase  in  pi, 

over  its  value  at  lower  pressures  was  indicated.    The  matter  on  the 

whole  for  carbon  dioxide  seems  undecided. 

In  Table  III.  are  set  forth  for  comparison  a  few  numerical  values  for  fi 

calculated  from  the  formulae  of  other  observers  above  quoted  (omitting 

those  of  Vogel  and  Rose-Innes).     In  general  the  values  of  the  present 

paper  exceed  the  other  values.    The  former,  at  4.5  meters  pressure  are 

in  closest  agreement  with  those  of  Buckingham.     It  is  of  interest  to 

note,  however,  that,  choosing  a  temperature  of  o**  C.  for  example,  the 

integrated  cooling  effect  over  a  drop  of  about  7  atmospheres  calculated 

by  the  author's  formula  agrees  with  that  set  down  for  "corresponding 

states."    This  was  roughly  the  pressure-drop  in  the  experiments  of 

Joule  and  Thomson. 

Table  III. 


t^c. 

Jontoand 
Thomson. 

Comtpondinc 

Stetot. 
(Backinfluun.) 

Hoon 

Pmont  Pftpor. 

^  —  i**. 

>->4-5M* 

/-6.4«». 

0 

50 
100 

.362 
.259 
.194 

.374 
.270 
.212 

.365 
.244 
.165 

.399 
.298 
.224 

.373 
.278 
.210 

.359 
.270 
.203 

CalculaUon  of  the  Temperaiure  of  the  Ice  Point  on  the  Thermodynamic 
Scale, — ^The  general  relations  are 

'Tun 


VlOO 


— 

To 


dT  (pressure  =  const.), 


(II) 


3^100 

fioo  =  Vo(i  +  looa), 
3^100  —  7*0  =  100. 

The  first  of  these  is  one  of  the  two  ways  of  integrating  equation  (2) ; 
the  second  equation  defines,  in  terms  of  experiment,  the  mean  tempera- 
ture coefficient  at  constant  pressure  of  the  gas  used  in  the  experiment; 
while  the  last  is  a  mathematical  definition.  The  limits  of  integration 
are  the  two  temperatures  of  the  ice  point  and  the  steam  point. 

If  we  factor  out  a  mean  value  of  Cp  (which  varies  but  slightly  within 
these  limits)  calling  it  Cp  and  call  the  value  of  the  remaining  definite 
integral  (/loo  —  /o),  noting  that  i/fo  =  Po  the  density  of  the  gas  at  the 
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given  constant  pressure  and  at  the  ice  point,  then  the  combination  of 
these  three  relations  results  in 

I       TojTo  +  100)     - 
^'  "  a  +  ^i^         PoCp(/ioo  -  /o) 

without  approximation. 

The  first  term  on  the  right  is  the  temperature  of  the  ice  point  on  the 
scale  of  the  gas  in  question.  The  second  term  is  the  quantity  that  must 
be  added  thereto  in  order  to  derive  the  same  temperature  on  the  thermo- 
dynamic scale.  It  is  small  and  may  be  called  a  "correction."  Its 
relative  magnitude  will  be  seen  to  come  out  only  about  0.0037  times  the 
first  term. 

Now  the  accuracy  of  this  term  is  limited  by  that  of  the  determinations 
of  fjL,  namely  an  order  somewhat  under  one  per  cent.  Expressed  in 
degrees  this  would  come  to  about  o**.oi  C.  The  following  two  approxi- 
mations therefore  are  permissible:  First,  To  may  be  replaced  by  273; 
secondly,  the  evaluation  of  the  integral 

in  which  formula  (9)  or  formula  (10)  must  be  used,  /  may  be  treated  as 
if  it  were  T  —  273  in  formula  (9)  and  in  formula  (10)  r  may  be  treated 
as  if  it  were  T.  Further,  or  successive  approximations  are  unnecessary. 
The  above  formula,  with  these  approximations,  then  becomes 

The  value  of  (/loo  —  -fo)  has  been  computed  and  found  to  be 
+  0.000306  by  (10),  the  three-constant  formula  for  Mi 
and 

+  0.000308  by  (9),  the  five-constant  formula  for  /u, 

the  unit  of  pressure  still  being  one  meter  of  mercury  at  o®  C.  in  this 
locality. 

The  expression  of  this  result  in  terms  of  absolute  units  and  the  calcula- 
tion of  the  remainder  of  the  formula  were  carried  out  by  means  of  the 
following  data: 

density  of  mercury  =  13.595  gm.  per  cm', 

__S  —  9^0  cm.  per  sec*, 
Cp  =  241  cal  per  gm.  per  deg., 
I  cal.  =  4.187  X  10'  ergs. 

100 
Po  =  0.001293 —7- gm.  per  cm', 

a  =  0.00367282. 
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The  value  for  g  is  rounded  off  from  979-937,  the  figure  given  as  deter- 
mined in  this  locality  by  the  U.  S.  C.  and  G.S.;  that  for  Cp  is  a  mean 
taken  from  the  papers  of  Swann  and  Scheel  and  Heuse  already  mentioned. 
The  value  for  a  was  determined  with  great  care  and  precision  by  Chap- 
puis'^  at  the  standard  thermometric  pressure  of  one  meter  of  mercury. 
The  reciprocal  of  this  is  272.270. 

The  correction  term  in  (12)  obtained  by  use  of  these  data  are 


and 


and 


1 .093  by  the  three-constant  formula 

1. 100  by  the  five-constatit  formula, 
whence,  for  the  thermodynamic  temperature  of  melting  ice,  we  get 

To  =  273^.36  by  the  three-constant  formula 

To  =  273*^.37  by  the  five-constant  formula. 

The  other  most  recent  calculations  are  by  Buckingham  (1908)  using 
the  Joule-Thomson  coefficient  for  various  gases  adjusted  into  a  single 
reduced  formula  by  the  "law  of  corresponding  states,"  and  by  Berthelot 
(1907)  using  the  characteristic  equation.  Previously  in  1903,  he  had 
computed  values  on  the  basis  of  the  Joule-Thomson  effect.  These 
results  are  collected  in  Table  IV. 

Table  IV. 


Avthor. 

Ti. 

Om. 

Metikod. 

R«(er«koe  UmA  H«re. 

Buckingham 

273  273 

Air 

J-T  cflFect 

Buckingham"  (1908) 

(1908) 

273.286 

N, 

II 

II 

273.049 

H, 

II 

II 

273.267 

CQi 

tt 

II 

Berthelot 

273.13 

H, 

II 

Buckingham"  (1907) 

(1903) 

N, 

CQi 

Air 

Bertholet 

273.04 

H,  in  Pt-Ir  (1) 

Characteristic 

Berthek)t»  (1907) 

(1907) 

273.07 
273.10 
273.09 

II  II      II     ^2) 

"  in  verre  dur 

N, 

equation 

The  value  arrived  at  in  this  paper  is  higher  than  any  of  these;  and, 
further,  it  will  be  noted  that  the  method  by  the  Joule-Thomson  effect 
gives  higher  values  than  does  the  method  using  the  characteristic  equation 
of  the  gas.  This  fact  has  been  noted  by  Buckingham  and  others  but 
has  not  been  considered  to  be  satisfactorily  explained.  Rose-Innes  and 
Berthelot  (the  latter  while  discussing  his  values  obtained  from  hydrogen) 
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have  suggested  the  possibility  of  a  surface  action  at  the  walls  of  the  con- 
taining bulb,  such  as  the  formation  of  a  layer  of  gas  whose  density  is 
different  from  that  to  be  found  in  the  interior.  This,  of  course,  affects 
the  main  term  i/a. 

Pressure  Coefficient  of  a, — ^A  partial  comparison  may  be  made  here  by 
taking  into  consideration  the  pressure  coefficient  of  a  found  by  Chappuis'^ 
for  nitrogen  and  that  deducible  for  air  from  the  results  of  this  paper. 
Reference  to  equation  (12)  will  show  that  the  correction  term  is  pro- 
portional to  the  density  po  (neglecting  the  pressure  effect  in  Mi  an  influence 
of  the  second  order)  and  hence  proportional  to  the  pressure,  which, 
in  the  present  units,  has  the  value  i.  To,  being  a  constant,  this  term  is, 
therefore,  the  pressure  coefficient  of  the  reciprocal  of  a.  The  pressure 
coefficient  for  a,  then,  is  computed  to  be  0.0000147  for  air,  while  Chappuis 
finds  the  value  0.0000119  for  nitrogen,  or  about  four  fifths  as  much,  an 
agreement  which,  at  least,  is  qualitative. 

Correction  to  the  Constant-pressure  Air  Thermometer  between  the  Ice 
and  Steam  Points. — Here,  since  by  definition,  the  centigrade  gas  and 
centigrade  thermodynamic  scales  must  agree  at  both  end-points,  a  closer 
agreement  among  the  results  from  various  sources  is  to  be  expected. 

We  have,  as  before,  the  general  relations 

* 

and 

V  =  ro(l  +  a/), 

defining  /  on  the  gas  scale  in  question. 
Now  let 

r  -  To  =  /a 

defining  /.  on  the  thermodynamic  scale  and 

To  =  -  +  17 
a 

where  iy  stands  for  the  correction  term  in  (12). 
Therefore,  since  Vo  =  i/po. 

Toil  +ca)  -T^  TToP^pH  -  /o). 

The  left-hand  member  becomes 

-  /«  -f  Tffict  =  -  ta  +  t  +  arit. 

Therefore  the  formula  at  once  reduces  to 

ta  —  t  ^  arft  —  TToPoCp(I  —  Jo), 

in  which  ta  —  t  is  the  correction  sought. 
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Replacing  17  now  by  its  expression  in  (12)  and  noting  that,  for  the  same 
reasons  as  before  it  is  permissible,  in  the  right-hand  member,  to  identify 
i  with  /a»  Cp  with  Cp,  and  to  replace  To  and  i/a  by  273,  the  equation 
finally  becomes 

/a  -  /  =  273poCp{3.73(/ioo  -  Io)t  -  (/  -  /o)(/  +  273)},         (13) 

which,  inspection  shows,  vanishes  at  both  the  ice  and  steam  points, 
as,  of  course,  it  should.  The  values  of  Cp  and  po  are  the  same  as  those 
^ven  for  the  computation  of  (12).  Cp  and  Cp,  strictly  speaking,  are  not 
identical,  owing  to  the  differing  limits  of  their  respective  integrals,  but 
it  is  obvious  that  their  difference  is  not  sufficient  to  affect  the  computa- 
tions. 

Corrections  (ta  —  t)  calculated  by  this  formula  for  every  lo**  C.  are  to 
be  foulid  in  the  last  column  of  Table  V.  The  other  columns  are  copied 
from  Buckingham's  article  in  the  Phil.  Mag.,  1908.'^  The  corrections 
are  negative,  that  is,  the  numbers  in  the  table  are  to  be  subtracted  from 
the  constant-pressure  readings.  The  new  values  and  those  of  Berthelot 
in  this  instance  are  seen  to  be  practically  identical.  Chappius  (loc,  cU,)^ 
moreover,  states  that  the  air  and  nitrogen  scales  are  sensibly  the  same  in 
this  interval;  so  that  we  have  here  a  real  basis  for  comparison.  This  is 
agreement  within  the  accuracy  of  gas  thermometry.  * 

Table  V. 

Thermodynamic  Corrections  to  the  Constant  Pressure  Nitrogen  Scale  Obtained  by   Various 

Writers,  Compared  with  the  Corrections  to  the  Constant  Pressure  Air  Scale  Deduced 

from  the  Joule-Thomson  Effect,    1,000  mm.  —  pressure. 


1 

RoM-Innes, 
190Z. 

CaU«nd«r, 
1903. 

Berthelot. 
1903. 

1907. 

Meui. 

TUsPikper 
(Air).  1916. 

10 

0.0120 

0.0109 

0.010 

0.0078 

0.010 

0.0100 

20 

0.0205 

0.0188 

0.017 

0.0137 

0.017 

0.0170 

30 

0.0261 

0.0236 

0.022 

0.0179 

0.022 

0.0212 

40 

0.0288 

0.0260 

0.024 

0.0203 

0.025 

0.0235 

50 

0.0289 

0.0260 

0.024 

0.0209 

0.025 

0.0238 

60 

0.0269 

0.0240 

0.022 

0.0198 

0.023 

0.0218 

70 

0.0228 

0.0204 

0.019 

0.0172 

0.020 

0.0189 

80 

0.0168 

0.0151 

0.014 

0.0129 

0.015 

0.0141 

90 

0.0092 

0.0081 

0.007 

0.0071 

0.008 

0.0068 

Variation  of  Cp  with  Pressure. — Recent  work  of  Holbom  and  Jacob** 
on  Cp  for  air  at  60°  C.  and  at  pressures  from  i  to  200  atmospheres  affords 
a  further  comparison  of  the  present  work  with  that  of  other  observers  in 
that  the  Joule-Thomson  effect  can  be  utilized  to  evaluate  the  pressure 
coefficient  of  Cp. 
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Writing  equation  (2)  in  the  form 
and  differentiating  with  respect  to  T  at  constant  />,  we  get 

the  last  member  following  directly  from  a  well-known  equation  in  thermo- 
dynamics. 

Now  the  left-hand  member  can  be  evaluated  by  using  either  formula 
(9)  or  (10)  for  M  and  (say)  Swann's  values  {loc.  ciU)  of  Cp  and  (dCp/dT)p. 
It  should  be  noted  that,  in  regard  to  units,  Cp  may  be  expressed  in  calories 
per  gm.  per  deg.,  since  the  equation  is  homogeneous  in  that  physical 
quantity.  Also  since  /u  is  here  expressed  in  degrees  per  meter  of  mercury 
and  since  the  data  of  Holbom  and  Jacob  for  (dCp/dp)j.  are  expressed  in 
atmospheres  for  the  pressure  unit,  the  left  hand  member  must  be  multi- 
plied by  0.76  to  make  the  two  sets  of  results  comparable.  Finally  T 
must  be  put  equal  to  273  +  60  ==  333,  the  temperature  of  Holbom  and 
Jacobs*  experiments* 

Now  Swann  gives  at  one  atmosphere, 

Cp  =  0.241     and     (  ^  )  =  0.000016, 
then  by  the  3-constant  formula  (10)  also  at  i  atmosphere 

0000047, 


(It)--"' 


and     ^p\Tf)  =  —0.0003901. 

The  sum  of  these  two  (of  which  the  first  is  almost  negligible)  is 
—  0.0003854.     Multiplying  by  0.76  we  get 


i^h  °- 


000293  cal.  per  gm.  per  deg.  per  atm. 

The  value  of  this  quantity  from  Holbom  and  Jacobs*  empirical  inter- 
polation formula,  namely, 

io*Cp  =  2413  +  2.86/)  +  o.ooosp^  —  o.ooooi/>^, 
is 

0.000286  cal.  per  gm.  per  deg.  per  atm. 

and  from  their  observations  at  their  lowest  range  of  pressures  alone 
(namely  i  to  25  atmospheres)  it  is 

0.000312  cal.  per  gm.  per  deg.  per  atm. 
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The  agreement  here  is  about  as  good  as  would  be  expected.  Moreover 
it  is  corroborative  as  regards  a  comparison  between  two  widely  different 
forms  of  continuous  flow  experiments. 
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ERRATA. 

Vol.  XIII.,  April,  1919,  in  the  article  by  A.  F.  Kovarik,  entitled 
"The  Automatic  Registration  of  a-particles,  j8-particles  and  7-ray  and 
X-ray  Pulses,"  page  277,  second  line  from  bottom,  the  first  Pj  should 
read  Pi;  page  278,  line  28,  4.77  X  10""  should  read  4.77  X  10"^®;  page 
280,  line  32,  first  word  "or"  should  read  "for." 

Vol.  XIII.,  April,  1919,  in  the  abstract  by  Irwin  G.  Priest,  entitled 
"  A  New  Formula  for  the  Spectral  Distribution  of  Energy  from  a  Com- 
plete Radiator,"  in  equations  (2)  and  (3),  pages  314  and  316,  -4  —|  should 
read  ^4"*'';  line6,  page  317,  " are  "  should  read  " an  ";  line  10,  page  317, 
D^  should  read  A. 
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